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Selected Highlights
1.  Early computations of hadronic matrix elements


The early (1986-1990) computations of matrix elements in which we had to figure 
out the basic procedures; understand the limitations and exploit the constraints 
of the cubic symmetry and perform lattice perturbation theory for the 
renormalisation constants.


2. Renormalons and non-perturbative subtraction of UV power 
divergences.

(i)  Non-perturbative subtractions in the Heavy Quark Effective Theory


L.Maiani, G.Martinelli and CTS, Nucl. Phys. B368 (1992) 281


(ii)  On the difficulty of computing higher-twist corrections


G.Martinelli and CTS, Nucl. Phys. B478 (1996) 660 


3. A Lattice computation of the decay constant of the B-meson.

C.R.Allton, V.Lubicz, L.Maiani, G.Martinelli and CTS, 


Nucl. Phys. B349, (1991) 598
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“At the workshop - Guido Martinelli (left) and Chris 
Sachrajda contemplate power subtractions for 
non-leptonic kaon decays.”


(Cern Courier - Reporting on the 2000 Ringberg 
Workshop on Current Theoretical Problems in 
Lattice Field Theory.)

3. Improvement

The Improvement of hadronic matrix elements in lattice QCD


G.Heatlie, G.Martinelli, C.Pittori, G.C.Rossi and CTS.                
Nucl.Phys. B352 (1991) 266


4.    Non-perturbative renormalization

A general method for the non-perturbative renormlization of lattice 
operators


G.Martinelli, C.Pittori, CTS, M.Testa and A.Vladikas,                         
Nucl. Phys. B445 (1995) 81


5. Non-leptonic kaon decays and finite-volume corrections

(i) New lattice approaches to the    rule


C.Dawson, G.Martinelli, G.C.Rossi, CTS, S.Sharpe, M.Talevi and 
M.Testa, Nucl. Phys. B514 (1998) 313


(ii)    decays in a finite volume


C.J.D.Lin, G.Martinelli, CTS and M.Testa, Nucl. Phys. B619 (2001) 467


(iii) Effects of finite volume on the   mass difference


N.H.Christ, X.Feng, G.Martinelli and CTS, Phys. Rev. D91 (2015) 114510


ΔI = 1/2

K → ππ

KL − KS
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QED corrections to Weak Decay Amplitudes - Motivation
Quantity Sec. Nf = 2 + 1 + 1 Refs. Nf = 2 + 1 Refs. Nf = 2 Refs.

mud[MeV] 3.1.4 3.410(43) [6, 7] 3.381(40) [8–12]

ms[MeV] 3.1.4 93.40(57) [6, 7, 13, 14] 92.2(1.0) [8–11, 15]

ms/mud 3.1.5 27.23(10) [7, 16, 17] 27.42(12) [8–10, 15, 18]

mu[MeV] 3.1.6 2.14(8) [6, 19] 2.27(9) [20]

md[MeV] 3.1.6 4.70(5) [6, 19] 4.67(9) [20]

mu/md 3.1.6 0.465(24) [19, 21] 0.485(19) [20]

mc(3 GeV)[GeV] 3.2.2 0.988(11) [6, 7, 14, 22, 23] 0.992(5) [11, 24–26]

mc/ms 3.2.3 11.768(34) [6, 7, 14] 11.82(16) [24, 27]

mb(mb)[GeV] 3.3 4.203(11) [6, 28–31] 4.171(20) [11]

f+(0) 4.3 0.9698(17) [32, 33] 0.9677(27) [34, 35] 0.9560(57)(62) [36]

fK±/f⇡± 4.3 1.1932(21) [16, 37–39] 1.1917(37) [8, 40–44] 1.205(18) [45]

f⇡± [MeV] 4.6 130.2(8) [8, 40, 41]

fK± [MeV] 4.6 155.7(3) [17, 37, 38] 155.7(7) [8, 40, 41] 157.5(2.4) [45]

Re(A2)[GeV] 6.2 1.50(4)(14)⇥ 10�8 [46]

