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Bohmian mechanics (Intro)

Some important points abouts BM:

Where from? Bohmian mechanics originates from De Broglies work of
1927 and Bohms 1952 papers

What about? Bohmian mechanics grounds the predictions of quantum
mechanics in precise dynamical laws for point particles

What are its features? Bohmian mechanics is a deterministic, realistic
and non-local hidden variables theory

Two big advantages of Bohmian mechanics (as well as of collapse models):

1 Bohmian mechanics has no measurement problem

2 Bohmian mechanics has a primitive ontology



Bohmian mechanics in a nutshell

N-body wave function:

ψ : R3N × R → C
(q, t) → ψ(q, t)

Schrödinger equation:
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De-Broglie-Bohm guiding equation:
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Trajectory of the system in configuration space Q ∼= R3N and trajectory of the
k-th particle in Euclidean space R3:
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Bohmian mechanics in a nutshell

Born’s rule (Born’s statistical hypothesis):

Given a system with wave function ψ, the positions of the particles are
ρ = |ψ|2-distributed.

In BM Born’s rule (also called the quantum equilibrium hypothesis) can be
shown to hold by a Boltzmannian typicality argument (Dürr, Goldstein, Zangh̀ı
[1992]). The proof uses that ρ = |ψ|2 is an equivariant measure.

Quantum flux equation (from Schrödinger equation):
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, this becomes the continuity equation:

∂|ψ|2
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Measurement process

Pointers in R3 and supports of pointer wave functions in Q ∼= R3N :
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physical space configuration space

Fig. 9.1 Pointers in physical space and the supports of the pointer wave function in configuration
space

Firstly, it guides the particle’s motion, and secondly, it determines the statistical dis-
tribution of its position. The latter fact already suggests that at least the statistical
distribution should be experimentally accessible, i.e., the particle’s position should
be measurable, for example by putting a photographic plate behind a double slit.

Even more famous than position measurement is “momentum measurement”,
since the Heisenberg uncertainty relation is about momentum and position mea-
surements. But momentum is not a fundamental notion in Bohmian mechanics. On
the other hand, particles do have velocities, so can they be measured? We need to
say something about that, too. At the end of the day the moral to be drawn is sim-
ply this message from Bohr: in most cases a measurement is an experiment where
nothing has been measured (in the sense the world is normally understood), but the
experiment ends up with a classical pointer pointing to some value on a scale of
values. In Bohmian terms one may put the situation succinctly by saying that most
of what can be measured is not real and most of what is real cannot be measured,
position being the exception.

So let us move on to the measurement problem. Consider a typical measurement
experiment, i.e., an experiment in which the system wave function gets correlated
with a pointer wave function. The latter is a macroscopic wave function, which
can be imagined as a “random” superposition of macroscopically many (∼ 1026)
one-particle wave functions, with support1 tightly concentrated around a region in
configuration space (of ∼ 1026 particles) that makes up a pointer in physical space
pointing in some direction, i.e., defining some pointer position. So different pointer
positions belong to macroscopically disjoint wave functions, that is, wave functions
whose supports are macroscopically separated in configuration space (see Fig. 9.1).

1 The support of a function is the domain on which it is not equal to zero. The notions of support,
separation of supports, and disjointness of supports have to be taken with a grain of salt. The sup-
port of a Schrödinger wave function is typically unbounded and consists of (nearly) the whole of
configuration space. “Zero” has thus to be replaced by “appropriately small” (in the sense that the
square norm over the region in question is negligible). Then, the precise requirement of macro-
scopic disjointness is that the overlap of the wave functions is extremely small in the square norm
over any macroscopic region.

System + apparatus coordinates:

q = (x, y) Q = (X,Y)

System wavefunction:

ψ(x) = α1ψ1(x) + α2ψ2(x) |α1|2 + |α2|2 = 1

Apparatus wavefunction:
φ0(y), φ1(y), φ2(y)

Y ∈ suppφ0 =̂ 0, Y ∈ suppφ1 =̂ 1, Y ∈ suppφ2 =̂ 2



Measurement process

Initial wave function:

Ψ(q) = Ψ(x, y) = ψ(x)φ0(y)

Schrödinger time evolution:

ψiφ0
t→T−→ ψiφi , i = 1, 2

ψφ0 =
t→T−→ α1ψ1φ1 + α2ψ2φ2

Configuration space:
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ever, in this measurement experiment, these particular initial wave functions guaran-
tee that, at the end of the experiment, we once again obtain a product wave function.

