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⦁ When I was an undergraduate student in Rome, Guido was at CERN.

⦁ I asked a thesis to Luciano Maiani and (as he was used to), before 
accepting me as a student, he gave me an “exercise”:

“Compute the one-loop beta function of the λφ4

theory in the continuum and on the lattice”

⦁ As far as I remember, at that time I didn’t know what the beta 
function is, and I never heard about the lattice…

1989: the beginning of the story (for me)

⦁ So, I went to the library at La Sapienza and started to study...





??



??
There is a 

guy at 
CERN…his 
name is 
Guido 

Martinelli



It’s easy !!



⦁ So I got the thesis, and, under the supervision of Luciano, I started 
to work on the non-perturbative lattice determination of the upper 
bound on the Higgs boson mass.

⦁ After few months, Guido came back 
to Rome and started to follow my 
work. We wrote a Monte Carlo in the 
λφ4 theory



⦁ I had already spent several 
months (almost 1 year!) working 

on the scalar theory on the 
lattice, when I received 

a phone call by 
Guido at home:

I’m here together 
with Luciano. 

We decided to change the 
subject of your thesis. 

The new subject will be 
lattice QCD
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⦁ I had already spent several 
months (almost 1 year!) working 

on the scalar theory on the 
lattice, when I received 

a phone call by 
Guido at home:

I never really knew 
the reason…

I’m here together 
with Luciano. 

We decided to change the 
subject of your thesis. 

The new subject will be 
lattice QCD

... but I almost collapsed!

Today, I suspect that the decision of changing 
the argument of my thesis  was 

mainly due to Guido...



⦁ The (new) thesis 
concerned two independent 

lattice QCD studies:

1) The semileptonic weak 
decays of D mesons

2) The B-meson decay 
constant fB

⦁ Eventually my thesis 
supervisor was Guido. 

He followed this work more 
closely than Luciano



Talk at Cortona in 1990 The B-meson leptonic
decay constant fB

Nuc l ea r Phys i cs 8399 (1991) 598 - 616
Nor t h - Ho l l and

T I ON OF THE DEC
NSTANT OF THE B-MESON

C . R . ALLTON and C . T . SACHRAJDA

Depa r t men t o f Phys i cs , Re Ah ' e r s ï t , ° , Saa t t hanM i 19M W

V . LUB I CZ , L . MA I AN I and G . MART I NELL I

r t i men t o ch F i s i ca , U ) zh ' c r -s t t ~- r & " a La Sap i enza , 1 - 00185 Rome , I t a t y ,
I NFN Sez i one (1 i Roma , Rome , I t a l y

Rece i ved 18 June 19

We compu t e t he decay cons t an t o f t he B- meson , f B , on a 10 2 x 20 x 40 l a t t i ce a t P = 6 . 0 ,
w i t h W i l son f e rm i ons , us i ng 30 gauge f i e l d con f i gur a t i ons , gene r a t ed i n t he quenched approx i -
ma t i on . For t he propaga t or o f t he b - qua r k we keep on l y t he l ead i ng t e rm i n t he 1 / n: , ,
expans i on . To i mprove our r esu l t s we use , as t he i n t e rpo l a t i ng f i e l ds f or t he B- meson , l a t t i ce
ope r a t or s wh i ch a r e " smea r ed " ove r seve r a l l a t t i ce s i t es . We obse r ve a c l ea r s i gna l f or t he
l i gh t es t B- meson s t a t e , and ob t a i n t he va l ue f 13 = 310 ± 25 ± 50 MeV , whe r e t he f i r s t e r ror i s
s t a t i s t i ca l and t he second r epr esen t s our unce r t a i n t y i n t he va l ue o f t he l a t t i ce spac i ng . Th i s
r esu l t , comb i ned w i t h ea r l i e r l a t t i ce measur emen t s o f f D ( f D = 180 MeV) , demons t r a t es t ha t
t he a p t o t i c sca l i ng l aw f or t he decay cons t an t s o f heavy pseudosca l a r mesons P , ( i . e .

f p j X1_p - cons t an t ) , has l a rge cor r ec t i ons f or cha rmed mesons . We es t i ma t e t ha t t he non - sca l i ng
cor r ec t i ons w i l l r educe t he above va l ue o f f B by abou t 25% .

