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• What is NPLM and how does it work?
Complete analysis strategy to test the data for departures from a Reference model (from 
data to a p-value for discovery, taking care of systematic uncertainties in the process).

- Main concepts
“Learning New Physics from a Machine” (d’Agnolo, Wulzer, 2018 Phys. Rev. D)

- Multivariate implementation
 “Learning Multivariate New Physics” (d’Agnolo, Grosso, Pierini, Wulzer, Zanetti, 2019 Eur. Phys. J. C)

- Systematic uncertainties
 “Learning New Physics from an Imperfect Machine” (d’Agnolo, Grosso, Pierini, Wulzer, Zanetti, 2022 Eur. Phys. J. C)

  intro in Andrea’s talk
More details on the ML implementation here!

→

https://doi.org/10.1103/PhysRevD.99.015014
https://doi.org/10.1140/epjc/s10052-021-08853-y
https://arxiv.org/abs/2111.13633


In this talk
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• What is NPLM good for?
Multivariate, unbinned analysis, towards signal model independence (released constraints, 
lower level information, simultaneously sensitive to multiple signal patterns).

- Model-independent New Physics searches at collider experiments

- Data quality monitor (DQM)

- Generator validation

More about NPLM tomorrow:
- NPLM implementation using kernel methods

“Learning New Physics efficiently with non parametric methods” 2204.02317 (Letizia, Grosso, Wulzer et al.)

August 23, 2022

  See Marco Letizia’s talk tomorrow!→

  See Marco Letizia’s talk tomorrow!→

https://arxiv.org/abs/2204.02317


NPLM - negligible uncertainties
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Main Concepts (negligible uncertainties)
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True (T) data 
distribution

Unknown

n(x |T) ≈ n(x |Hŵ) = n(x |R0) e f(x,ŵ)

Data distribution learnt 
by the NN

Alternative hypothesis

Reference 
distribution

Null hypothesis
(SM) NN model

: null hypothesis
: alternative hypothesis 
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• Goal: performing a log-likelihood-ratio 

hypothesis test                      
End-to-end strategy, from the data to a -value 
for the discovery (frequentistic approach)

• Exploiting a Neural Network (NN) to 
parametrize the data distribution in 
terms of a Reference distribution (     )

• Signal-model-independent: reduced 
assumptions on the signal hypothesis

p
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“Learning New Physics from a Machine” Phys. Rev. D
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Maximum Likelihood from minimal loss:
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New Physics Learning Machine (NPLM)
Main Concepts (negligible uncertainties)

“Learning New Physics from a Machine” Phys. Rev. D

Test statistic
 

Loss function
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: trainable parameters on the NN model
: data sample
: reference sample (built according to the  hypothesis); could be weighted ( )

Assumptions:
-  the statistical fluctuations of the reference sample are negligible. 
- the weights of the reference sample ( )  are such that the reference sample is 

normalised to match the data sample luminosity 

w
D
R R0 w

NR ≫ ND
w

∑
x∈R

wx = N(R0)

August 23, 2022
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Reference sample ( )
label=0

R

Data sample ( )
label=1

D

NN training                           w ŵ

 Collection of trainings
 (with pseudo-data)

             t̄(D) = − 2 L̄ [f(x; ŵ)]

 Single training

       f(x; ŵ) = log [ n(x |Hŵ)
n(x |R0) ]

�-�����

����
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Maximum Likelihood from minimal loss:
Test statistic
 

Loss function
 

: trainable parameters on the NN model
: data sample
: reference sample (built according to the  hypothesis); could be weighted ( )

Assumptions:
-  the statistical fluctuations of the reference sample are negligible. 
- the weights of the reference sample ( )  are such that the reference sample is 

normalised to match the data sample luminosity 

w
D
R R0 w

NR ≫ ND
w

∑
x∈R

wx = N(R0)
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New Physics Learning Machine (NPLM)
Main Concepts (negligible uncertainties)

“Learning New Physics from a Machine” Phys. Rev. D

August 23, 2022

Unbinned 
training 
samples!

