
Buongiorno a lor signori

Ve lo dico tosto,


Mi presento a voi dottori:

Son Ludovico Ariosto.


Maledetta fu la mano

Che muto lo appellativo,


Io son Sebastiano 

Ma sarò anche comprensivo.

Good morning to you gentlemen

I tell you quickly,


I introduce myself to you doctors:

I am Ludovico Ariosto.


Cursed was the hand

That mute the appellation,


I am Sebastiano

But I will also be sympathetic.2
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8f 2 F , �✏(f)  2

s

2
dVC log eP

dVC
+ log 2

�
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For any            , with probability at least            
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STATISTICAL LEARNING THEORY: MAIN LIMITATIONS

the VC dimension of a DNN is (very) 
roughly proportional to the number of 
trainable parameters
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STATISTICAL LEARNING THEORY: MAIN LIMITATIONS

“[…] Their derivation reveals many possible causes for their poor quantitative performance:


(i) Practical data distributions may lead to smaller deviations (between the expected 
and empirical classification error) than the worst possible data distribution.


(ii) Uniform bounds hold for all possible classification functions. Better bounds may 
hold when one restricts the analysis to functions that perform well on plausible 
training sets.


(from L. Bottou, “Making Vapnik-Chervonenkis bounds accurate”)

the VC dimension of a DNN is (very) 
roughly proportional to the number of 
trainable parameters
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MAIN GOAL: Improve this bound with Statistical Physics



THE OTHER MAJOR FRAMEWORK TO INVESTIGATE 

GENERALISATION: THE TEACHER-STUDENT SCENARIO
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input density distribution  
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P (x, y) = ⇢(x)� (y � fT(x))

a teacher provides the ground truth (the label)
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a student optimises its weights to match 

the ground truth by minimising a loss function
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TEACHER STUDENT SCENARIO: COMPUTATION

Z(x) = ∫ dNsv e− β
2 ℒ(v,x)− βλ

2 ||v||2
Partition function  

Goal: compute the optimal generalisation and training errors for large NS and P

⟨Zm⟩ρ(x) =
m

∏
a

∫ dNs va ∫ dDx ρ(x) e− β
2 ℒ(va,x)− βλ

2 ||va||2

⟨log Z⟩ρ(x) = lim
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⟨Zm⟩ρ(x) − 1
m

Replica trick  

Quenched 

partition  function  
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Averages of observables  

Boring 

calculation
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THE OTHER MAJOR FRAMEWORK TO INVESTIGATE 

GENERALISATION: THE TEACHER-STUDENT SCENARIO

linear teacher, linear student, factorised input density is a textbook exercise  

polynomial teacher, polynomial student, factorised input density 
[R. Dietrich, M. Opper, H. Sompolinsky; PRL (1999)]
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RECENT RESULTS: GENERALISATION AND TRAINING ERRORS 
FOR GENERIC KERNELS/GENERIC (QUENCHED) FEATURES

[A. Canatar, B. Bordelon, C. Pehlevan; Nat. Comm. (2021)]

[B. Loureiro, C. Gerbelot, H. Cui, S. Goldt, F. Krzakala, M. Mézard, L. Zdeborová; NeurIPS (2021)]



RECENT RESULTS: GENERALISATION AND TRAINING ERRORS 
FOR GENERIC KERNELS/GENERIC (QUENCHED) FEATURES

[A. Canatar, B. Bordelon, C. Pehlevan; Nat. Comm. (2021)]

[B. Loureiro, C. Gerbelot, H. Cui, S. Goldt, F. Krzakala, M. Mézard, L. Zdeborová; NeurIPS (2021)]

Exact formulas for the generalisation and training errors.

Particularly simple for regression problems and quadratic loss function
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These formulas capture the learning curves of multilayer neural networks 

if we consider as features those obtained by pre-trained networks on realistic datasets!
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<latexit sha1_base64="SPkhyeEOL4l7eWh9HTA4s6IN400=">AAACAXicbVBNS8NAEN34WetX1IvgZbEI9VISKeqx6MVjRfsBTSyb7bZdupuE3YlYQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKoZEM0ED1kNOAjWjBUjMhCsEQwux37jninNo/AWhjHzJemFvMspASO17X0vlgH24j6/S4sesAdQMr0ZHY/adsEpORPgeeJmpIAyVNv2l9eJaCJZCFQQrVuuE4OfEgWcCjbKe4lmMaED0mMtQ0MimfbTyQcjfGSUDu5GylQIeKL+nkiJ1HooA9MpCfT1rDcW//NaCXTP/ZSHcQIspNNF3URgiPA4DtzhilEQQ0MIVdzcimmfKELBhJY3IbizL8+T+knJPS2Vr8uFykUWRw4doENURC46QxV0haqohih6RM/oFb1ZT9aL9W59TFsXrGxmD/2B9fkDfDiW7g==</latexit>