1 . I n t roduc t i on

Dur i ng t he pas t f ew yea r s a cons i de r ab l e amoun t o f wor k and compu t i ng
r esour ces have been i nves t ed i n t he measur emen t s o f hadron i c ma t r i x e l emen t s
us i ng t he l a t t i ce f ormu l a t i on o f Quan t um Chromodynam i cs (QCD ) . Among t he
quan t i t i es wh i ch have been compu t ed a r e t he decay cons t an t s o f t he pseudosca l a r
mesons , 7r , K and D ( f or a r ecen t r ev i ew see r e f . [1] ) . I n t hese ca l cu l a t i ons , t he
va l ue o f t he i nve r se l a t t i ce spac i ng ( a - ) i s gene r a l l y i n t he r ange be t ween 1 GeV
and 3 GeV ( cor r espond i ng t o va l ues o f 13 = 6 / g02 be t ween 5 . 7 and 6 . Z) . Thus i t
i s no t poss i b l e t o s i mu l a t e hadrons con t a i n i ng heavy qua r ks , such as t he b - qua r k ,
on t hese l a t t i ces , s i nce t he i r Comp t on wave l eng t hs a r e sma l l e r t han t he l a t t i ce
spac i ng . An i n t e r es t i ng t echn i que f or t he s t udy o f heavy - qua r k phys i cs on t he
l a t t i ce has r ecen t l y been proposed by E i ch t en [2] . Th i s t echn i que i s based on t he
expans i on o f t he heavy - qua r k propaga t or i n i nve r se powe r s o f t he qua r k mass . I n

0550 - 3213 / 91 / $03 . 50 ©1991 - E l sev i e r Sc i ence Pub l i she r s B . V . (Nor t h - Ho l l and )

N.B. fB≃110 MeV using the exact scaling from fD. We know today that  fB ≃190 MeV 



Talk at Lattice 1990, 
Tallahassee

Lattice setup: 
15 gauge configurations 

(“the Bologna set”), 
1/a≃2 GeV,  Vol= 103 x 20 

duplicated in the 
x- and t- directions

The D-meson semileptonic decays



Lattice setup:
30 gauge configurations 

(Bologna + RAL),  
1/a≃2 GeV,

Vol= 103 x 20 duplicated 
in the x- and t- directions

Double 
statistics !!

The D-meson semileptonic decays

Thanks to the 
collaboration 

with Chris

Talk at Lattice 1990, 
Tallahassee



Since then, a longstanding, fruitful and 
much enjoyable collaboration has started!

find a lubicz and a martinelli:   65 papers

- Out of my 120

- More than 100  
citations/paper

- 6 papers with  
more than 250  
citations

- 32 years of  
collaboration



Talk at the 3rd Workshop 
on the tau-charm factory, 

Marbella, 1993

1993: first attempt to extrapolate 
the semileptonic form factors 

from charm to b

NuclearPhysicsB4l6 (1994) 675—695 NUCLEAR
North-Holland PHYSICS B

Semi-leptonic decays ofheavy flavours on a
finegrained lattice

As. Abada a, CR. Aliton b, Ph. Boucaud a, D.B. Carpenter C, M. Crisafulli b
S. Güsken d P. Hernandez e, V. Lubicz b G. Martinelli b,f 0. Pène a,

C.T. Sachrajda~,K. Schilling”, G. Siegert” and R. Sommer’~
a LPTHE, Orsay, France1

b Dipartimento di Fisica, Università di Roma, “La Sapienza”, 1-00185 Rome, and INFN,
Sezione di Roma, Italy

C Department ofElectronics and Computer Science, The University, Southampton S09 5NH, UK
d Physics Department, University of Wuppertal, D-42097 Wuppertal, Germany