<latexit sha1_base64="aflvR4vtU1RJ7i6DrPb4WWxM/cI="></latexit>

t(D) = max
w


2 log

L(Hw|D)

L(R0|D)

�<latexit sha1_base64="aflvR4vtU1RJ7i6DrPb4WWxM/cI="></latexit>

t(D) = max
w


2 log

L(Hw|D)

L(R0|D)

�<latexit sha1_base64="aflvR4vtU1RJ7i6DrPb4WWxM/cI="></latexit>

t(D) = max
w


2 log

L(Hw|D)

L(R0|D)

�<latexit sha1_base64="aflvR4vtU1RJ7i6DrPb4WWxM/cI="></latexit>

t(D) = max
w


2 log

L(Hw|D)

L(R0|D)

�
<latexit sha1_base64="aflvR4vtU1RJ7i6DrPb4WWxM/cI="></latexit>

t(D) = max
w


2 log

L(Hw|D)

L(R0|D)

�

https://doi.org/10.1103/PhysRevD.99.015014


Asymptotic formula for the  distribution under :t̄ R0

If the Wilks’ theorem hold,
the target distribution for  under the 

 hypothesis is a  with .
t̄

R0 χ2
df df = |w |

Due to the finite size of the training samples, the sparsity of the data (especially in multivariate problems) 
and the approximation errors, the distribution of   under  does not follow the target  by default.

 a (NN) MODEL REGULARIZATION procedure can solve this problem!

t̄(D) R0 χ2
|w|

→
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New Physics Learning Machine (NPLM)
Dealing with multivariate problems (negligible uncertainties)

 “Learning Multivariate New Physics” Eur. Phys. J. C

August 23, 2022
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Wilks-Wald theorem: 
: set of parameters describing 
: set of parameters describing 

 If , then under the  hypothesis the test statistic
 

asymptotically follows a   distribution with  

Θ0 H0

Θ1 H1

H0 ⊆ H1 H0

χ2
df df = |Θ1 | − |Θ0 |
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NN Model regularization:

Example:
   NN model: 5-7-7-1, 
|w | = 106

Percentiles of the empirical  
distribution under 

Percentiles of the target 

Empirical  distribution under 
Target 

t̄
R0

χ2
|w|

t̄ R0
χ2

|w|

------ ------  ------------------

— —   —   ——

For a chosen NN architecture, tuning the weight clipping  
allows to recover a good agreement of the empirical 
distribution of  under  with the target  distribution.t̄ R0 χ2

|w|

Weight clipping parameter:
Upper boundary to the magnitude that each 
trainable parameter can assume during the training.

Legend:

9 Gaia Grosso9

New Physics Learning Machine (NPLM)
Dealing with multivariate problems (negligible uncertainties)

 “Learning Multivariate New Physics” Eur. Phys. J. C

August 23, 2022

https://doi.org/10.1140/epjc/s10052-021-08853-y


DQM
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11

Setup (Legnaro INFN national laboratory):
• 2 scintillators as signal trigger
• 1 drift tube chamber: 4 layers 16 wires each (16x4=64 wires)
• Source of signals: cosmic muons (triggered rate ~3 MHz)
• Event: muon track reconstructed interpolating 3/4 hits (one per 

layer)
Observables (6D problem):

• 4 drift times [ ]: time for the ionised 
electrons to reach the wire from the interaction point 
( ) .

• : reconstructed track angle

• : average number of hits per time window (“orbit”)

tdrift, 1, tdrift, 2, tdrift, 3, tdrift, 4

vdrift = cm/s
θ
Nhits

Layer 1
Layer 2
Layer 3
Layer 4

Sketch of a single 
chamber

nD DQM
Online monitoring of a DT chamber:

Gaia Grosso11August 23, 2022



Distribution of the observables at different values of the threshold tension

• Reference sample: long run in optimal conditions

• Anomalous samples: short runs acquired in presence 
of a controlled anomaly in the value of the threshold 
tension of the DT chamber

• Result of the test statistics
Complete separation of the distributions!  