���(S)

RECENT RESULTS: GENERALISATION AND TRAINING ERRORS 
FOR GENERIC KERNELS/GENERIC (QUENCHED) FEATURES

[A. Canatar, B. Bordelon, C. Pehlevan; Nat. Comm. (2021)]

[B. Loureiro, C. Gerbelot, H. Cui, S. Goldt, F. Krzakala, M. Mézard, L. Zdeborová; NeurIPS (2021)]

Based on a conjecture: the Gaussian Equivalence Principle

Exact formulas for the generalisation and training errors.

Particularly simple for regression problems and quadratic loss function


<latexit sha1_base64="Hw7ZeAeTo/AG1CGjF7W4Paz606g="></latexit>

✏g/t
⇣
NS, P,���

(T),���(S)
⌘
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<latexit sha1_base64="Dx6tNvUnDEBmRTwzHqvaiSvbr2M="></latexit>

fDNN(x, ✓) =
1

Nout

NoutX

↵=1

v↵�
DNN
↵ (x,W)

<latexit sha1_base64="Mu5uaU8OO4TYkrWehYsAghGXto0=">AAACH3icbZBNS8NAEIY3ftb6FfXoZbEIFaQkUtSjqAdPomCt0NQy2W7apZsPdifSEvJPvPhXvHhQRLz5b9zWHrT1hYWHd2bYmddPpNDoOF/WzOzc/MJiYam4vLK6tm5vbN7qOFWM11gsY3Xng+ZSRLyGAiW/SxSH0Je87vfOhvX6A1daxNENDhLeDKETiUAwQGO17EMv6YpW5oFMupDfZx7yPqowO7+8zHNa9kLArh9k/XyfjpiBpPU92rJLTsUZiU6DO4YSGeuqZX967ZilIY+QSdC64ToJNjNQKJjkedFLNU+A9aDDGwYjCLluZqP7crprnDYNYmVehHTk/p7IINR6EPqmc7ijnqwNzf9qjRSD42YmoiRFHrGfj4JUUozpMCzaFoozlAMDwJQwu1LWBQUMTaRFE4I7efI03B5U3MNK9bpaOjkdx1Eg22SHlIlLjsgJuSBXpEYYeSTP5JW8WU/Wi/Vuffy0zljjmS3yR9bXN1sxoxw=</latexit>

�DNN
↵ (x,W)

<latexit sha1_base64="llZYGCYGOxruDSn/chMB7J+pbmo=">AAACFnicbZC7SgNBFIZnvcZ4i1raDAbBQsOuBLURgjaWEcwFsiHMTs4mQ2YvzJwNhCVPYeOr2FgoYit2vo2TTQpN/GHg4z/nMOf8XiyFRtv+tpaWV1bX1nMb+c2t7Z3dwt5+XUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB7aTeGILSIgofcBRDO2C9UPiCMzRWp3DmYh+Q0WvqSvDRTd2AYZ8zSRunNGPPp0NXiV4f3XGnULRLdia6CM4MimSmaqfw5XYjngQQIpdM65Zjx9hOmULBJYzzbqIhZnzAetAyGLIAdDvNzhrTY+N0qR8p80Kkmft7ImWB1qPAM52TRfV8bWL+V2sl6F+1UxHGCULIpx/5iaQY0UlGtCsUcJQjA4wrYXalvM8U42iSzJsQnPmTF6F+XnIuSuX7crFyM4sjRw7JETkhDrkkFXJHqqRGOHkkz+SVvFlP1ov1bn1MW5es2cwB+SPr8wdw157z</latexit>

✓ = {W,v} number of weights 

in the last layer
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<latexit sha1_base64="Dx6tNvUnDEBmRTwzHqvaiSvbr2M="></latexit>

fDNN(x, ✓) =
1

Nout

NoutX

↵=1

v↵�
DNN
↵ (x,W)