Departamento de Fisica TeOrica C-XJ, Univ. Autónoma de Madrid, E-28049, Madrid, Spain
~‘ Laboratoire de Physique Théorique de l’Ecole Normale Supérieure, 24 rue Lhomond,

75231 Paris Cedex 05, France2
~ Department ofPhysics, The University, Southampton S09 SNH, UK

h Deutsches Elektronen-Synchrotron, DESY, Notkestrasse 85, D-22603 Hamburg, Germany

Received 11 August 1993

Accepted for publication 13 September 1993

We present the results of a numericalcalculation of semi-leptonicform factors relevant for
heavy flavour meson decays into light mesons. The results have been obtained by studying
two- and three-point correlationfunctions at fi = 6.4 on a 24~x 60 lattice, using the Wilson
action in the quenched approximation.
From the study of the matrix element (K1 J~D0> we obtain f~(0) = 0.60 ±0.15 ±0.07,
where the first error is the statistical error and the second a systematic error. The latter
comesfrom the difference between matrix elements extracted using two different procedures
explained in the text. From the matrix element (K*OIJ~D+)we obtain V(O) = 0.86±0.24,
A
1(O) = O.64±O.l6andA2(O)= 0.40±0.28±0.04.WealsoobtainA1(q~,~)= 0.67±0.05,
V(O)/A1(O) 1.3 ±0.2 and A2(0)/A1(0) = 0.6 ±0.3. For these form factors, the
difference between the results obtained using the two procedures are negligible with respect
to the statistical errors. The results for f~(0), V (0) and A1 (0) are consistent with the
experimental data and with previous lattice determinations with larger lattice spacings. In
the case of A2 (0) the errors are too large to draw any firm conclusion. We also show,
with the help ofthe heavy quark effective theory (HQET), that it is possible to extrapolate
the form factors to the B-meson. Our calculations show that the form factors follow a
behaviour compatible with the predictions from HQET. Within large uncertainties, our
results suggest that A2/A1 increases with the heavy quark mass. For B-mesons A2/A1 can
be as large as 1.5—2.0. We also get very rough estimates for the partial decay widths
F(B —* 1r~ut)= IJ’i~bI

2(9±6) x 1012s_1 and F’(B —. p/u
1) = IE’~bI

2(14±12) x 1012s~,
which can be used to give upper bounds on the rates.

1 Laboratoire associé au Centre National de Ia Recherche Scientifique.
2 Unite Propre du Centre National de la Recherche Scientifique, associée a l’Ecole Normale
Supérieure et a l’Université de Paris-Sud.
0550-3213/94/$ 07.00 © 1994—Elsevier Science B.V. All rights reserved
SSDI 0550-3213(93)E0545-B



Plenary talk at Lattice 2000, 
Bangalore

~ ~  NUCLEAR PHYSICS B 
ELSEVIER Nuclear Physics B 431 (1994) 667-685 

Quark masses from lattice QCD at the 
next-to-leading order 

C.R.  A l l t o n  ~, M .  C i u c h i n i  ~,b, M .  C r i s a f u l l i  a, E.  F r a n c o  ~, V. L u b i c z  a, 
G.  M a r t i n e l l i  "'c 

a Dip. di Fisica, Universit~ degli Studi di Roma "La Sapienza "' and INFN, Sezione di Roma, P.le A. Moro 2, 
00185 Rome, Italy 

b INFN, Sezione SanitY, V..le Regina Elena 299, 00161 Rome, Italy 
c TH Division, CERN, CH-1211 Geneva 23, Switzerland 

Received 15 June 1994; accepted 21 September 1994 

Abstract 

Using the results of several quenched lattice simulations, we predict the value of the strange and 
charm quark masses in the continuum at the next-to-leading order, m~S(/z = 2 GeV) = (128 + 18), 
and m~S(/z = 2GeV) = (1.48-I- 0.28)GeV. The errors quoted above have been estimated by 
taking into account the original statistical error of the lattice results and the uncertainties coming 
from the matching of the lattice to the continuum theory. A detailed presentation of the relevant 
formulae at the next-to-leading order and a discussion of the main sources of errors is also 
presented. 