NPLM with Falkon

Execution time:  

M = 50, σ = 4.84, λ = 10−7

N(D) = 5000
Nref = 200 000

∼ 1.5 s   more about this in Marco’s talk tomorrow!→

Gaia Grosso12August 23, 2022

nD DQM
Online monitoring of a DT chamber:



NPLM - systematic uncertainties
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New parametrization                  

             n(x |T) ≈ n(x |Hŵ, ̂ν) = n(x |R0)
n(x |R ̂ν)
n(x |R0)

e f(x; ŵ)

True (T) data 
distribution

Unknown

Data distribution 
learnt by the NN

Alternative hypothesis

Reference 
distribution

Null hypothesis 

NN modelNew term 
containing the 

dependence on ν
r(x; ν)

Hw,ν Rν

Note:
This parametrization choice 
guarantees   
(  for   )

Rν ⊆ Hw,ν
Rν = Hw,ν f( ⋅ ; w) ≡ 0

Test statistic
    : trainable parameters on the NN model

   : set of nuisance parameters modelling the   
    uncertainties effects
   : data sample
   : auxiliary sample (used to constrain    )
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New Physics Learning Machine (NPLM)
Including systematic uncertainties

“Learning New Physics from an Imperfect Machine” Eur. Phys. J. C

August 23, 2022

https://arxiv.org/abs/2111.13633


+

{             }
Training samples:

 DATA sample (label=1)
SM reference (label=0)

Maximum likelihood from 
minimal loss

Training samples

R0

Reference Data

   termτ    termΔ
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New Physics Learning Machine (NPLM)
Including systematic uncertainties



NN model
Set up

Weight clipping 
tuning

↓
+

{             }
Training samples:

 DATA sample (label=1)
SM reference (label=0)

Maximum likelihood from 
minimal loss

Training samples

R0

Reference Data

   termτ    termΔ
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New Physics Learning Machine (NPLM)
Including systematic uncertainties



r modelling NN model
Set up

Weight clipping 
tuning

↓
+

{             }
Training samples:

 DATA sample (label=1)
SM reference (label=0)

Maximum likelihood from 
minimal loss

Training samples

R0

Reference Data

   termτ    termΔ

Gaia Grosso17August 23, 2022

New Physics Learning Machine (NPLM)
Including systematic uncertainties

New!



r modelling 
Normalization uncertainties: 
Analytic description

Nν

∑
i=1

νi

Shape uncertainties: 
Taylor’s expansion around the nuisance central value

̂r (x; ν) = exp [ ̂δ 1(x) ν + ̂δ 2(x) ν2 + . . . ]

Gaia Grosso18August 23, 2022

New Physics Learning Machine (NPLM)
Including systematic uncertainties



Preliminary binned analysis to determine 
the proper order for the Taylor’s expansion

Training a neural network model to learn each coefficient of the Taylor’s expansion of r(x; ν) =
n(x |Rν)
n(x |R0)

Taylor’s expansion learning

Preliminary study

, c(x) =
1

1 + ̂r(x; ν)L[ ̂δ( ⋅ )] = ∑
νi

∑
e∈S0(νi)

wec(xe)2 + ∑
e∈S1(νi)

we [1 − c(xe)]2

          
           
 … 


…


ν1 ν2 νn

S0(ν1) ∼ R0 S0(ν2) ∼ R0 S0(νn) ∼ R0

S1(ν1) ∼ Rν1
S1(ν2) ∼ Rν2

S1(νn) ∼ Rνn

̂δ2

̂δ1
̂r (x; ν) = exp [ ̂δ 1(x) ν + ̂δ 2(x) ν2]

Input samples

Loss function*

* Parametrized classifiers for optimal EFT sensitivity arXiv:2007.10356 

Electron-like regime

Gaia Grosso

Including systematic uncertainties
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Shape uncertainties: Learning the nuisance Taylor’s expansion 

https://arxiv.org/abs/2007.10356


Validation of the ( ) procedureτ − Δ

“Toy Data” : test the procedure on simulated toys following the 
Reference (SM) hypothesis with generation value for the nuisance 
parameters  =  :

The  distribution under the reference hypothesis          is compatible 
with the target  for values of the true nuisance parameters within 
the uncertainty (                   ).  

  is independent of the true value of the nuisance parameters! 