<latexit sha1_base64="Mu5uaU8OO4TYkrWehYsAghGXto0=">AAACH3icbZBNS8NAEIY3ftb6FfXoZbEIFaQkUtSjqAdPomCt0NQy2W7apZsPdifSEvJPvPhXvHhQRLz5b9zWHrT1hYWHd2bYmddPpNDoOF/WzOzc/MJiYam4vLK6tm5vbN7qOFWM11gsY3Xng+ZSRLyGAiW/SxSH0Je87vfOhvX6A1daxNENDhLeDKETiUAwQGO17EMv6YpW5oFMupDfZx7yPqowO7+8zHNa9kLArh9k/XyfjpiBpPU92rJLTsUZiU6DO4YSGeuqZX967ZilIY+QSdC64ToJNjNQKJjkedFLNU+A9aDDGwYjCLluZqP7crprnDYNYmVehHTk/p7IINR6EPqmc7ijnqwNzf9qjRSD42YmoiRFHrGfj4JUUozpMCzaFoozlAMDwJQwu1LWBQUMTaRFE4I7efI03B5U3MNK9bpaOjkdx1Eg22SHlIlLjsgJuSBXpEYYeSTP5JW8WU/Wi/Vuffy0zljjmS3yR9bXN1sxoxw=</latexit>

�DNN
↵ (x,W)

<latexit sha1_base64="llZYGCYGOxruDSn/chMB7J+pbmo=">AAACFnicbZC7SgNBFIZnvcZ4i1raDAbBQsOuBLURgjaWEcwFsiHMTs4mQ2YvzJwNhCVPYeOr2FgoYit2vo2TTQpN/GHg4z/nMOf8XiyFRtv+tpaWV1bX1nMb+c2t7Z3dwt5+XUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB7aTeGILSIgofcBRDO2C9UPiCMzRWp3DmYh+Q0WvqSvDRTd2AYZ8zSRunNGPPp0NXiV4f3XGnULRLdia6CM4MimSmaqfw5XYjngQQIpdM65Zjx9hOmULBJYzzbqIhZnzAetAyGLIAdDvNzhrTY+N0qR8p80Kkmft7ImWB1qPAM52TRfV8bWL+V2sl6F+1UxHGCULIpx/5iaQY0UlGtCsUcJQjA4wrYXalvM8U42iSzJsQnPmTF6F+XnIuSuX7crFyM4sjRw7JETkhDrkkFXJHqqRGOHkkz+SVvFlP1ov1bn1MW5es2cwB+SPr8wdw157z</latexit>

✓ = {W,v} number of weights 

in the last layer

<latexit sha1_base64="Jh6yOhbAxLa+8q65pZ5ABqe8vUk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXJVEirosunElFewDmlAm00k7dDIJMzdiiVn4K25cKOLW33Dn3zhts9DWAwOHc87l3jl+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2PVOaR/IOxjHzQjKQPOCUgJF65YObXuoCewAVplECWYZdIXCjV67YVXsKvEicnFRQDpP/cvsRTUImgQqiddexY/BSooBTwbKSm2gWEzoiA9Y1VJKQaS+d3p/hY6P0cRAp8yTgqfp7IiWh1uPQN8mQwFDPexPxP6+bQHDhpVzGCTBJZ4uCRGCI8KQM3OeKURBjQwhV3NyK6ZAoQsFUVjIlOPNfXiSt06pzVq3d1ir1y7yOIjpER+gEOegc1dE1aqAmougRPaNX9GY9WS/Wu/UxixasfGYf/YH1+QNNRpZJ</latexit>

Nout ⌧ P
<latexit sha1_base64="d8b3SdsGmx0PGaCuPmU12eRVvJo=">AAAB8nicbVDLTgIxFL3jE/GFunTTSEzcSGaQqEuiG5eYyCOBkXRKBxo600l7x4QQPsONC41x69e4828sMAsFT9L05Jx723tPkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD26nffOLaCBU/4CjhfkT7sQgFo2iltuc+lsk5sddFt1B0S+4MZJl4GSlChlq38NXpKZZGPEYmqTH2sQT9MdUomOSTfCc1PKFsSPu8bWlMI2788WzkCTm1So+EStsTI5mpvzvGNDJmFAW2MqI4MIveVPzPa6cYXvtjEScp8pjNPwpTSVCR6f6kJzRnKEeWUKaFnZWwAdWUoU0pb0PwFldeJo1yybssVe4rxepNFkcOjuEEzsCDK6jCHdSgDgwUPMMrvDnovDjvzse8dMXJeo7gD5zPHzFuj0E=</latexit>