Im(A2)[GeV] 6.2 �8.34(1.03)⇥ 10�13 [46]

B̂K 6.3 0.717(18)(16) [47] 0.7625(97) [8, 48–50] 0.727(22)(12) [51]

B2 6.4 0.46(1)(3) [47] 0.502(14) [50, 52] 0.47(2)(1) [51]

B3 6.4 0.79(2)(5) [47] 0.766(32) [50, 52] 0.78(4)(2) [51]

B4 6.4 0.78(2)(4) [47] 0.926(19) [50, 52] 0.76(2)(2) [51]

B5 6.4 0.49(3)(3) [47] 0.720(38) [50, 52] 0.58(2)(2) [51]

Table 1: Summary of the main results of this review concerning quark masses, light-meson decay constants, and hadronic kaon-decay
and kaon-mixing parameters. These are grouped in terms of Nf , the number of dynamical quark flavours in lattice simulations. Quark
masses are given in the MS scheme at running scale µ = 2GeV or as indicated. BSM bag parameters B2,3,4,5 are given in the MS
scheme at scale µ = 3GeV. Further specifications of the quantities are given in the quoted sections. Results for Nf = 2 quark masses
are unchanged since FLAG 16 [3], and are not included here. For each result we list the references that enter the FLAG average or
estimate, and we stress again the importance of quoting these original works when referring to FLAG results. From the entries in this
column one can also read o↵ the number of results that enter our averages for each quantity. We emphasize that these numbers only
give a very rough indication of how thoroughly the quantity in question has been explored on the lattice and recommend consulting
the detailed tables and figures in the relevant section for more significant information and for explanations on the source of the quoted
errors.
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FLAG Review 2021, Y.Aoki et al., arXiv:2111.09849

• Lattice QCD results for some physical 
quantities are now so precise (sub percent) 
that QED corrections need to be included to 
make further progress.


• I shall use 


    to illustrate our calculations. 


<latexit sha1_base64="q2lPr/bpOw3BMv2DGFeWpwMhZYQ=">AAACA3icbVDJSgNBEO1xjXGLetPLYBAiSJjRxHgRgl4EESKYBZIQejo1SZOehe4aMQwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9JxRcoWV9G3PzC4tLy4mV5Ora+sZmamu7ooJIMiizQASy5lAFgvtQRo4CaqEE6jkCqk7vcuhX70EqHvh32A+h6dGOz13OKGqpldp1W9fndj6fLWRODhtHDYQHlF58A5VBK5W2stYI5iyxJyRNJii1Ul+NdsAiD3xkgipVt60QmzGVyJmAQbIRKQgp69EO1DX1qQeqGY9+GJgHWmmbbiB1+WiO1N8TMfWU6nuO7vQodtW0NxT/8+oRumfNmPthhOCz8SI3EiYG5jAQs80lMBR9TSiTXN9qsi6VlKGOLalDsKdfniWV46x9ms3d5tLFi0kcCbJH9kmG2KRAiuSKlEiZMPJInskreTOejBfj3fgYt84Zk5kd8gfG5w9M0JYR</latexit>

fK = 155.7(3)MeV

K−

s

ū

!−

ν̄!

W

<latexit sha1_base64="ORrS5DYneJ51uJqwpRYlt+YYLco="></latexit>
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<latexit sha1_base64="iG2nSr9uVJUwcW735GkJByiIBmU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVU2kqBuh6EZwU8E+oA1hMp20Q2eSMDNRSu2nuHGhiFu/xJ1/4zTNQqsHLvdwzr3MnRMknCntOF9WYWl5ZXWtuF7a2Nza3rHLuy0Vp5LQJol5LDsBVpSziDY105x2EkmxCDhtB6Ormd++p1KxOLrT44R6Ag8iFjKCtZF8uyz9HuX8QmTtWPg3vl1xqk4G9Je4OalAjoZvf/b6MUkFjTThWKmu6yTam2CpGeF0WuqliiaYjPCAdg2NsKDKm2SnT9GhUfoojKWpSKNM/bkxwUKpsQjMpMB6qBa9mfif1011eO5NWJSkmkZk/lCYcqRjNMsB9ZmkRPOxIZhIZm5FZIglJtqkVTIhuItf/ktaJ1X3tFq7rVXql3kcRdiHAzgCF86gDtfQgCYQeIAneIFX69F6tt6s9/lowcp39uAXrI9vw5eTsA==</latexit>

