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Analog Gravity

lllustration: Carusotto, Balbinot, Nature Phys12,897898 (2016)
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Also some earth-based systems
can present event horizons, simi-
lar to those of Black Holes.
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Analog Gravity

William Unruh, 1981:

Also some earth-based systems
can present event horizons, simi-
lar to those of Black Holes.

If quantum  mechanics
plays a significant role in
the system, we should be
able to observe something
analogous to Hawking
Radiation®.

lllustration: Carusotto, Balbinot, Nature Phys12,897898 (2016)
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Optical Black Holes - |

2Phys. Rev. Lett. 105, 203901 (2010), Como.
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Optical Black Holes - |

W,

Beam dump
%.
input 2 N\P
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F
R Spectrometer
iris & CCD

Optical Black Holes are created by sending a high-energy laser
pulse into a dielectric medium.?

2Phys. Rev. Lett. 105, 203901 (2010), Como.
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Optical Black Holes - 1l

® The high-energy pulse induces a nonlinear response in the
medium;
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Optical Black Holes - Il

® The high-energy pulse induces a nonlinear response in the
medium;

® Modification of the refraction index (Kerr effect)

on(x,t) oc I(x,t)
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Optical Black Holes - Il

® The high-energy pulse induces a nonlinear response in the
medium;

® Modification of the refraction index (Kerr effect)

on(x,t) oc I(x,t)
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Optical Black Holes - Il

® The high-energy pulse induces a nonlinear response in the
medium;

® Modification of the refraction index (Kerr effect)

on(x,t) oc I(x,t)
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—  The radiation can in
principle be observed directly!
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The effects of dispersion: different regimes
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The effects of dispersion: different regimes

Asymptotic dispersion relation (x = +00)
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Asymptotic dispersion relation (x = +00)
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there are four real
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The effects of dispersion: different regimes

Asymptotic dispersion relation (x = +00)

w
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® For 0 < w < Wmax
there are four real
solutions;

® The H-mode is the
Hawking mode, which
goes out of the
horizon;
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The effects of dispersion: different regimes

Asymptotic dispersion relation (x = +00)

(]

0.4F

WA AX

® For 0 < w < Wmax
there are four real
solutions;

® The H-mode is the
Hawking mode, which
goes out of the
horizon;

® The N*-mode has
negative norm.
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
a) Subritical /Transcritical case
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Dispersion relation at x’ = 0 (peak of the perturbation):
a) Subritical /Transcritical case
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
a) Subritical /Transcritical case

W

04r

0.0

® The frequencies
Wmin < W < Wmax
encounter a (group)
event horizon;
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
a) Subritical /Transcritical case

W

0.4 -

0.0

® The frequencies
Wmin < W < Wmax
encounter a (group)
event horizon;

® The frquencies
0 <w < Wmin
encounter no horizon
(subcritical regime).

-0.2

-0.4f
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
b) Critical case
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
b) Critical case
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
b) Critical case

W
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e All frequencies
0 < w < Wmax
encounter an event
horizon.
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The effects of dispersion: different regimes

Dispersion relation at x’ = 0 (peak of the perturbation):
b) Critical case

W

0.4F

e All frequencies
0 < w < Wmax
encounter an event

o0 horizon.

® Thermal spectrum
predicted, at least at
low frequencies.

-0.21

-04r
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The model

3Belgiorno, Cacciatori, Faccio, Hawking Radiation: From Astrophysical
Black Holes to Analogous Systems in Lab (World Scientific Publishing,
Singapore, 2018).
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The model

We consider the following Lagrangian

£ = L000P + 2 (@00 + 1207) + 00,0 — ot

3Belgiorno, Cacciatori, Faccio, Hawking Radiation: From Astrophysical
Black Holes to Analogous Systems in Lab (World Scientific Publishing,
Singapore, 2018).
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The model

We consider the following Lagrangian

A
L= 2007 + 5 ((Bo0) + 120°) + 80000 — S0t (1)

e This model is a simplication of the preceding ¢-1) model3
(scalar electrodynamics in dielectrics);