102 � 103
<latexit sha1_base64="/SXrn8T3rtIznjerTPnRzcjwuDU=">AAAB8nicbVDLTgIxFL2DL8QX6tJNIzFxI5kx+FgS3bjERB4JjKRTCjR0OpP2jgmZ8BluXGiMW7/GnX9jgVkoeJKmJ+fc2957glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUA45j7od0oERfMIpWanvuY4WcEXtddIslt+zOQJaJl5ESZKh1i1+dXsSSkCtkkhpjH4vRT6lGwSSfFDqJ4TFlIzrgbUsVDbnx09nIE3JilR7pR9oehWSm/u5IaWjMOAxsZUhxaBa9qfif106wf+2nQsUJcsXmH/UTSTAi0/1JT2jOUI4toUwLOythQ6opQ5tSwYbgLa68TBrnZe+yXLmvlKo3WRx5OIJjOAUPrqAKd1CDOjCI4Ble4c1B58V5dz7mpTkn6zmEP3A+fwA3jI9F</latexit>

104 � 105
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<latexit sha1_base64="Dx6tNvUnDEBmRTwzHqvaiSvbr2M="></latexit>

fDNN(x, ✓) =
1

Nout

NoutX

↵=1

v↵�
DNN
↵ (x,W)

<latexit sha1_base64="Mu5uaU8OO4TYkrWehYsAghGXto0=">AAACH3icbZBNS8NAEIY3ftb6FfXoZbEIFaQkUtSjqAdPomCt0NQy2W7apZsPdifSEvJPvPhXvHhQRLz5b9zWHrT1hYWHd2bYmddPpNDoOF/WzOzc/MJiYam4vLK6tm5vbN7qOFWM11gsY3Xng+ZSRLyGAiW/SxSH0Je87vfOhvX6A1daxNENDhLeDKETiUAwQGO17EMv6YpW5oFMupDfZx7yPqowO7+8zHNa9kLArh9k/XyfjpiBpPU92rJLTsUZiU6DO4YSGeuqZX967ZilIY+QSdC64ToJNjNQKJjkedFLNU+A9aDDGwYjCLluZqP7crprnDYNYmVehHTk/p7IINR6EPqmc7ijnqwNzf9qjRSD42YmoiRFHrGfj4JUUozpMCzaFoozlAMDwJQwu1LWBQUMTaRFE4I7efI03B5U3MNK9bpaOjkdx1Eg22SHlIlLjsgJuSBXpEYYeSTP5JW8WU/Wi/Vuffy0zljjmS3yR9bXN1sxoxw=</latexit>

�DNN
↵ (x,W)

<latexit sha1_base64="llZYGCYGOxruDSn/chMB7J+pbmo=">AAACFnicbZC7SgNBFIZnvcZ4i1raDAbBQsOuBLURgjaWEcwFsiHMTs4mQ2YvzJwNhCVPYeOr2FgoYit2vo2TTQpN/GHg4z/nMOf8XiyFRtv+tpaWV1bX1nMb+c2t7Z3dwt5+XUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB7aTeGILSIgofcBRDO2C9UPiCMzRWp3DmYh+Q0WvqSvDRTd2AYZ8zSRunNGPPp0NXiV4f3XGnULRLdia6CM4MimSmaqfw5XYjngQQIpdM65Zjx9hOmULBJYzzbqIhZnzAetAyGLIAdDvNzhrTY+N0qR8p80Kkmft7ImWB1qPAM52TRfV8bWL+V2sl6F+1UxHGCULIpx/5iaQY0UlGtCsUcJQjA4wrYXalvM8U42iSzJsQnPmTF6F+XnIuSuX7crFyM4sjRw7JETkhDrkkFXJHqqRGOHkkz+SVvFlP1ov1bn1MW5es2cwB+SPr8wdw157z</latexit>