We can build a frequentistic test statistic relying on the asymptotic  .

ν* ±σν

t̄
χ2

|w|

t̄

χ2
|w|

Including systematic uncertainties
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Final procedure in steps:

1. NN MODEL SELECTION:
 weight clipping tuning  target ;

2. NUISANCE TAYLOR’S EXPANSION LEARNING: 
modelling ;

3. VALIDATION: 

Verifying that the target  is always recovered;

4. TESTING THE DATA: 
running the procedure on real data.

→ χ2
|w|

̂r (x; ν) = exp [ ̂δ 1(x) ν + ̂δ 2(x) ν2 + . . . ]

χ2
|w|

̂r (x; ν) = exp [ ̂δ 1(x) ν + ̂δ 2(x) ν2 + . . . ]
NN 1        NN2          …
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Search for New Physics at LHC
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Easy task: 1D analysis

Broad resonance Excess in the tailNarrow resonance

Sensitivity to multiple signals at the same time

Gaia Grosso23

Mass spectrum (toy model)
Signal reconstruction with the NN:
Architecture: [1-4-1] (13 dof), weigh clipping 9, =2000Nbkg

 reconstruction: 
 reconstruction: 

τ n(x |Hŵ, ̂ν) = n(x |R0)
n(x |R ̂ν)
n(x |R0)

ef(x; ŵ)

Δ n(x |R ̂ν)

August 23, 2022
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Harder task: nD analysis
Two body final state (5D)

 “Learning Multivariate New Physics” Eur. Phys. J. C

August 23, 2022

                             pT,1 pT,2 η1 η2 Δϕ1,2

Uncertainties on the Reference hypothesis (SM): 
•Global normalization effect:      
•Momentum scale effect: 

               barrel region ,       endcaps region 

- Muon-like regime:       ,  

- Electron-like regime:   ,  

- Tau-like regime:           

σN = 2.5 %

p(b,e)
T 1,2 = exp [νsσ(b,e)

s /σ(b)
s ] p(b,e)

T 1,2 (b) |η | < 1.2 (e) |η | ≥ 1.2

σ(b)
S = 0.05 % σ(e)

S = 0.15 %
σ(b)

S = 0.3 % σ(e)
S = 0.9 %

σ(b)
S = σ(e)

S = 3 %

REFERERNCE            
 scenario

 scenario
Z′￼

EFT

5D analysis — Input: set of variables fully describing the kinematic of the final state

Simulated samples 
(Madgraph+Phytia+Delphes)
Dataset available on Zenodo 

https://doi.org/10.1140/epjc/s10052-021-08853-y
https://zenodo.org/record/4442665#.YmgX4ZNBwq0


Two body final state (5D):  validationτ − Δ

Scale uncertainty
Electron-like regime

Scale uncertainty
Muon-like regime

Scale uncertainty
Tau-like regime

Normalization 
uncertainty

DNN [5-5-5-5-1], #trainable parameters = 96, weight clipping = 2.16

X

Reference sample:  
Data sample:  

R ∼ R0
D ∼ Rν*

Gaia Grosso25August 23, 2022

Harder task: nD analysis



•  scenario: new vector boson with the same SM coupling as the Z 
boson and mass of 300 GeV.

•Muon-like, electron-like regimes: 

•Tau-like regime: 

•  scenario: dimension-6 4-fermions-contact operator: 

.