r` = m`/mK

<latexit sha1_base64="hcd7eDyGBIcBy2kOhX/wSnstkiA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKoboZsK9gJNCZPppB06mYSZiVDaPoMbX8WNC0XcunLn2zhNs9DWHwZ+vnMOZ87vRYxKZVnfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGN7N664EISUN+r0YR6Qaoz6lPMVIauWbRYYj3GYHWBF65ThBPaoWo6IgEXvpuDUYz6pRKrpm3ylYiuGzs1ORBqrprfjm9EMcB4QozJGXHtiLVHSOhKGZkmnNiSSKEh6hPOtpyFBDZHScnTeGJJj3oh0I/rmBCf0+MUSDlKPB0Z4DUQC7WZvC/WidW/kV3THkUK8LxfJEfM6hCOMsH9qggWLGRNggLqv8K8QAJhJVOMadDsBdPXjbN07J9Vq7cVfLV6zSOLDgCx6AAbHAOquAW1EEDYPAInsEreDOejBfj3fiYt2aMdOYQ/JHx+QMHz5xy</latexit>

h0|Aµ|K(p)i = fKpµ ,
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Computing QED Corrections to Weak Decay Amplitudes - The Framework 
QED Corrections to Hadronic Processes in Lattice QCD


N.Carrasco, V.Lubicz, G.Martinelli, CTS, N.Tantalo, C.Tarantino and M.Testa  

arXiv:1502.00257

•   no longer contains all the QCD effects.fK

K−

!−

ν̄!

• Our aim is to calculate  including  corrections.Γ O(αem)

• Calculating electromagnetic corrections to decay amplitudes has the 
major complication, not present in computations of the spectrum, 


the presence of infrared divergences

• This implies that when studying such processes , the physical 
observable must include soft photons in the final state.


F.Bloch and A.Nordsieck, PR 52  (1937) 54

Γ(K− → ℓ−ν̄ℓ (γ) ) = Γ(K− → ℓ−ν̄ℓ) + Γ(K− → ℓ−ν̄ℓγ) ≡ Γ0 + Γ1 .

• The generic question is how best to combine this understanding with lattice calculations of non-perturbative hadronic effects.
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• Our proposal is to separate  into terms each of which is infrared convergentΓ0 + Γ1

Γ(ΔEγ) = Γ0 + Γ1(ΔEγ) = Γ0 + ∫
2ΔEγ/mP

0
dxγ

dΓ1

dxγ

= lim
L→∞ [Γ0(L) − Γpt

0 (L)] + lim
μγ→0 [Γpt

0 (μγ) + Γpt
1 (ΔEγ, μγ)] +ΓSD

1 (ΔEγ) + ΓINT
1 (ΔEγ) .

•  in the rest frame of the kaonxγ = 2Eγ /mK

• pt = “point like”, SD = “Structure Dependent” and “INT” is the interference between pt and SD

K−

!−

ν̄!

• “pt” contributions can be calculated in perturbation theory, whereas  and (for large )  and  need to be 
computed non perturbatively.

Γ0(L) ΔEγ ΓSD
1 ΓINT

1

K−

!−

ν̄!

γ
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Issues not discussed here
• When including QED, questions such as “What is QCD?” or equivalently “How large are the electromagnetic corrections?” are 

convention dependent due to the electromagnetic shift in the quark masses.

Light-meson leptonic decay rates in lattice QCD+QED


M.Di Carlo, D Giusti, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo , S.Simula and N.Tantalo, arXiv:1904.08731


• Definition of  at . This must be consistent with the procedure being used. 





• Renormalization of the lattice operators including  effects.