✓ = {W,v} number of weights 

in the last layer

<latexit sha1_base64="Jh6yOhbAxLa+8q65pZ5ABqe8vUk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXJVEirosunElFewDmlAm00k7dDIJMzdiiVn4K25cKOLW33Dn3zhts9DWAwOHc87l3jl+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2PVOaR/IOxjHzQjKQPOCUgJF65YObXuoCewAVplECWYZdIXCjV67YVXsKvEicnFRQDpP/cvsRTUImgQqiddexY/BSooBTwbKSm2gWEzoiA9Y1VJKQaS+d3p/hY6P0cRAp8yTgqfp7IiWh1uPQN8mQwFDPexPxP6+bQHDhpVzGCTBJZ4uCRGCI8KQM3OeKURBjQwhV3NyK6ZAoQsFUVjIlOPNfXiSt06pzVq3d1ir1y7yOIjpER+gEOegc1dE1aqAmougRPaNX9GY9WS/Wu/UxixasfGYf/YH1+QNNRpZJ</latexit>

Nout ⌧ P
<latexit sha1_base64="d8b3SdsGmx0PGaCuPmU12eRVvJo=">AAAB8nicbVDLTgIxFL3jE/GFunTTSEzcSGaQqEuiG5eYyCOBkXRKBxo600l7x4QQPsONC41x69e4828sMAsFT9L05Jx723tPkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD26nffOLaCBU/4CjhfkT7sQgFo2iltuc+lsk5sddFt1B0S+4MZJl4GSlChlq38NXpKZZGPEYmqTH2sQT9MdUomOSTfCc1PKFsSPu8bWlMI2788WzkCTm1So+EStsTI5mpvzvGNDJmFAW2MqI4MIveVPzPa6cYXvtjEScp8pjNPwpTSVCR6f6kJzRnKEeWUKaFnZWwAdWUoU0pb0PwFldeJo1yybssVe4rxepNFkcOjuEEzsCDK6jCHdSgDgwUPMMrvDnovDjvzse8dMXJeo7gD5zPHzFuj0E=</latexit>

102 � 103
<latexit sha1_base64="/SXrn8T3rtIznjerTPnRzcjwuDU=">AAAB8nicbVDLTgIxFL2DL8QX6tJNIzFxI5kx+FgS3bjERB4JjKRTCjR0OpP2jgmZ8BluXGiMW7/GnX9jgVkoeJKmJ+fc2957glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUA45j7od0oERfMIpWanvuY4WcEXtddIslt+zOQJaJl5ESZKh1i1+dXsSSkCtkkhpjH4vRT6lGwSSfFDqJ4TFlIzrgbUsVDbnx09nIE3JilR7pR9oehWSm/u5IaWjMOAxsZUhxaBa9qfif106wf+2nQsUJcsXmH/UTSTAi0/1JT2jOUI4toUwLOythQ6opQ5tSwYbgLa68TBrnZe+yXLmvlKo3WRx5OIJjOAUPrqAKd1CDOjCI4Ble4c1B58V5dz7mpTkn6zmEP3A+fwA3jI9F</latexit>

104 � 105 <latexit sha1_base64="+scty+gaNAILdFRK2ZbmPMz0mxM="></latexit>

�✏(W) ' 2✏Rg (W)
Nout

P

the equation holds for each realisation of the 

weights      and it assumes perfect training 

over the last layer

<latexit sha1_base64="VbU/Ddu0yLIlFcqihGjmzG4UAvg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGTEqSLtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42TzwlZ1YZkDBW9klD5urvjYxGWk+iwE7OEuplbyb+53VTE177GZdJalCyxUdhKoiJyex8MuAKmRETSyhT3GYlbEQVZcaWVLIleMsnr5LWRdW7rNbua5X6TV5HEU7gFM7Bgyuowx00oAkMJDzDK7w52nlx3p2PxWjByXeO4Q+czx8j4pCU</latexit>W
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<latexit sha1_base64="Dx6tNvUnDEBmRTwzHqvaiSvbr2M="></latexit>

fDNN(x, ✓) =
1

Nout

NoutX

↵=1

v↵�
DNN
↵ (x,W)

<latexit sha1_base64="Mu5uaU8OO4TYkrWehYsAghGXto0=">AAACH3icbZBNS8NAEIY3ftb6FfXoZbEIFaQkUtSjqAdPomCt0NQy2W7apZsPdifSEvJPvPhXvHhQRLz5b9zWHrT1hYWHd2bYmddPpNDoOF/WzOzc/MJiYam4vLK6tm5vbN7qOFWM11gsY3Xng+ZSRLyGAiW/SxSH0Je87vfOhvX6A1daxNENDhLeDKETiUAwQGO17EMv6YpW5oFMupDfZx7yPqowO7+8zHNa9kLArh9k/XyfjpiBpPU92rJLTsUZiU6DO4YSGeuqZX967ZilIY+QSdC64ToJNjNQKJjkedFLNU+A9aDDGwYjCLluZqP7crprnDYNYmVehHTk/p7IINR6EPqmc7ijnqwNzf9qjRSD42YmoiRFHrGfj4JUUozpMCzaFoozlAMDwJQwu1LWBQUMTaRFE4I7efI03B5U3MNK9bpaOjkdx1Eg22SHlIlLjsgJuSBXpEYYeSTP5JW8WU/Wi/Vuffy0zljjmS3yR9bXN1sxoxw=</latexit>

