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The beginning…

❖ “As seen both in the mass spectrum and the 
resultant cross section there is no forcing evidence of 
any resonant structure.”

❖ Leon credits Yamaguchi and Okun for suggesting 
lepton pair processes.

❖ An Italian connection - talked eloquently about the 
role of Gilberto Bernardini in restoring his sense of 
wonder about the natural world

September 1970

https://inspirehep.net/files/239e4f5c80f786d2298f56b0c35e5bae


Leon on Drell-Yan 

Lederman, Batavia Conference, 9th International Symposium on 
Lepton and Photon Interactions at High Energy, (1979)

13:50

https://inspirehep.net/conferences/964262
https://inspirehep.net/conferences/964262
https://inspirehep.net/conferences/964262
https://www.youtube.com/watch?v=hTPChimlT_o


Drell-Yan
❖ Drell and Yan showed that the parton model could be 

derived if the impulse approximation was valid.

❖ To accomplish this, they had to impose a transverse 
momentum cut-off for the particles that appeared in the 
quantum field theory.

❖ Rapid fall-off of the cross section, despite the fact that 
the partons were point-like particles (in contrast to DIS).
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Unknown! parton chargesNo color factor!

Assumed anti-parton 
distributions= parton 

distributions!

cf, Altarelli, Brandt & Preparata, PRL (1970)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevLett.26.42


The first Drell Yan prediction

May1970!

❖ Predictions are 

❖
approximate scaling , 

❖ angular dependence, 

❖  dependence on nucleon number.

Q3 dσ
dQ

= F(τ), τ = Q2/s

(1 + cos2 θ)

A1

https://doi.org/10.1103/PhysRevLett.25.316


Asymptotic freedom expands it scope
❖ The publication of the DGLAP equation with its 

physical picture of parton evolution, raised the issue of 
whether the Drell-Yan model could be extended to QCD.

❖ Politzer (1977) deserves credit for outlining the 
factorization idea. 

❖ Unlike in the parton model, the transverse momentum is 
now unbounded. 

❖ Transverse momentum in Drell-Yan processes (APP) and 
AEM (1979) followed Politzer’s lead regulating 
collinear/soft singularities by continuing off-shell, 
(which turned out to be a tricky procedure).

cf, Sachrajda, 2/1978 - Lepton pair production and the Drell-Yan formula in QCD

https://doi.org/10.1016/0550-3213(77)90197-3
https://doi.org/10.1016/0370-2693(78)90805-5
https://doi.org/10.1016/0550-3213(78)90067-6
https://doi.org/10.1016/0370-2693(78)90831-6


The Ellis-Martinelli collaboration.

Marciano(1975) - Dimensional Regularization and Mass singularities

❖ 10 papers in all (1978-1985)

❖ 5 papers AEM

❖ 2 papers EMP

❖ 1 paper AEMG

❖ 2 papers EM (Perturbative lattice gauge theory)

We had written a previous paper including 
(erroneous) corrections to DY as a postscript 

https://doi.org/10.1103/PhysRevD.12.3861


First QCD corrections for hadron-hadron  interactions

❖ Correction relative to DIS

❖

❖ Simple origin for the large 
size of the corrections;

❖ Phenomenology, 
distribution;
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Drell-Yan data and K-factor
❖ Data lay above the DY prediction, leading 

to the introduction of a “K-factor”   

❖

From ~4 experiments 

❖ Telegdi question

K ≥ 2

NA3, Badier et al,

https://inspirehep.net/files/6ca1025b78b9682ce04f01de5a1eb1c5
https://doi.org/10.1016/0370-2693(79)90093-5


Experimental Situation for massive boson prediction

❖ Plots show the necessity of NLO corrections, and current 
ATLAS results compared with NNLO calculations.