• Muon-like, electron-like regimes: 

• Tau-like regime:

Z′￼

M12 > 100 GeV, L = 0.35 fb−1, N(S) = 120

M12 > 120 GeV, L = 1.1 fb−1, N(S) = 210

EFT
cW

Λ
Ja

LμJμ
La

M12 > 100 GeV, L = 0.35 fb−1, cW = 1.0 TeV−2

M12 > 120 GeV, L = 1.1 fb−1, cW = 0.25 TeV−2

M12

REFERERNCE            
 scenario

 scenario
Z′￼

EFT

Resonance in the two-body  invariant mass

Non resonant excess in the tail of the two-body invariant mass

Example:
Tau-like regime

NOTE:
  is not given as an input to the algorithm!M12

2626 Gaia Grosso26August 23, 2022

Harder task: nD analysis
Two body final state (5D): sensitivity to NP scenarios



Z-score:  

 : Z-score from the median of the empirical  distribution

Z = Φ−1 [1 − p]
Z t(D, A)

Muon-like regime Electron-like regime
Negligible
systematic uncertainties Tau-like regime

 scenarioZ′￼

 scenarioEFT

ν*S = + σS

ν*S = + σS

27 Gaia GrossoGaia Grosso27August 23, 2022

Harder task: nD analysis
Two body final state (5D): sensitivity to NP scenarios



NOTE:
  is not given as an input to the algorithm!M12 reconstruction: 

 reconstruction: 
τ n(x |Hŵ, ̂ν) = n(x |R0)

n(x |R ̂ν)
n(x |R0)

ef(x; ŵ)

Δ n(x |R ̂ν)

28 Gaia Grosso28

Harder task: nD analysis
Two bodies final state (5D)

Architecture: [5-5-5-5–1] (96 dof), weigh clipping 2.15, L = 240 fb−1

Signal reconstruction with the NN:

 “Learning Multivariate New Physics” Eur. Phys. J. C

August 23, 2022

https://doi.org/10.1140/epjc/s10052-021-08853-y


Summary of the results:
• Comparable performances in the resonant and non-resonant scenarios:

- NPLM is simultaneously sensitive to any source of New Physics;

• Comparable performances at different systematic uncertainties regimes: 
- NPLM is robust against the presence of systematic uncertainties;

- the presence of systematic uncertainties affects NPLM in the same 
measure as any other hypothesis test;

• No information about the New Physics signal has been provided to the 
algorithm at any step of its implementation:
- The performances of NPLM are lower than any model-dependent 

strategy by construction ( );Z/Zref = 0.37

29

Two-body final state at the LHC

Gaia Grosso

Sensitivity to New Physics scenarios 

Z-score:  

-  : Z-score from NPLM

-  : Z-score from a model-dependent (optimized) test statistics

Z = Φ−1 [1 − p]
Z
Zref

Gaia Grosso29August 23, 2022
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Harder task: nD analysis
ZZ to 4 muons final state (7D)
Input variables:

Signal benchmarks:
• Higgs boson (as an exercise)

NOTE:
  is not given as an input to the algorithm!mZZ

August 23, 2022



31 Gaia Grosso31

nD analysis
ZZ to 4 leptons final state (7D)

Architecture: [7-16-16-1] (417 dof), weigh clipping 1.75
Signal reconstruction with the NN:

Ongoing work for optmizing NPLM sensitivity in high dimensional problems
August 23, 2022



Conclusions
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Outlook:

Ready to be performed on a real analysis at the LHC!

✓ Heuristic method to setup multivariate analysis
✓ Strategy to account for systematic uncertainties

• NPLM for signal model independent New Physics searches:

Limitations
- Accuracy of the Reference sample
- Accuracy of the systematic uncertainties modelling
- Training time

(NN are slow, speed up with kernel methods! 
see Marco’s talk tomorrow)

Ongoing work
- Comparison to other techniques
- Exploring alternatives to the weight clipping as form of regularization 
- How to choose the NN architecture?

August 23, 2022

limits to the actual luminosity that 
we are allowed to inspect, but not an 
obstacle to the applicability of NPLM.