3Belgiorno, Cacciatori, Faccio, Hawking Radiation: From Astrophysical
Black Holes to Analogous Systems in Lab (World Scientific Publishing,
Singapore, 2018).
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The model

We consider the following Lagrangian

A
L= 2007 + 5 ((Bo0) + 120°) + 80000 — S0t (1)

e This model is a simplication of the preceding ¢-1) model3
(scalar electrodynamics in dielectrics);

® |t is designed so that the free particles of the model (A = 0)
satisfy the Cauchy dispersion relation:

N

k2 2
:M—z—kw—::A—i—sz (2)

n2w::
(w) z

w2 g

3Belgiorno, Cacciatori, Faccio, Hawking Radiation: From Astrophysical
Black Holes to Analogous Systems in Lab (World Scientific Publishing,
Singapore, 2018).
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The model - I

The interaction term o< A* reproduces the nonlinear response:
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The model - I

The interaction term o< A* reproduces the nonlinear response:

e Consider a background configuration 1)(x, t);
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The model - I

The interaction term o< A* reproduces the nonlinear response:
e Consider a background configuration 1)(x, t);

® Linearizing the Lagrangian around this perturbation gives
A -
u? e i = S (x, 1)

= n?(w;x,t) = A+ Bw? +24n(x, t)
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The model - I

The interaction term o< A* reproduces the nonlinear response:

e Consider a background configuration 1)(x, t);
® Linearizing the Lagrangian around this perturbation gives

\ -
u? e i = S (x, 1)
= n?(w;x,t) = A+ Bw? +24n(x, t)

e 5n o 9(x, t)? o I(x, t): the model reproduces the Kerr effect.
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The model - 1l

We can define a conserved scalar product and a norm:
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We can define a conserved scalar product and a norm:

(018) i= (3000 — 0" + Gov" — o) -
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We can define a conserved scalar product and a norm:
(018) i= (3000 — 0" + Gov" — o) -
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Results
000000



Analog Horizons Different Regimes Model and background Perturbative Approach
00000 00000

The model - |l
We can define a conserved scalar product and a norm:
(018) i= (3000 — 0" + Gov" — o) -

Notes:

® The model is not Lorentz invariant (preferred laboratory
frame);

Results
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We can define a conserved scalar product and a norm:
(018) i= (3000 — 0" + Gov" — o) -

Notes:

® The model is not Lorentz invariant (preferred laboratory
frame);

® But we checked that the sign of the norm is not dependent of
the reference frame:
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The model - Il

We can define a conserved scalar product and a norm:
(018) i= (3000 — 0" + Gov" — o) -

Notes:

® The model is not Lorentz invariant (preferred laboratory
frame);

® But we checked that the sign of the norm is not dependent of
the reference frame:

® |n fact we have
H¢kH2 X Wiap = ’y(w + Vk)

in any inertial frame moving with velocity V w.r.t the lab;
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The model - Il

We can define a conserved scalar product and a norm:
(018) i= (3000 — 0" + Gov" — o) -

Notes:

® The model is not Lorentz invariant (preferred laboratory
frame);

® But we checked that the sign of the norm is not dependent of
the reference frame:

® |n fact we have
H¢kH2 X Wiap = ’y(w + Vk)

in any inertial frame moving with velocity V w.r.t the lab;

® This allows to consistently quantize the theory defining a Fock
space of free particles which satisfy the Cauchy D.R.
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Solitonic solution

The EOM have an exact solitonic solution

«Q
Vsx =Vt = B — )
W2 12v232

A
1
3= W(g2 —u?Vv?)

Results
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Solitonic solution

The EOM have an exact solitonic solution

«Q
Vslx =Vt = G — Vi)
,  12v2p?
ot = 3 ,
3= W(é’2 —u?Vv?)

Solitons of this type are also known to show up as approximate
solutions of the Maxwell equations inside a Kerr medium (cfr.
“nonlinear Schrddinger equation™).
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The mode equation in soliton background

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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The mode equation in soliton background
We consider the linearized EOM around a background field (dn)

cosh?(B(x — Vt))

P (x — Vi) =

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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The mode equation in soliton background
We consider the linearized EOM around a background field (dn)

cosh?(B(x — Vt))

P (x — Vi) =

® This is to be thought as a small perturbation.