Non-perturbative renormalization in QCD+QED and its application to weak decays


M.Di Carlo, D Giusti, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo , S.Simula and N.Tantalo, arXiv:1911.00938


• Perturbative evaluation of .

QED Corrections to Hadronic Processes in Lattice QCD


N.Carrasco, V.Lubicz, G.Martinelli, CTS, N.Tantalo, C.Tarantino and M.Testa, arXiv:1502.00257


• Evaluation of the diagrams.


 


GF O(αem)

1
τμ

=
G2

Fm5
μ

192π3 [1 −
8m2

e

m2
μ ] [1 +

αem

2π ( 25
4

− π2)]
O(αem)

Γpt
0 + Γpt

1 (ΔEγ)
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ν!

"+u
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K+

ν!

"+u

s

K+

ν!

"+u

s

K+

ν!

"+u

s

K+

ν!

"+u

s

K+
ν!

"+u

s

K+

+ disconnected diagrams + real photon emission
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Finite-Volume QED corrections to decay amplitudes in lattice QCD

V.Lubicz, G.Martinelli, CTS, F.Sanfilippo, S.Simula and N.Tantalo, arXiv:1611.08497

10

Finite-Volume Corrections

• The photon is massless  difficulties in a finite volume.


• We have implemented the framework in  in which 

M.Hayakawa and S.Uno arXiv:0804.2044


• Transfer matrix exists but locality is broken

•  limit should be taken first


• Evaluation of FV effects is based on the Poisson Summation formula, e.g. in one dimension





• For decay constants, form factors etc the FV effects fall exponentially, typically .

• This is not the case when  has a singularity.


⇒

QEDL Aμ( ⃗k = 0, k4) = 0 for all k4 .

L → ∞

1
L

∞

∑
n=−∞

f(p2
n) = ∫

∞

−∞

dp
2π

f(p2) + ∑
n≠0

∫
∞

−∞

dp
2π

f(p2) einpL .

∝ exp[−cmπL]
f(p2)
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• In the presence of a photon, if the integrand/summand  as  then we have the scaling law:


• For the spectrum  and the leading FV corrections are .


• For decay amplitudes  and we have the form:   


where .


• The exhibited -dependent terms are universal, i.e. independent of the structure of the meson! 

• We have evaluated these coefficients.


• The leading structure-dependent FV effects in  are of .

→
1

(k2)n
2

k → 0

ξ′￼ = ∫
dk0

(2π)
1
L3 ∑⃗

k ≠0

− ∫
d3k

(2π)3

1
(k2)n

2
= O ( 1

L4−n )
n = 3 O(1/L)

n = 4 Γpt
0 (L) = C0(rℓ) + C̃0(rℓ)log (mKL) +

C1(rℓ)
mKL

+ …

rℓ = mℓ /mK

L

Γ0 − Γpt
0 O(1/L2)



In order to study the FVEs in detail, we consider four
ensembles generated at the same values of β and quark
masses, but differing in the size of the lattice; these are the
ensembles A40.40, A40.32, A40.24, and A40.20 (see
Appendix A). The residual FVEs after the subtraction
of the universal terms as in Eq. (96) are illustrated in the
plots in Fig. 9 for δRπ and δRK in the fully inclusive case,
i.e., where the energy of the final-state photon is integrated
over the full phase space. In this case, ΔEγ ¼ ΔEmax;P

γ ¼
MPð1 −m2

μ=M2
PÞ=2, which corresponds to ΔEmax;K

γ ≃
235 MeV and ΔEmax;π

γ ≃ 29 MeV, respectively. With a
muon as the final state lepton, the contribution from
photons with energy greater than about 20 MeV is
negligible and hence the pointlike approximation is valid.
In the top plot, the universal FV corrections have been
subtracted and so we would expect the remaining effects
to be of order Oð1=ðMPLÞ2Þ and this is indeed what
we see.