1. In t roduc t ion  

Quark masses are parameters of  the QCD Lagrangian that cannot be determined within 
QCD by theoretical considerations only and cannot be measured directly since quarks 
do not appear as physical states. They are however very important for several reasons. 
In the framework of  GUTs, quark and lepton masses at low energies are related to the 
pattern of  symmetry breaking at the grand unification scale. The best-known example 
is that, within GUTs, one predicts m b  ~ 3ro t  as a consequence of  the SU(5)  relation 
m b  = m~- at the GUT scale and of  strong-interaction effects [1 -3] .  Constraints on 
quark masses and relations between quark masses and matrix elements of  the Cabibbo- 
Kobayashi-Maskawa mixing matrix are also found by using some ansatz on the form 
of the quark mass matrix [4 -7 ] .  In this framework, for example, the matrix element 

Elsevier Science B.V. 
SSDI 0550-32 13 (94) 00427-7 

1994: first lattice calculation of 
quark masses at NLO in QCD. 
After that, many other lattice 

calculations have followed



1997: Next-to-leading order QCD 
corrections to the most general 

ΔF = 2 effective Hamiltonian

ELSEVIER Nuclear Physics B 523 (1998) 501-525 

Next-to-leading order QCD corrections to A F  = 2 

effective hamiltonians 
M. Ciuchini a, E. Franco b, g. Lubicz c, G. Martinelli b, I. Scimemi b, 

L. Silvestrini d 
a INFN, Sezione Sanitfi, Vie Regina Elena 299, 1-00161 Rome, Italy 

h Dip. di Fisica, Universith degli Studi di Roma "La Sapienza" and INFN, Sezione di Roma, P.le A. Moro 2, 
1-00185 Rome, Italy 

c Dip. di Fisiea, Univ. di Roma Tre and INFN, Sezione di Roma, Via della Vasca Navale 84, 
1-00146 Rome, Italy 

d Physik Department, Technische Universitiz't M~'nchen, D-85748 Garching, Germany 

Received 26 November 1997; accepted 5 February 1998 

Abstract 

The most general QCD next-to-leading anomalous-dimension matrix of all four-fermion dimen- 
sion-six AF = 2 operators is computed. The results of this calculation can be used in many 
phenomenological applications, among which the most important are those related to theoretical 
predictions o f / ( ) - R  ° and B°-/~ ° mixing in several extensions of the Standard Model (super- 
symmetry, left-right symmetric models, multi-Higgs models, etc.), to estimates the o -0 Bs-Bs width 
difference, and to the calculation of the O(1/m3b) corrections for inclusive b-hadron decay rates. 
(~) 1998 Elsevier Science B.V. 

PACS: 12.38.Bx 
Keywords: Effective Hamiltonian; QCD corrections 

1. Introduct ion  

Theoretical predictions of  several measurable quantities, which are relevant in K-, D- 
and B-meson phenomenology, depend crucially on the matrix elements of some AF = 2 
four-fermion operators. Examples are given by FCNC effects in SUSY extensions of  
the Standard Model [ 1,2] (or other models such as left-right symmetric [3] or multi- 

0 -0 Higgs models),  by the B s - B  s width difference [4] ,  and by the O(l/m3b) corrections in 
inclusive b-hadron decay rates (which actually depend on the matrix elements of  several 

0550-3213/98/$19.00 t~) 1998 Elsevier Science B.V. All rights reserved. 
PH S 0 5 5 0 - 3 2 1 3 ( 9 8 ) 0 0 1 6 1 - 8  

We then applied it to SUSY



2000: The starting of the UTfit Collaboration

 

 

2000 CKM-TRIANGLE ANALYSIS: 

M.Ciuchini, G.D’Agostini, E.Franco, V.Lubicz, 
G.Martinelli, F.Parodi, P.Roudeau, A.Stocchi 

r = 0.22 ± 0.04 

h = 0.32 ± 0.04 

- 

- 

hep-ph/0012308 

 

 

 

g ³ 90¬ from the analysis 
of non-leptonic B-decays 

 (Gronau and Rosner, Hou 
et al., Cheng and Yang, 
Dutta and Oh) 