• NPLM package: python-based package to 
run the NPLM analysis strategy

• Tutorial on 1D toy model for getting started

34 Gaia Grosso34

Outlook:
Getting started with NPLM

August 23, 2022

https://pypi.org/project/NPLM/
https://github.com/GaiaGrosso/NPLM_package/tree/v0.0.6/example_1D


Back up

35 Gaia Grosso35August 23, 2022



̂r (x; ν) = exp [ ̂δ 1(x) ν + ̂δ 2(x) ν2 + . . . ]

                              

Tau term:

                                                                                                                            

Delta term:
 

= −

Maximum Likelihood from minimal loss:

Contains the dependence on a 
NN model

Built on the knowledge of the 
Reference model (purely SM term)

r(x; ν) =
n(x |Rν)
n(x |R0)

NN 1       NN2         …

Taylor’s expansion learning:
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Test statistic
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�(D, A)

   : trainable parameters on the NN model
   : set of nuisance parameters modelling the   
    uncertainties effects
   : data sample
   : auxiliary sample (used to constrain    )
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New Physics Learning Machine (NPLM)
Including systematic uncertainties

“Learning New Physics from an Imperfect Machine” Eur. Phys. J. C

August 23, 2022

https://arxiv.org/abs/2111.13633


INPUT 

Model

Loss 
function

OUTPUT
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Reference sample
  

 Data sample
     

Auxiliary 
measurements

 termτ

 layerrBSM network
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f(·;w)

<latexit sha1_base64="+ZW6ItpNqYyxm7//BM9tjRQXnUU="></latexit>

⌧(D, A) = �2min
w,⌫

L
h
f(·,w), ⌫; b�(·)

i
Trainable parameters:  <latexit sha1_base64="ZhcsvKoloGM7UYmtdcmISyJpu/s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7AM6Y8lkMm1oJhmSjFJK/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJU860cd1vp7Syura+Ud6sbG3v7O5V9w/aWmaK0BaRXKpuiDXlTNCWYYbTbqooTkJOO+HoJvc7j1RpJsW9Gac0SPBAsJgRbKz04IeSR3qc2MsXWb9ac+vuDGiZeAWpQYFmv/rlR5JkCRWGcKx1z3NTE0ywMoxwOq34maYpJiM8oD1LBU6oDiaz1FN0YpUIxVLZIwyaqb83JjjReTQ7mWAz1IteLv7n9TITXwUTJtLMUEHmD8UZR0aivAIUMUWJ4WNLMFHMZkVkiBUmxhZVsSV4i19eJu2zundRP787rzWuizrKcATHcAoeXEIDbqEJLSCg4Ble4c15cl6cd+djPlpyip1D+APn8wcLrpLh</latexit>⌫

 termΔ

 layerr

Pre-trained networks ̂δ 1 ̂δ 2 … ̂δ n

 Data sample Auxiliary 
measurements<latexit sha1_base64="PsUDG4s5ok31G6SKZSb9Aqq7DNs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdgnm6LZXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AOEvjq8=</latexit>D <latexit sha1_base64="RdlT3xEmOreTjl3MXnlJLGwNeog=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZdVNy4r2Ad0hpJJM21oJhmSjFCGWbnxV9y4UMSt3+DOvzHTzkJbD4QczrmXe+8JYkaVdpxva2l5ZXVtvbRR3tza3tm19/bbSiQSkxYWTMhugBRhlJOWppqRbiwJigJGOsH4Jvc7D0QqKvi9nsTEj9CQ05BipI3Ut4+8EdKpFwg2UJPIfB5PsqqHEUuvstO+XXFqzhRwkbgFqYACzb795Q0ETiLCNWZIqZ7rxNpPkdQUM5KVvUSRGOExGpKeoRxFRPnp9IwMnhhlAEMhzeMaTtXfHSmKVL6kqYyQHql5Lxf/83qJDi/9lPI40YTj2aAwYVALmGcCB1QSrNnEEIQlNbtCPEISYW2SK5sQ3PmTF0n7rOae1+p39UrjuoijBA7BMagCF1yABrgFTdACGDyCZ/AK3qwn68V6tz5mpUtW0XMA/sD6/AHC/JlP</latexit>

⌫̂(A)

<latexit sha1_base64="ruK/WidpZczDGGYVMR5g0e2EACc="></latexit>

L[f(·;w), ⌫, b�(·)] = N(R⌫)�N(R0)�
X

x2D
[log br(x; ⌫)]� log


L(⌫|A)