In the bottom plot of Fig. 9, in addition to subtracting the
universal FVEs, we also subtract the contribution to the
order Oð1=ðMPLÞ2Þ corrections from the pointlike con-
tribution to b2, which can be found in Eq. (3.2) of Ref. [39].
We observe that this additional subtraction does not reduce
the Oð1=ðMPLÞ2Þ effects, underlining the expectation that
these effects are indeed structure dependent.
It can be seen that after subtraction of the universal terms

the residual structure-dependent FVEs are almost linear in
1=L2, which implies that the FVEs of order Oð1=ðMPLÞ3Þ
are quite small; indeed they are too small to be resolved
with the present statistics. Nevertheless, since the QEDL
formulation of QED on a finite box, which is adopted in
this work, violates locality [13], we may expect that there
are also FVEs of order Oða3=L3Þ [39]. We have checked
explicitly that the addition of such a term in fitting the
results shown in Fig. 9 changes the extrapolated value at
infinite volume well within the statistical errors.

 (a)

 (b)

FIG. 9. Results for the corrections δRπ and δRK for the gauge ensembles A40.20, A40.24, A40.32, and A40.40 sharing the same lattice
spacing, pion, kaon, and muon masses, but with different lattice sizes (see Table II). Top panel (a): the universal FVEs, i.e., the terms up
to orderOð1=MPLÞ in Eq. (95), are subtracted for each quantity. Bottom panel (b): the same as in (a), but in addition to the subtraction of
the universal terms, bpt2 =ðMPLÞ2, where b

pt
2 is the pointlike contribution to b2 in Eq. (95), is also removed. The solid and dashed lines are

linear fits in 1=L2. The maximum photon energy ΔEγ corresponds to the fully inclusive case ΔEγ ¼ ΔEmax;P
γ ¼ MPð1 −m2

μ=M2
PÞ=2.

M. DI CARLO et al. PHYS. REV. D 100, 034514 (2019)

034514-22

Light-meson leptonic decay rates in lattice QCD+QED

M.Di Carlo, D Giusti, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo , 

S.Simula and N.Tantalo,                                         arXiv:1904.08731

• Finite-volume behaviour of 4-points, obtained at the same value of  
and quark masses using ETMC twisted mass ensembles.


• The universal  terms have been subtracted.

• The leading SD finite-volume terms appear to be of  

as expected.  


• However, it has recently been shown that the point-like  
terms are not negligible together with an argument that the SD 

 terms are very small.

M.Di Carlo, M.T.Hansen, A.Portelli and N.Hermansson -Truedsson


Phys. Rev. D105 (2022) 074509


To be investigated further

β

O(1/L)
O(1/L2)

O(1/L3)

O(1/L2)
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Infinite-volume reconstruction
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• IVR is an idea by Xu Feng and Luchang Jin originally introduced to avoid  non-exponential FV effects in 
calculations of QED corrections to the spectrum.                                        X.Feng and L.Jin, arXiv:1812.09817


• We have been extending the technique to QED corrections to leptonic decay amplitudes.

N.H.Christ, X.Feng, L.Jin and CTS,  PoS LATTICE2019 (2020), 259


N.H.Christ, X.Feng, L.Jin, CTS  and T.Wang (in preparation)


• For illustration consider the following diagram which contributes both to the electromagnetic mass-
shift and to the wave function renormalisation of the kaon:

K+

!+

ν!
tx ty

• For large ,  say, the only state propagating between the two currents is  .

• It is therefore sufficient to evaluate the correlation functions with   and avoid non-

exponential FV effects. For example:


| ty − tx | | ty − tx | > ts |K+γ⟩
| ty − tx | ≤ ts

<latexit sha1_base64="/M+aIqiBTPyYtV3gPiO2xRtI1Bw="></latexit>

H2(~z, tz)tz�ts = hK+(~0)|Jµ
em(z) J

⌫
em(0)|K+(~0)i

<latexit sha1_base64="7Q14XRR7iFV2agFIXieYZ/q6ou0="></latexit>

=

Z
d
3
p

(2⇡)3

Z
d
3
z
0
H2(~z

0
, ts)e

�(Ep�mK)(tz�ts) e
i~p·(~z�~z0)

✓
Ep =

q
~p 2 +m

2
K

◆



QED Corrections to Vus
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• Writing


,


where  are the physical masses, using numerous twisted mass ensembles we find





•  are the decay constants obtained in iso-symmetric QCD with the renormalized  masses and coupling equal to those in the 
full QCD+QED theory extrapolated to infinite volume and to the continuum limit.