Sin 2a ,  Sin 2b  and  g 

 
Sin 2a = - 0.42 ± 0.23 Sin 2b = 0.70 ± 0.07 

g = (55 ± 6)o 

From the direct measurements of LEP, CDF, BaBar and Belle: 

Sin 2b = 0.52 ± 0.22 

 

 

 

P(g ³ 90¬) = 0.03% 

 INDIRECT EVIDENCE OF  
CP-VIOLATION 

 

MEASUREMENTS OF Vub AND B-B OSCILLATIONS 

PROVIDE EVIDENCE OF CP-VIOLATION: 

h = 0.30 - 

sin 2b = 0.68 

- 

- 0.06 
+ 0.05 

- 0.10 
+ 0.08 

 

PREDICTIONS FOR DmS 

  

WITHOUT DmS WITH DmS 

DmS = (16 ± 3) ps-1 DmS = (17 ± 1) ps-1 

 

Talk at Tor Vergata,  08/01/2001



Plenary talk at Lattice 2004, Fermilab

2004: first lattice calculation 
of the K➝𝜋 vector form factor 

with the required O(1%) 
accuracy

Nuclear Physics B 705 (2005) 339–362

The K → π vector form factor at zero momentum
transfer on the lattice

D. Bećirević a, G. Isidori b, V. Lubicz c,d, G. Martinelli e, F. Mescia b,c,
S. Simula d, C. Tarantino c,d, G. Villadoro e

a Laboratoire de Physique Théorique, Université Paris Sud, Centre d’Orsay, F-91405 Orsay cedex, France
b INFN, Laboratori Nazionali di Frascati, Via E. Fermi 40, I-00044 Frascati, Italy

c Dipartimento di Fisica, Università di Roma Tre, Via della Vasca Navale 84, I-00146 Rome, Italy
d INFN, Sezione di Roma III, Via della Vasca Navale 84, I-00146 Rome, Italy

e Dipartimento di Fisica, Università di Roma “La Sapienza”,
and INFN, Sezione di Roma, P.le A. Moro 2, I-00185 Rome, Italy

Received 5 July 2004; received in revised form 4 October 2004; accepted 10 November 2004

Available online 24 November 2004

Abstract

We present a quenched lattice study of the form factors f+(q2) and f0(q
2) of the matrix elements

〈π |s̄γµu|K〉. We focus on the second-order SU(3)-breaking quantity [1−f+(0)], which is necessary
to extract |Vus | from K#3 decays. For this quantity we show that it is possible to reach the percent
precision which is the required one for a significant determination of |Vus |. The leading quenched
chiral logarithms are corrected for by using analytic calculations in quenched chiral perturbation
theory. Our final result, f K0π−

+ (0) = 0.960± 0.005stat ± 0.007syst, where the systematic error does
not include the residual quenched effects, is in good agreement with the estimate made by Leutwyler
and Roos. A comparison with other non-lattice computations and the impact of our result on the
extraction of |Vus | are also presented.
© 2004 Elsevier B.V. All rights reserved.

PACS: 12.38.Gc; 13.20.Eb; 12.15.Hh

E-mail address: simula@roma3.infn.it (S. Simula).

0550-3213/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2004.11.017



2011-2013: lattice calculation of isospin breaking effects
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2011-2013: lattice calculation of isospin breaking effects

Strong 
(md-mu) +

electromagnetic
(𝛼em)

isospin breaking 
effects

Leading isospin breaking effects on the lattice

G.M. de Divitiis,1,2 R. Frezzotti,1,2 V. Lubicz,3,4 G. Martinelli,5,6 R. Petronzio,1,2 G. C. Rossi,1,2

F. Sanfilippo,7 S. Simula,4 and N. Tantalo1,2

(RM123 Collaboration)

1Dipartimento di Fisica, Università di Roma ‘‘Tor Vergata’’, Via della Ricerca Scientifica 1, I-00133 Rome, Italy
2INFN, Sezione di Roma ‘‘Tor Vergata’’, Via della Ricerca Scientifica 1, I-00133 Rome, Italy