�DNN
↵ (x,W)

<latexit sha1_base64="llZYGCYGOxruDSn/chMB7J+pbmo=">AAACFnicbZC7SgNBFIZnvcZ4i1raDAbBQsOuBLURgjaWEcwFsiHMTs4mQ2YvzJwNhCVPYeOr2FgoYit2vo2TTQpN/GHg4z/nMOf8XiyFRtv+tpaWV1bX1nMb+c2t7Z3dwt5+XUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB7aTeGILSIgofcBRDO2C9UPiCMzRWp3DmYh+Q0WvqSvDRTd2AYZ8zSRunNGPPp0NXiV4f3XGnULRLdia6CM4MimSmaqfw5XYjngQQIpdM65Zjx9hOmULBJYzzbqIhZnzAetAyGLIAdDvNzhrTY+N0qR8p80Kkmft7ImWB1qPAM52TRfV8bWL+V2sl6F+1UxHGCULIpx/5iaQY0UlGtCsUcJQjA4wrYXalvM8U42iSzJsQnPmTF6F+XnIuSuX7crFyM4sjRw7JETkhDrkkFXJHqqRGOHkkz+SVvFlP1ov1bn1MW5es2cwB+SPr8wdw157z</latexit>

✓ = {W,v} number of weights 

in the last layer

<latexit sha1_base64="Jh6yOhbAxLa+8q65pZ5ABqe8vUk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXJVEirosunElFewDmlAm00k7dDIJMzdiiVn4K25cKOLW33Dn3zhts9DWAwOHc87l3jl+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2PVOaR/IOxjHzQjKQPOCUgJF65YObXuoCewAVplECWYZdIXCjV67YVXsKvEicnFRQDpP/cvsRTUImgQqiddexY/BSooBTwbKSm2gWEzoiA9Y1VJKQaS+d3p/hY6P0cRAp8yTgqfp7IiWh1uPQN8mQwFDPexPxP6+bQHDhpVzGCTBJZ4uCRGCI8KQM3OeKURBjQwhV3NyK6ZAoQsFUVjIlOPNfXiSt06pzVq3d1ir1y7yOIjpER+gEOegc1dE1aqAmougRPaNX9GY9WS/Wu/UxixasfGYf/YH1+QNNRpZJ</latexit>

Nout ⌧ P
<latexit sha1_base64="d8b3SdsGmx0PGaCuPmU12eRVvJo=">AAAB8nicbVDLTgIxFL3jE/GFunTTSEzcSGaQqEuiG5eYyCOBkXRKBxo600l7x4QQPsONC41x69e4828sMAsFT9L05Jx723tPkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD26nffOLaCBU/4CjhfkT7sQgFo2iltuc+lsk5sddFt1B0S+4MZJl4GSlChlq38NXpKZZGPEYmqTH2sQT9MdUomOSTfCc1PKFsSPu8bWlMI2788WzkCTm1So+EStsTI5mpvzvGNDJmFAW2MqI4MIveVPzPa6cYXvtjEScp8pjNPwpTSVCR6f6kJzRnKEeWUKaFnZWwAdWUoU0pb0PwFldeJo1yybssVe4rxepNFkcOjuEEzsCDK6jCHdSgDgwUPMMrvDnovDjvzse8dMXJeo7gD5zPHzFuj0E=</latexit>