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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The mode equation in soliton background
We consider the linearized EOM around a background field (dn)

3

e
PV = R Ge— vo)

® This is to be thought as a small perturbation.
® We write the equation in the comoving frame

x'=y(x — Vi)
t' =(t — Vx)

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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The mode equation in soliton background
We consider the linearized EOM around a background field (dn)

3

e
PV = R Ge— vo)

This is to be thought as a small perturbation.

We write the equation in the comoving frame

x'=y(x — Vi)
t' =(t — Vx)

The solution is in the form t(x, t) = e~ ™! f(x'):

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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The mode equation in soliton background
We consider the linearized EOM around a background field (dn)

cosh?(B(x — Vt))

- ve) =

This is to be thought as a small perturbation.

We write the equation in the comoving frame

x' = ~(x — Vt)
t' =(t — Vx)

The solution is in the form t(x, t) = e~ ™! f(x'):
f(x") satisfies a fourth-order equation of generalized
Orr-Sommerfeld type?.

*Belgiorno et al., Phys. Rev. D 102, 105003 (2020)
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Reduction to Fuchsian equation
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Reduction to Fuchsian equation

By changing the variable to

/
z=—e**

we obtain a Fucshian equation of fourth order and three regular

singular point at z = 0,1, 00 (x = —o0, i%,‘FOO);

Results
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Reduction to Fuchsian equation

By changing the variable to

/
z=—e**

we obtain a Fucshian equation of fourth order and three regular

singular point at z = 0,1, 00 (x = —o0, i%,‘FOO);

Results
000000

0= (V4w4) A4 4 (6V4'y4 - 4,‘\/3Q~/‘) 23

+ <—6272 — 1222 vt —niviagt — vttt e

~- (1 —2)2

) 240)

+ (—(;272 — 12V22 1 2iGPvan? 4 2ip?van? + VAt — aiviant — 6V2wPyt + 4ivwiyt

3Vv24222 —2ivQ~2Z%)  4v242z
+e
= (1—2)2 (1-2)3
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New perturbative approach

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach

Previous perturbative approaches to similar equations in analog
gravity were made:

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach

Previous perturbative approaches to similar equations in analog
gravity were made:

® In the low-dispersion limit for the critical case®;

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach

Previous perturbative approaches to similar equations in analog
gravity were made:
® In the low-dispersion limit for the critical case®;

¢ Using the Bremmer series (generalization of the WKB

expansion) in the subcritical case®.

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach

Previous perturbative approaches to similar equations in analog
gravity were made:

® In the low-dispersion limit for the critical case®;

¢ Using the Bremmer series (generalization of the WKB

expansion) in the subcritical case®.

Both these approaches are valid in one regime and fail
intrinsecally if we want to describe the transition between critical
and subcritical regimes.

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach
Previous perturbative approaches to similar equations in analog
gravity were made:

® In the low-dispersion limit for the critical case®;

¢ Using the Bremmer series (generalization of the WKB

expansion) in the subcritical case®.

Both these approaches are valid in one regime and fail
intrinsecally if we want to describe the transition between critical
and subcritical regimes.

We propose a different approach, expanding in e:

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach
Previous perturbative approaches to similar equations in analog
gravity were made:

® In the low-dispersion limit for the critical case®;

¢ Using the Bremmer series (generalization of the WKB

expansion) in the subcritical case®.

Both these approaches are valid in one regime and fail
intrinsecally if we want to describe the transition between critical
and subcritical regimes.
We propose a different approach, expanding in e:
® This is suppose to reproduce the subcritical case without any
approximation in the dispersion;

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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New perturbative approach

Previous perturbative approaches to similar equations in analog
gravity were made:

® In the low-dispersion limit for the critical case®;

¢ Using the Bremmer series (generalization of the WKB

expansion) in the subcritical case®.