3Dipartimento di Matematica e Fisica, Università Roma Tre, Via della Vasca Navale 84, I-00146 Rome, Italy
4INFN, Sezione di Roma Tre, Via della Vasca Navale 84, I-00146 Rome, Italy

5SISSA, Via Bonomea 265, 34136 Trieste, Italy
6INFN, Sezione di Roma, Piazzale Aldo Moro 5, I-00185 Rome, Italy

7Laboratoire de Physique Théorique (Bâtiment 210), Université Paris Sud, F-91405 Orasay-Cedex, France
(Received 3 April 2013; published 7 June 2013)

We present a method to evaluate on the lattice the leading isospin breaking effects due to both the small

mass difference between the up and down quarks and the QED interaction. Our proposal is applicable in

principle to any QCDþ QED gauge invariant hadronic observable that can be computed on the lattice. It

is based on the expansion of the path integral in powers of the small parameters ðm̂d # m̂uÞ=!QCD and

!̂em, where m̂f is the renormalized quark mass and !̂em the renormalized fine structure constant. In this

paper we discuss in detail the general strategy of the method and the conventional, although arbitrary,

separation of QCD from QED isospin breaking corrections. We obtain results for the pion mass splitting,

M2
"þ#M2

"0¼1:44ð13Þð16Þ&103MeV2, for the Dashen’s theorem breaking parameter "# ¼ 0:79ð18Þð18Þ,
for the light quark masses, ½m̂d # m̂u(ðMS; 2 GeVÞ ¼ 2:39ð8Þð17Þ MeV, ½m̂u=m̂d(ðMS; 2 GeVÞ ¼
0:50ð2Þð3Þ, and for the flavor symmetry breaking parameters R and Q. We also update our previous

results for the QCD isospin breaking corrections to the K‘2 decay rate and for the QCD contribution to the

neutron-proton mass splitting. The numerical results of this paper have been obtained by using the gluon

field configurations produced by the ETMC Collaboration with nf ¼ 2 dynamical quarks. We treated the

dynamical quarks as electrically neutral particles (electroquenched approximation) and neglected a

disconnected diagram in the charged and neutral pion mass splitting. We provide all the formulas

necessary to remove these approximations and discuss in detail the estimate of the associated systematic

uncertainties.

DOI: 10.1103/PhysRevD.87.114505 PACS numbers: 12.38.Gc, 11.30.Hv, 12.15.Ff, 13.40.Gp

I. INTRODUCTION

One of the primary goals of lattice QCD is to calculate
nonperturbatively hadronic observables at the level of ac-
curacy required for phenomenological applications. In the
flavor physics sector, for instance, the combined efforts of
the lattice QCD community resulted in calculations of
quantities such as the K‘2 and K‘3 decay rates with relative
overall uncertainties of the order of half a percent
(see Ref. [1] for a recent review). These results have
been obtained, in most of the cases, within the isosymmet-
ric theory, i.e., by neglecting the difference of the up and
down quark masses together with the QED interaction and
by taking into account the corresponding effects by relying
on chiral perturbation theory or on model-dependent ap-
proximations. At the level of precision presently achieved
for some flavor physics observables, isospin breaking ef-
fects cannot be neglected any longer. For example, by
neglecting the pion mass difference (3%) and the kaon
mass difference (1%) a systematic error is unavoidably
introduced on the corresponding determination of the K‘3

decay rate or on any dimensional quantity if these masses
are used to calibrate the lattice.
In Ref. [2] we provided a method to calculate the leading

QCD isospin breaking effects, i.e. the ones associated with
the difference of the up and down quark masses, and we
checked the validity of the proposed procedure by comput-
ing the kaon and nucleon mass difference, the difference of
the decay constants ratio FKþ=F"þ with respect to the
value of the isosymmetric theory and estimated QCD iso-
spin breaking effects on the K‘3 decay rate. The results just
mentioned were obtained by relying on the estimates of
QED isospin breaking effects, often based on model-
dependent approximations, provided by other groups.
With the purpose of removing this approximation we
briefly discussed in Ref. [2] how order !̂em

1 QED correc-
tions can be calculated on the lattice.

1Throughout the paper we indicate the renormalized couplings
with a ‘‘hat,’’ for example !̂em, to distinguish them from the
corresponding bare quantities, for example !em.