The measurement problem (see also Remark 9.1) is a trivial mathematical con-
sequence of (9.1) and the linearity of the Schrödinger evolution. It comes about
whenever the system wave function is a nontrivial superposition

ψ(x) = α1ψ1(x)+α2ψ2(x) , |α1|2 + |α2|2 = 1 . (9.2)

Then, by virtue of the linearity of the Schrödinger equation, (9.1) yields

ψΦ0 = ∑
i=1,2

αiψiΦ0
t−→T−→ ∑

i=1,2
αiψiΦi , (9.3)

which is a macroscopic superposition of pointer wave functions. If one has nothing
but wave functions, this is a bad thing, because such a macroscopic superposition
has no counterpart in the macroscopic, i.e., classical world. What could this be?
A pointer pointing simultaneously to 1 and 2? Did the apparatus become a mushy
marshmallow?

In Bohmian mechanics on the other hand the pointer is there and it points at
something definite. In Bohmian mechanics we have the evolution of the real state of
affairs, namely the evolution of the coordinates given by (8.1). And by virtue of the
quantum equilibrium hypothesis, we do not even need to worry about the detailed
trajectories. If we are interested in the pointer position after the measurement exper-
iment, i.e., in the actual configuration of the pointer particles Y(T ) (see Fig. 9.2),
we need only observe the following. Given the wave function on the right-hand side

T T

Fig. 9.2 Evolution of the system–pointer configuration in the measurement experiment. The Y -
axis (the pointer axis) represents the configuration space of macroscopic dimensions, while the
X-axis (the system axis) may be thought of as low-dimensional. Depending on the initial values
(X0,Y0), at time T , the Bohmian trajectory ends up either in the upper or the lower of the two
macroscopically distant subsets that the support is split into in the system–pointer configuration
space



Measurement process

Since suppφ1 ∩ suppφ2 = ∅, the probability of pointer in position k is
PΨ(Y(T )=̂k) ≈ |αk |2.
Suppose Y(T ) ∈ supp φ1 (pointer in position 1): FAPP φ2(Y) ≡ 0 due to
decoherence

⇒ Effective collapse of ψ

Particle is guided by ψ1 with Bohmian velocity vψ1φ1+ψ2φ2 = vψ1φ1



Universal, conditional and effective wave function

System of N particles: Q = (Q1, ...,QN) = (X,Y)

Subsystem X of N1 particles: X = (Q1, ...,QN1
)

Environment Y of N − N1 particles: Y = (QN1+1, ...,QN)

Universal wave function:

Ψ(q, t) = Ψ(x, y, t) x ∈ R3N1 , y ∈ R3(N−N1)

Conditional wave function:

ϕY(x, t) = Ψ(x,Y(t), t)

Ẋ(t) = vΨ
x (X(t),Y(t)) ∼ Im

∇xΨ(x,Y(t), t)

Ψ(x,Y(t), t)

∣∣∣∣
x=X(t)

= Im
∇xϕ

Y(x, t)

ϕY(x, t)

Effective wave function:

Ψ(x, y) = ϕ(x)Φ(y) + Ψ⊥(x, y)

with suppΦ ∩ suppΨ⊥ = ∅,Y ∈ supp Φ ⇒ ϕ effective wave function



Bohmian trajectories

Sketch of Bohmian trajectories in a double-slit experiment:
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Particles which arrive here
passed the upper slit

Particles which arrive here
passed the lower slit

Axis of symmetry

Trajectories cannot cross this axis

Fig. 8.3 Possible trajectories through the double slits

possible trajectories of the particle. The particles arrive one after the other (every
year if you have the time) at the photographic plate and leave a black spot at their
point of arrival.

If we wait long enough, the random black spots will eventually form a recog-
nizable interference pattern, which is essentially the quantum equilibrium |ψ|2 dis-
tribution5 [11]. This is clear enough, because that is what the quantum equilibrium
hypothesis says: in an ensemble of identical particles each having wave function ψ ,
the empirical distribution of positions is |ψ|2-distributed. This is a rather dull obser-
vation, and yet the interference pattern of the double slit experiment is often taken
in textbooks as proof that one cannot have moving particles in atomistic physics.
We can say a bit more about the trajectories in the essentially two-dimensional ex-
perimental setup.