L(0|A)

�

<latexit sha1_base64="mrRW6neCZlhaZnjWW17MTFnyL5w="></latexit>

�(D, A) = �2min
⌫

L
h
⌫; b�(·)

i

Pre-trained networks ̂δ 1 ̂δ 2 … ̂δ n

<latexit sha1_base64="WxQhnCqJzU7DZ8198awriad7aFs="></latexit>

br(·;⌫) = exp
h
b�1(·)⌫ + b�2(·)⌫2 + ...+ b�n(·)⌫n

i <latexit sha1_base64="WxQhnCqJzU7DZ8198awriad7aFs="></latexit>

br(·;⌫) = exp
h
b�1(·)⌫ + b�2(·)⌫2 + ...+ b�n(·)⌫n

i

<latexit sha1_base64="TQkVSTuuYtPNhBuIg3o8NePOmko=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF49RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOaXYI5uu+VK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi+r53Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/9meOvQ==</latexit>

R

<latexit sha1_base64="aoEw7QoIKbFoVr9ON+lo2E+SSQE=">AAAB+3icdVDLSsNAFJ3UV62vWpduBotQoYSktonL+li4rGAf0IQymU7boZMHMxOxhPyKGxeKuPVH3Pk3TtoKKnrgwuGce7n3Hi9iVEjD+NByK6tr6xv5zcLW9s7uXnG/1BFhzDFp45CFvOchQRgNSFtSyUgv4gT5HiNdb3qZ+d07wgUNg1s5i4jro3FARxQjqaRBseRIFFcSByMGr6pO9Tw9GRTLhm7ULMu2oaFbttk4bWSkZhs1G5q6MUcZLNEaFN+dYYhjnwQSMyRE3zQi6SaIS4oZSQtOLEiE8BSNSV/RAPlEuMn89hQeK2UIRyFXFUg4V79PJMgXYuZ7qtNHciJ+e5n4l9eP5ejMTWgQxZIEeLFoFDMoQ5gFAYeUEyzZTBGEOVW3QjxBHGGp4iqoEL4+hf+TTk03Lb1+Uy83L5Zx5MEhOAIVYAIbNME1aIE2wOAePIAn8Kyl2qP2or0uWnPacuYA/ID29gmeGJOL</latexit>

⌧(D, A)
<latexit sha1_base64="Xy1by+5NaykcqYECVf8HQ1JindY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxChRKS0lrdVe3CZQX7gCaUyXTSDp08mJkINRR/xY0LRdz6H+78G6dtQK0euHA4517uvceNGBXSND+1zNLyyupadj23sbm1vaPv7rVEGHNMmjhkIe+4SBBGA9KUVDLSiThBvstI2x1dTf32HeGChsGtHEfE8dEgoB7FSCqppx/YdcIkKiQ2RgzWi3bxYnLS0/OmUS1VKpVzaBrmDN/ESkkepGj09A+7H+LYJ4HEDAnRtcxIOgnikmJGJjk7FiRCeIQGpKtogHwinGR2/QQeK6UPvZCrCiScqT8nEuQLMfZd1ekjORSL3lT8z+vG0jtzEhpEsSQBni/yYgZlCKdRwD7lBEs2VgRhTtWtEA8RR1iqwHIqBGvx5b+kVTKsU6N8U87XLtM4suAQHIECsEAV1MA1aIAmwOAePIJn8KI9aE/aq/Y2b81o6cw++AXt/QulJ5QR</latexit>

�(D, A)

<latexit sha1_base64="xGjAkLdNGZn5m/ZeXVc3RhF0TVs="></latexit>

t(D, A) = 2 log

2

4
max
w, ⌫

L(Hw, ⌫ |D, A)

max
⌫

L(R⌫ |D, A)

3

5 = 2 log

2

4
max
w, ⌫

L(Hw, ⌫ |D)L(⌫|A)

max
⌫

L(R⌫ |D)L(⌫|A)

3

5−
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