PHYSICAL REVIEW D 87, 114505 (2013)
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QED corrections to hadronic processes in lattice QCD
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2SISSA, Via Bonomea 265, I-34136, Trieste, and INFN Sezione di Roma La Sapienza Piazzale

Aldo Moro 5, 00185 Roma, Italy
3School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom
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6Physics Department and INFN Sezione di Roma La Sapienza Piazzale Aldo Moro 5, 00185 Roma, Italy

(Received 11 February 2015; published 7 April 2015)

In this paper, for the first time to our knowledge, a method is proposed to compute electromagnetic
effects in hadronic processes, such as decays, using lattice simulations. The method can be applied, for
example, to the leptonic and semileptonic decays of light or heavy pseudoscalar mesons. For these
quantities the presence of infrared divergences in intermediate stages of the calculation makes the
procedure much more complicated than is the case for the hadronic spectrum, for which calculations
already exist. In order to compute the physical widths, diagrams with virtual photons must be combined
with those corresponding to the emission of real photons. Only in this way do the infrared divergences
cancel as first understood by Bloch and Nordsieck in 1937. We present a detailed analysis of the method for
the leptonic decays of a pseudoscalar meson. The implementation of our method, although challenging, is
within reach of the present lattice technology.

DOI: 10.1103/PhysRevD.91.074506 PACS numbers: 11.15.Ha, 12.15.Lk, 12.38.Gc, 13.20.-v

I. INTRODUCTION

Precision flavor physics is a particularly powerful tool
for exploring the limits of the Standard Model of particle
physics and in searching for inconsistencies which would
signal the existence of new physics. An important compo-
nent of this endeavor is the overdetermination of the
elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix from a wide range of weak processes. The precision
in extracting CKM matrix elements is generally limited by
our ability to quantify hadronic effects, and the main goal
of large-scale simulations using the lattice formulation of
QCD is the ab initio evaluation of the nonperturbative QCD
effects in physical processes. The recent, very impressive,
improvement in lattice computations has led to a precision
ofOð1%Þ or even better for a number of quantities (see e.g.
Ref. [1] and references therein) and therefore in order to
make further progress electromagnetic effects (and other
isospin-breaking contributions) have to be considered. The
question of how to include electromagnetic effects in the
hadron spectrum and in the determination of quark masses
in ab initio lattice calculations was addressed for the first
time in [2]. Much theoretical and algorithmic progress has

been made following this pioneering work, particularly in
recent years, leading to remarkably accurate determinations
of the charged-neutral mass splittings of light pseudoscalar
mesons and light baryons (see Refs. [3–8] for recent papers
on the subject and Refs. [9,10] for reviews of these results
and a discussion of the different approaches used to
perform QEDþ QCD lattice calculations of the spectrum).
In the computation of the hadron spectrum there is a very

significant simplification in that there are no infrared
divergences. In this paper we propose a strategy to include
electromagnetic effects in processes for which infrared
divergences are present but which cancel in the standard
way between diagrams containing different numbers of real
and virtual photons [11]. The presence of infrared diver-
gences in intermediate steps of the calculation requires the
development of new methods. Indeed, in order to cancel the
infrared divergences and obtain results for physical quan-
tities, radiative corrections from virtual and real photons
must be combined. We stress that it is not sufficient simply
to add the electromagnetic interaction to the quark action
because amplitudes with different numbers of real photons
must be evaluated separately, before being combined in
the inclusive rate for a given process. In this paper, for the
first time to our knowledge, we introduce and discuss a
strategy to compute electromagnetic radiative corrections
to leptonic decays of pseudoscalar mesons which can then
be used to determine the corresponding CKM matrix
elements. Although we present the explicit discussion
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