Both these approaches are valid in one regime and fail
intrinsecally if we want to describe the transition between critical
and subcritical regimes.
We propose a different approach, expanding in e:
® This is suppose to reproduce the subcritical case without any
approximation in the dispersion;
® There is no theoretical obstacle in extending the approach to
the critical case (maybe just some higher orders in the

perturbation).

®Belgiorno et al., Phys. Rev. D 102, 105003 (2020).
®Coutant, Weinfurtner, Phys. Rev. D 94, 064026 (2016).
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The perturbative expansion’

6A.V. Chueshev, V.V. Chueshev, Journal of Siberian Federal University.
Mathematics & Physics 2022, 15(3), 308318.
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The perturbative expansion’

® \We express the solution as a power series:

u(z) = w(z) + e (z) + 2w (2) + ...

6A.V. Chueshev, V.V. Chueshev, Journal of Siberian Federal University.

Mathematics & Physics 2022, 15(3), 308318.

Results
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The perturbative expansion’

® \We express the solution as a power series:

u(z) = w(z) + e (z) + 2w (2) + ...

® \We obtain an infinite set of recursive equations:

6A.V. Chueshev, V.V. Chueshev, Journal of Siberian Federal University.
Mathematics & Physics 2022, 15(3), 308318.

Results
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The perturbative expansion’

® \We express the solution as a power series:

u(z) = w(z) + e (z) + 2w (2) + ...

® \We obtain an infinite set of recursive equations:

u§4) + vl(z)u?) + vz(z)u§1) +w(2)n = W1(Z)Ll(()2) + WQ(Z)U(()l) + ws(2)uo ,

ul + vi(2)uf + va(2)ul + vs(2)un = W1(Z)U((i)71) + W2(Z)u((,1,),1) + wa(2)ugn-1)

6A.V. Chueshev, V.V. Chueshev, Journal of Siberian Federal University.
Mathematics & Physics 2022, 15(3), 308318.
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The perturbative expansion’

® \We express the solution as a power series:

u(z) = w(z) + e (z) + 2w (2) + ...

® \We obtain an infinite set of recursive equations:

u§4) + vl(z)u?) + vz(z)u§1) +w(2)n = W1(Z)U(()2) + W2(Z)u(()1) + ws(2)uo ,

ul + vi(2)uf + va(2)ul + vs(2)un = W1(Z)U((i)71) + W2(Z)U((;),1) + wa(2)ugn-1)

® We were able to solve exactly the first-order equation using
the method of variation of constants.

6A.V. Chueshev, V.V. Chueshev, Journal of Siberian Federal University.
Mathematics & Physics 2022, 15(3), 308318.
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We impose asymptotics conditions that reproduce the inverse
scattering of a H-mode:
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Boundary conditions for the solution

We impose asymptotics conditions that reproduce the inverse
scattering of a H-mode:

From the conserved scalar product of the theory we get

1=[H| +[P] = [N + B
1-[H+[B] 1

|P| LTy
JLI R— elTw — ]_
INI

= |N| =
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Boundary conditions for the solution

We impose asymptotics conditions that reproduce the inverse
scattering of a H-mode:

From the conserved scalar product of the theory we get

1=[H| +[P] = [N + B
1-[H+[B] 1

|P| LTy
JLI R— elTw — ]_
INI

= |N| =

In the Bogolubov analysis, |N| can be identified as the the rate of
spontaneus particle emission.
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The first-order solution - Exact espression

The exact expression of uj(z) with the imposed boundary
condition is

n(z) = -tz
~2z
48+ (kn+))? 2P (2,i(kn—kp)+ Liikn—kp)+2i2) | 16(kut++3) oFa(3,i(kn—kp)+Lii(kn—kp)+2i2) 247 oFy(4,i(kn—ke)+Lii(kn—kp)+2:1)
(Kei—kp) (kei—kp—1)(kp— k) (Kp— k&) + (ker—kp) (kei—kp— ) (kp—kn) (kp—kg) = kn—kp)(kni—kp—1)(kp—kn)(kp—kg)