1. The trajectories cannot cross the axis of symmetry.
2. The trajectories move mostly along the maxima (hyperbola) of |ψ|2 and spend

only short times in the valleys of |ψ|2 (|ψ|2 ≈ 0).
3. The trajectories cross the valleys since, right after the slits, the trajectories expand

radially. This is turn happens because the guiding wave is a spherical wave close
behind the slits (see Fig. 8.2), and while first feeding the nearest maxima, they
must observe quantum equilibrium. Most trajectories will have to lie in the region
of the main maximum (around the symmetry axis, which is the most clearly
visible on the screen), i.e., trajectories must cross over from adjacent maxima to
the main maximum.6

4. The arrival spot on the screen is random, in particular the slit through which each
particle goes is random. The randomness is due to the random initial position Q0

of the particle with respect to the initial wave packet. By always preparing the
same wave packet ψ , one prepares an ensemble of |ψ|2-distributed positions.

5 In fact it is the quantum flux across the surface of the photographic plate integrated over time
(see Chap. 16).
6 The double slit trajectory picture Fig. 8.3 can thus be more or less drawn by hand, or by numerical
computation as done by Dewdney et al. [6].

All figures were taken from:

D. Dürr, S. Teufel: Bohmian Mechanics (2008)
D. Dürr, D. Lazarovici: Verständliche Quantenmechanik (2018)



Einstein’s epistemological model

Einstein’s epistemological model as sketched in a letter from Albert Einstein to
Maurice Solovine in May, 1952:

The Point of Primitive Ontology 13

something physical. Some ontological commitment(s) must be part of the phys-
ical theory. This can include an ontological commitment to the wave function
or quantum state, but it won’t be enough to describe a world that looks even
remotely like ours. Given that all our empirical evidence is ultimately evidence
of localized matter in space and time, the most natural way to account for it is
in terms of a primitive ontology. And all claims that quantum mechanics com-
pels us to look for less natural ways – or give up on an objective description
of nature altogether – were proven wrong by Bohm.

5 Einstein’s Epistemological Model

The point of a primitive ontology goes deeper than accounting for empirical
evidence in the simplest and most compelling fashion. It addresses more funda-
mental questions about the relation between theory and experience. How can
a theoretical formalism make contact with our experience in the first place?
How do theoretical concepts, removed from direct sense-experience, acquire
meaning? Such questions have not been the exclusive concern of professional
philosophers. One of the most insightful, though brief, reflections on the matter
can be found in Einstein’s “autobiographical notes” in [51].

I see on the one side the totality of sense-experiences, and, on the other, the total-
ity of the concepts and propositions which are laid down in books. The relation
between the concepts and propositions among themselves and each other are of a
logical nature, and the business of logical thinking is strictly limited to the achieve-
ment of the connection between concepts and propositions among each other
according to firmly laid down rules, which are the concern of logic. The concepts
and propositions get “meaning,” viz., “content,” only through their connection
with sense experiences. The connection of the latter with the former is purely
intuitive, not itself of a logical nature. The degree of certainty with which this rela-
tion, viz., intuitive connection, can be undertaken, and nothing else, differentiates
empty phantasy from scientific “truth”. [51, pp. 11-13]

Fortunately, Einstein further explained his view in a letter to his friend Maurice
Solovine (from May 7, 1952, reprinted in [52]) in which he (literally) sketches
his epistemological model (Fig. 1).

Fig. 1 Einstein’s epistemological model sketched by Albert Einstein in his letter to Maurice
Solovine from May 7, 1952. Graphic adopted from [52].

Upper level: System of axioms A (depend psychologically on E)

Intermediate level: propositions P (deduced from A)

Lower level: Sense experiences E (in close intuitive, non-logical connection to
the P)

⇒ Primitive ontology (as in BM or collapse models) can provide this
connection between the P and the E



Einstein’s epistemological model

Einstein in his autobiographical notes [1949]:

I see on the one side the totality of sense-experiences, and, on the
other, the totality of the concepts and propositions which are laid
down in books. The relation between the concepts and propositions
among themselves and each other are of a logical nature, and the
business of logical thinking is strictly limited to the achievement of
the connection between concepts and propositions among each other
according to firmly laid down rules, which are the concern of logic.
The concepts and propositions get “meaning,” viz., “content,” only
through their connection with sense experiences. The connection
of the latter with the former is purely intuitive, not itself of a logical
nature. The degree of certainty with which this relation, viz., intuitive
connection, can be undertaken, and nothing else, differentiates empty
phantasy from scientific “truth”.

⇒ Primitive ontology (as in BM or collapse models) can provide this
connection between the P and the E



The end

Thank you!