• Using ChPT,            .          PDG(2018)


Γ(Kμ2)
Γ(πμ2)

=
Vus

Vud

f (0)
K

f (0)
π

2
m3

π

m3
K (

m2
K − m2

μ

m2
π − m2

μ )
2

(1 + δRKπ)

mK,π

δRKπ = − 0.0126(14) [δRπ = + 0.0153(19), δRK = + 0.0024(10)]

f (0)
P MS

δRπ = + 0.0176(21), δRK = + 0.0064(24)



• We obtained





• Taking  (J.Hardy and I.S.Towner, CKM(2016) 028)  and with ,




• However, taking  (C.Y.Seng et al., arXiv:1807.10197),  = 0.22526(46),




• The latest PDG value is , which is the average of the 15 most precise determinations and with a 

more conservative error. (Unitarity within a little more than .)


Vus

Vud
= 0.23135(46) .

Vud = 0.97420(21) ⇒ Vus = 0.22538(46) |Vub | = 0.00413(49)
|Vud |2 + |Vus |2 + |Vub |2 = 0.99988(46) .

|Vud | = 0.97370(14) |Vus |
|Vud |2 + |Vus |2 + |Vub |2 = 0.99885(34) .

Vud = 0.97373(31)
1σ
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QED Corrections to  (cont.)Vus



  radiative decays - the form factorsP → ℓνℓγ

P−

!−

ν̄!

γ

P−

!−

ν̄!

γ

Non-perturbative contribution to  is encoded in:

 

                 

                  

• For decays into a real photon,  and , only the decay constant  and the vector and axial form factors 
    and  are needed to specify the amplitude ( , ).

• In phenomenology  are more natural combinations.

• We have computed  and  for  mesons (and  in an exploratory simulation for  
decays).

P → ℓν̄ℓγ

Hαr
W (k, ⃗p ) = ϵr

μ(k) Hαμ
W (k, ⃗p ) = ϵr

μ(k) ∫ d4y eik⋅y T ⟨0 | jα
W(0) jμ

em(y) |P( ⃗p ) ⟩

= ϵr
μ(k){ H1

mP
[k2gμα − kμkα] +

H2

mP

[(p ⋅ k − k2)kμ − k2(p − k)μ](p − k)α

(p − k)2 − m2
P

−i
FV

mP
εμαγβkγ pβ +

FA

mP
[(p ⋅ k − k2)gμα − (p − k)μkα] + fP [gμα −

(2p − k)μ(p − k)α

(p − k)2 − m2
P ]}

k2 = 0 ε ⋅ k = 0 fp
FV(xγ) FA(xγ) xγ = 2p ⋅ k/m2

P 0 < xγ < 1 − m2
ℓ /m2

P

F± ≡ FV ± FA

FV(xγ) FA(xγ) π, K, D(s) H1,2 K → π ℓνℓ ℓ′￼+ℓ′￼−
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Comparison with Experiment
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• Good Agreement with KLOE

• Significant tensions with  experiments

• Unable to find a set of phenomenological form factors to 

account for all the data.

• NA62 will soon have the most precise results for  

decay rates.

• Is it conceivable that we have LFU-violation here also ?

K → μνμγ

K → eνeγ

A.Desiderio, R.Frezzotti, M.Garofalo, D.Giusti, M.Hansen, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo, S.Simula and N.Tantalo. arXiv:2006.05358
                                                      R.Frezzotti, M.Garofalo, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo, S.Simula and N.Tantalo, arXiv:2012.02120
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•Thank you Guido for your constant friendship and for an exciting 36 years of collaboration, 
but


much still remains to be done !


• I look forward to reporting on progress in 2032.
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Irena and I wish you many more years of health and happiness