|40+ (k+ )% P20k — k) + i (k= k) +2:2) £16 (ka5 +3) 2F1 (3,7 (kn—kn )+ Lii(kn—kn)+2 1) =247 o Fy (4, kn—kn)+ Lk —kn) +2:1)
' (kri—kn) (kry—kn—1)(kn—kp) (kn—kg)
| (2 (k)2 2F (25 ke — ki) + L ki — ke )+2: 1) +16(kn+5 + 3 ) o Fy (3,i(ki—ks)+Lii(k—kis) +2 1) ~24i o Fy (4,i(ky — ke )+ Lii(k—ks) +2:1)
! (kt1—kg)(kni—kg—i) (ks —kp)(ks—kn)

422 (v2 (k,{,(z—uz —2ikH(z—1)—z—1> +2Vw(z—1)(kH(z—1]—i)+w2(z—1)2)
+ VZ(z—1)3 (kpy — kp) (kg — k) (kg — k)
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The first-order solution - Exact espression

The exact expression of uj(z) with the imposed boundary
condition is

n(z) = -tz
~2z
48+ (kn+))? 2P (2,i(kn—kp)+ Liikn—kp)+2i2) | 16(kut++3) oFa(3,i(kn—kp)+Lii(kn—kp)+2i2) 247 oFy(4,i(kn—ke)+Lii(kn—kp)+2:1)
(Kei—kp) (kei—kp—1)(kp— k) (Kp— k&) + (ker—kp) (kei—kp— ) (kp—kn) (kp—kg) = kn—kp)(kni—kp—1)(kp—kn)(kp—kg)

| 4G+ (ki) 2 Fu (2,0 (ki — k) + ik — k) +2: 2 )+16 (kia+- 5 +3 ) 2F1 (31K — kv )+ Ly — k) +2:2 ) =247 2 Fy (4,0 (ki — k) + 13 (kn— kn) +2: 1)
' (kri—kn) (kry—kn—1)(kn—kp) (kn—kg)

| (2 (k)2 2F (25 ke — ki) + L ki — ke )+2: 1) +16(kn+5 + 3 ) o Fy (3,i(ki—ks)+Lii(k—kis) +2 1) ~24i o Fy (4,i(ky — ke )+ Lii(k—ks) +2:1)
! (kt1—kg)(kni—kg—i) (ks —kp)(ks—kn)

. 422 (v2 (k,{,(z—uz —2ikH(z—1)—z—1> +2Vw(z—1)(kH(z—1)—i)+w2(z—1)2) )

V2(z—1)3 (kg — kp)(kpy — kpg) (kg — k)
® From this form one can easily derive the asymptotic
expression at z = 0o (x = +00);
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The first-order solution - Exact espression

The exact expression of uj(z) with the imposed boundary
condition is

n(z) = -tz
~2z
48+ (kn+))? 2P (2,i(kn—kp)+ Liikn—kp)+2i2) | 16(kut++3) oFa(3,i(kn—kp)+Lii(kn—kp)+2i2) 247 oFy(4,i(kn—ke)+Lii(kn—kp)+2:1)
(ki—kp) (k—kp—1)(kp—kn) (kp—kg) + (kni—kp) (kn—kp—1)(kp—kn) (kp—kg) = (kn—kp)(ki—kp—i)(kp—kn)(kp—kg)

| 4G+ (ki) 2 Fu (2,0 (ki — k) + ik — k) +2: 2 )+16 (kia+- 5 +3 ) 2F1 (31K — kv )+ Ly — k) +2:2 ) =247 2 Fy (4,0 (ki — k) + 13 (kn— kn) +2: 1)
' (kri—kn) (kry—kn—1)(kn—kp) (kn—kg)
| (2 (k)2 2F (25 ke — ki) + L ki — ke )+2: 1) +16(kn+5 + 3 ) o Fy (3,i(ki—ks)+Lii(k—kis) +2 1) ~24i o Fy (4,i(ky — ke )+ Lii(k—ks) +2:1)
! (kt1—kg)(kni—kg—i) (ks —kp)(ks—kn)

