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A groundbreaking work in many respects:

e next-to-leading order Altarelli-Parisi evolution

[first application of Curci, Furmanski, Petronzio 1980]
e heavy quark thresholds
e an estimate of uncertainties

Numerical evolution in the space of Mellin moments and

numerical Mellin inversion

More on this later.
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Left plot: fig. 20 of the original DFLM paper
Right plot: courtesy of Maria Ubiali for the NNPDF
collaboration



Sudakov resummation: an overview
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1. Sudakov logarithms

Generic observable in perturbative QCD:

=) (@Yo (Q%x);  0<z <]

with = defined so that the Born kinematics (soft emission, or
threshold, limit) corresponds to x = 1.
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»Convergence” spoiled if a,log®(1 — z,) ~ 1; all-order resummation needed



An example: The ¢r spectrum of Higgs production at the LHC;

2
r=1-— % [Bozzi, Catani, de Florian, Grazzini 2006 following original

work by Collins, Soper and Sterman 1984|
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An example: The ¢gr spectrum of Higgs production at the LHC;
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left: [Billis et al 2021]

right: [Re, Rottoli, Torrielli 2021]



2. Resummation

To be definite, consider the production of a weakly-interacting,
massive final state of squared mass (Q? (Drell-Yan pair, Higgs

boson) at squared energy s.

In this case x = %2 and r — 1 in the threshold (soft emission)
limit.

Resummation performed in terms of Mellin moments

(factorization of phase space):

B 1 c+100 B
) = [ e f@) =g [ ava )
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where ¢ > Re N;; N; singular points of f(N).



Large-z region mapped onto large-N:

1 k—1
1 1 —
/ dr N 1 [ 5 7 ( a:)] ~ logk N + subleading logs
0 —
+

Resummed result in N space:

~res 1
7" (N) = go(as) exp [a—gl(as log N) + ga(aslog N) + asgs(aslog N) + ...

[Catani, Trentadue 1989; Sterman 1987]



3. A difficulty: the Landau pole

The functions ¢ (aslog N), g2(aslog N), ... have a logarithmic branch
cut on the positive real N axis. A consequence of resummation.

Functions of

Q’ o O‘S(Q2>

(a proof by renormalization group
[Contopanagos, Laenen, Sterman 1997; Forte, R 2002])

Branch cut for
1

ReN>NL:epra(Q2)
0tts

The inverse Mellin transform does not exist.



Way out [Catani, Mangano, Nason, Trentadue]: just don’t care!

\ N space

/

Take the inverse Mellin transform as usual, with ¢ < Ny,.

Usually referred to as the Minimal Prescription.



Drawback:
for = > 1.

Partonic Minimal prescription

”inverse Mellin” different from zero (and oscillating)
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e Not a serious problem: The power expansion of the MP
Aqcp
Q

The ambiguity associated with the asymptotic expansion of
__Q
the MP resummation is exponentially suppressed, e “Qcp,

formula is free of ambiguities of the order of powers of

e Alternative prescriptions available, e.g. Borel sum [Forte,
Ubiali, Rojo, R 2006; Abbate, Forte, R 2007; Bonvini, Forte, R
2009]; small differences.




4. When is resummation relevant?
At collider energies, ©r = %2 typically very small (~ 10~ for Higgs
production at the LHC). However

1
d
(@) = [ L)o@ )

z

What really matters is the range of z that dominates the

convolution integral:

v _ @

AV
can be significantly larger than r, depending on the shape of

parton densities.
Can we make this quantitative?



Mellin transform turns convolutions into ordinary products:

Thadr(Q%, N) = L(N)&(Q?, N)
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The exponent

1 ~
E(N,z) = Nlog — +1log L(N) +log 5(Q?, N)
x
has always a mimimum at N = Ny(x) on the real N axis,

E'(No(z),x) = 0; E"(Ny(x),z) >0



Saddle-point approximation:

1
\/QWE”(N()(.CI}), T)

Thadr (Q%, ) ~ z Vo) £(Noy(2))5(Q%, No(z))

Many nice features:
® very accurate

e both Ny and E” essentially independent of 6, mostly

determined by parton luminosity

e cross section in physical space expressed as an ordinary (as

opposed to convolution) product.?

Is Ny(z) large for interesting values of x?

aUseful for comparisons with SCET results [Bonvini, Forte, Ghezzi, R 2012;
Bonvini, Forte, Rottoli, R 2015]



Not really:
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[Bonvini, Forte, R 2012]

But ...




5(m%1, N)=1+ ozs(m%{)(](l)(N) - O(ag)

Higgs partonic gg. Soft approximations. Order ag Mellin transform
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g(m%,N) =1+ ay(m%)CY(N) 4+ a2(m2%)CP(N) + O(a?)

Higgs partonic gg. Soft approximations. Order 0(52 Mellin transform

my, = 125 GeV
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[Ball, Bonvini, Forte, Marzani, R 2012]



G(m¥y, N) = Itas(mi) O (N)+aZ (mfy) CP (N)+a3 (mF; ) O (N)+0(ay)

S

Higgs partonic gg. N3LO coefficient
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Known perturbative coefficients dominated by log contributions

down to small values of N.

Questions:
e Is it true also for other processes?

e Is it true also at higher orders?

e Why?



5. Improved log approximations

Include cleverly-chosen subleading terms in order to improve the

accuracy. The inverse Mellin of powers of log IV,

1 C—|—’iOO 1 k—1 1
D (z) = — AN 27N logh N = | 25287
k 2mi J,, log x .

— 100
differs from what is found in explicit perturbative calculations

log" (1 — ZC)]
l—x
_|_

Dk(ZE> = [

by non-logarithmically enhanced terms:

logz = —(1—2)+ O((1 — 2)?))



Even better:
1l —2x

NG

(also a subleading correction) for kinematical reasons (upper

log(1 — ) — log

bound in the kr integration).

In general

Mellin transform computable in terms of polygamma functions;
no unphysical branch cut on the negative real N axis.



6. Differential resummation of soft logarithms

e Transverse momentum distributions

— resummation of powers of log N at fixed qr to NLL [De

Florian, Kulesza, Vogelsang, 2006]

— generalization to all-order accuracy [Forte, Rota, R 2021]
e Rapidity distributions

e Fully differential: work in progress
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