102 � 103
<latexit sha1_base64="/SXrn8T3rtIznjerTPnRzcjwuDU=">AAAB8nicbVDLTgIxFL2DL8QX6tJNIzFxI5kx+FgS3bjERB4JjKRTCjR0OpP2jgmZ8BluXGiMW7/GnX9jgVkoeJKmJ+fc2957glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUA45j7od0oERfMIpWanvuY4WcEXtddIslt+zOQJaJl5ESZKh1i1+dXsSSkCtkkhpjH4vRT6lGwSSfFDqJ4TFlIzrgbUsVDbnx09nIE3JilR7pR9oehWSm/u5IaWjMOAxsZUhxaBa9qfif106wf+2nQsUJcsXmH/UTSTAi0/1JT2jOUI4toUwLOythQ6opQ5tSwYbgLa68TBrnZe+yXLmvlKo3WRx5OIJjOAUPrqAKd1CDOjCI4Ble4c1B58V5dz7mpTkn6zmEP3A+fwA3jI9F</latexit>

104 � 105

<latexit sha1_base64="TRcoxkB0mJgChERkFOzpyu10h+E=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBD0EnZF1IMH0YvHKHkI2TXMTjpxcPbhTK8Ylv0ZL/6KFw8GETz5K84mEdRYMFBT3UV3lx9LodG2P6yp6ZnZufnCQnFxaXlltbS23tBRojjUeSQjdeUzDVKEUEeBEq5iBSzwJTT927O83rwHpUUU1rAfgxewXii6gjM0Urt0bFNXwh11IdZCGiV1ER5QBWkvy66/P/QyoztuwPCGM0mbuyNPrV0q2xV7CDpJnDEpkzGq7dLA7UQ8CSBELpnWLceO0UuZQsElZEU30RAzfst60DI0ZAFoLx1emdFto3RoN1LmhUiH6k9HygKt+4FvOvNN9d9aLv5XayXYPfJSEcYJQshHg7qJpBjRPDLaEQo4yr4hjCthdqX8hinG0QRbNCE4f0+eJI29inNQ2b/YL5+cjuMokE2yRXaIQw7JCTknVVInnDySZ/JKBtaT9WK9We+j1ilr7Nkgv2B9fgGHdKU+</latexit>

0  ✏Rg (W)  T

<latexit sha1_base64="+scty+gaNAILdFRK2ZbmPMz0mxM="></latexit>

�✏(W) ' 2✏Rg (W)
Nout

P

the equation holds for each realisation of the 

weights      and it assumes perfect training 

over the last layer

<latexit sha1_base64="VbU/Ddu0yLIlFcqihGjmzG4UAvg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGTEqSLtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42TzwlZ1YZkDBW9klD5urvjYxGWk+iwE7OEuplbyb+53VTE177GZdJalCyxUdhKoiJyex8MuAKmRETSyhT3GYlbEQVZcaWVLIleMsnr5LWRdW7rNbua5X6TV5HEU7gFM7Bgyuowx00oAkMJDzDK7w52nlx3p2PxWjByXeO4Q+czx8j4pCU</latexit>W
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valid for any local 

minimum of the 

loss function of the DNN
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RESULTS: FROM QUENCHED FEATURES TO A UNIVERSAL MEAN 
FIELD UPPER BOUND FOR THE GENERALISATION GAP OF DNNS

the gap of fully-trained DNNs should decrease at least as 1/P asymptotically

the degradation of the generalisation performance should be at most linear 

as the size of the last layer is increased

the bound rules out any asymptotic linear or sub-linear dependence on the size of 

the hidden layers

valid for any local 

minimum of the 

loss function of the DNN
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linear 

teacher 


quadratic 

teacher


one-hidden 

layer teacher


In all these experiments the input density is factorised 

over its coordinates

RESULTS: GENERALISATION GAP FOR TOY FULLY CONNECTED  
STUDENTS TRAINED ON SYNTHETIC DATASETS 



Remark: the generalisation gap is defined for 

regression, not for classification

RESULTS: GENERALISATION GAP FOR STATE-OF-THE-ART 
ARCHITECTURES TRAINED ON MNIST



RESULTS: ANY LINEAR OR SUBLINEAR DEPENDENCE ON THE 
SIZE OF THE HIDDEN LAYER IS RULED OUT

Nout

Nhid
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One (out of many) possible next step: find a way to treat a DNN 

analytically, with a fixed training test instance.
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CONCLUSIONS AND FUTURE PERSPECTIVES

A more stringent and universal asymptotic upper bound 

for the generalisation gap of DNNs

A second possible next step: find where and when the 
Gaussian Equivalence Principle holds.

One (out of many) possible next step: find a way to treat a DNN 

analytically, with a fixed training test instance.

[AS, R. Pacelli, M. Pastore, F. Ginelli, M. Gherardi, P. Rotondo; arXiv: 2209.04882 (2022)]
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