422 (v2 (k,{,(z—mz —2ikH(z—1)—z—1> +2Vw(z—1)(kH(z—1)—i)+w2(z—1)2)
+ V2(z—1)3 (kg — kp)(kpy — kpg) (kg — k)

® From this form one can easily derive the asymptotic
expression at z = 0o (x = +00);

® Thanks to the connection formulas of the Hypergeometric
function we also derived the asymptotic expression at z =0
(x = —00).
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The first-order solution - Asymptotics



cocoe 000000 )

Analog Horizons Different Regimes Modd and background Perturbative Approach Results

The first-order solution - Asymptotics

The asymptotic expression of the solution is

H !
F(x) e~ tknx X — —00
X') ~ . . . .
—ikyx' —ikpx’ —ikyx! —ikgx' / ’
He "X 4 Pe™fpX 4 Ne "W 4+ Be "8X  x' = 400

where
H =1 e s %&:—MR)(M ) T OE)
po ooV S ) (LP - L LT
N = UV + w;ﬁ(wl)z(k:* _ka E;EEAE(fHk;)kN)w/ @A, o2
b _jomtkeV @R (1)t eschl(ky — ke)/(28)] | o2y

2BV4y2(ks — k) (ks — kn)
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Estimation of the temperature

-------- B=0.1
_____ —1
- B=5
0.4:—
0.2:—

L L L L L
0.005 0.010 0.050 0.100 0.500 1 “mAx

® The ratio 1L} rows exponentially with w.
N 8 P y
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Estimation of the temperature

oo 2)
10 e i
T B=0.1
[ =1
06
— B=5
0.4:—
02
0.605 0.610 0.650 0.1‘00 0.500 1‘ WMAX
. P . .
® The ratio ﬁ grows exponentially with w.
. 2V 2 2v2 .
e The estimated temperature Ty = 2LV =1 VT) ¢ jegs

) 2rg(2g+pV)
accurate as 3 increases.
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8Michel, Parentani, Phys. Rev. D 90, 044033 (2014).
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Plot of T,

Tw
T

10F
o8- /¥ e €=0.1
----- e=1

06}

€=10
04l
02f
0.001 o

® Plateau appearing at T, = Ty for high frequencies.

8Michel, Parentani, Phys. Rev. D 90, 044033 (2014).
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Plot of T,
T_M
Ty
1.0+
08 N e €=0.1
e=1
06
€=10
04l
0.2+
. B et . A
0.001 0.005 0.010 0.050 0.100 0.500 1 WhAx

® Plateau appearing at T, ~ Ty for high frequencies.

® The behaviour is similar to what was found by numerical
studies of the transcritical flow in shallow water®.

8Meichel, Parentani, Phys. Rev. D 90, 044033 (2014).
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Plot of |P| and |N|
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Some comments

® We found analytical expressions of the scattering coefficients,
with a new perturbative approach and no approximation in
dispersion;
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subcritical and transcritical case and analytical studies of the
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Some comments

® We found analytical expressions of the scattering coefficients,
with a new perturbative approach and no approximation in
dispersion;

® The results are in line with previous numerical simulaitons for
subcritical and transcritical case and analytical studies of the
subcritical regime;

e Differently from previous approaches, our method has no
intrinsecal difficulty in describing the critical limit;
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Some comments

We found analytical expressions of the scattering coefficients,
with a new perturbative approach and no approximation in
dispersion;

The results are in line with previous numerical simulaitons for
subcritical and transcritical case and analytical studies of the
subcritical regime;

Differently from previous approaches, our method has no
intrinsecal difficulty in describing the critical limit;

Our plots show signs of criticality (i.e. thermality of the
spectrum) for high values of : to this values the results
shouldn’t be trusted, but this fact is qualitatively interesting
nonetheless.
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critical regime;
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Future work

® Apply to monotonic backgrounds to study the transition to
critical regime;

® Study and classify other similar Fuchsian equations that come
from analog systems;

® Investigate the possibility of finding exact (non-perturbative)
integrals of such equations.
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Thank you for the attention!
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