N3LO results for Z/  productionγ*
⌃
/
⌃

N
3
L
O

Q [GeV]

pp ! �⇤/Z +X |
p
s = 13 TeV | PDF4LHC15 nnlo mc | µ0 = Q

LO QCD
NLO QCD

NNLO QCD
N3LO QCD

Baglio et al, 2209.06138

❖ Results normalized 
to N3LO

https://arxiv.org/abs/2209.06138


If this were a proper history….
❖ First NNLO calculation of Drell-Yan process Hamberg, Van Neerven, Matsuura

❖ Issue of whether initial state interactions compromise 
factorization raised Brodsky, Bodwin and Lepage

❖ Low order demonstration of factorization for Drell-Yan 
process,Lindsay, Ross, Sachrajda (1983)

❖ Situation was summarized in 2004 by Collins, Sterman,Soper  
“recent work has, we believe, established its validity at all 
orders. Nevertheless, ….  there is plenty of room for 
improvement in our understanding.”

https://doi.org/10.1016/0550-3213(91)90064-5
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.47.1799
https://doi.org/10.1016/0550-3213(83)90166-9
https://arxiv.org/abs/hep-ph/0409313


Factorization in Drell-Yan
❖ Simple classical argument (Basu 

et al, 1984)

❖ Consider a particle with 
charge  travelling in the 
positive  direction with 
constant velocity .

❖ At large , constant fields at 
arbitrary time, not in sync with 
the arrival of the particle.

❖  However such large fields are 
pure gauge, and do not have 
physical consequences.

❖ Argument suggests corrections 
to DY picture at order 
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δ(t′￼+ | ⃗x − ⃗x ′￼| − t)
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https://doi.org/10.1016/0550-3213(84)90191-3
https://doi.org/10.1016/0550-3213(84)90191-3


NNLO results

❖ In a recent paper 
(2202.07738) we 
tried to document all 
the processes 
calculated at NNLO.

❖ About 50% are 
available in MCFM.

❖ We use both  
slicing and jettiness 
slicing.

qT

Most apart from heavy quark 
and jet  production are 

generalizations of Drell-Yan

https://link.springer.com/article/10.1007/JHEP06(2022)002


Examples of NNLO results from MCFM

15



State of the art: 2 3 at NNLO→
❖ Goes beyond the Drell-

Yan paradigm;

❖ Exact except for leading 
colour for double virtual 
amplitude;

❖ Calculation of the  for 
the first, second and third 
jet;

❖ Evidence for kinematic 
structure in the 
corrections.
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Error estimates (2016)
❖ NNLO results allow us to 

assess how large the 
theoretical errors are at NLO 
and NNLO.

❖ Many processes have errors 
at the 2% level.

❖ However, the NNLO central 
value lies within the NLO 
error band in only 4 out of 
the 17 cases shown.
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Salam, Lund conference 2016

http://lhcp2016.hep.lu.se/


Differential distributions



Transverse momentum distribution in DY

❖ DDT wrote down a very beautiful formula(8/78)

❖

❖ Parisi & Petronzio (2/79), based on arguments from electrodynamics, correct the 
form factor T.  Similar conclusion by Curci et al, (3/79).

❖ The formulations are in b-space, (Fourier conjugate to ) and there is the 
additional result, that the shrinkage of the intercept at  is calculable.  

 (Balancing semi-hard gluons).

dσ
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∂
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= (Λ
Q )

η
, η ≈ 0.6

https://doi.org/10.1016/0370-2693(78)90240-X
https://doi.org/10.1016/0550-3213(79)90040-3
https://doi.org/10.1103/PhysRevLett.43.834


All orders result for  distributionqT
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Calculated using EMP 
results

https://doi.org/10.1016/0550-3213(85)90479-1
https://doi.org/10.1016/0550-3213(84)90316-X


W Discovery!
❖ At the same time as CSS, we 

in AEM+Mario Greco 
produced  plots using all 
the available theoretical 
information.

❖ A similar plot using our 
prediction, with 68 UA1 
events, (and without the 
UA2 data!) was presented by 
Carlo Rubbia in his Nobel 
lecture.

qT

https://doi.org/10.1016/0550-3213(84)90112-3


Z-  (2019)pT

❖ LHC results at 
 TeV 

rather more 
impressive.
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https://arxiv.org/abs/1912.02844


To “b” or not to “b”

❖ b-space, (Fourier conjugate to )
❖ Advantages

❖ Elegant inclusion of transverse momentum conservation.

❖
Perturbative predictions for intercept 

❖ Disadvantages
❖ b-integral extends to infinity;  integrate over Landau pole in the coupling.

❖

Handled by  so  this substitution 

changes prediction even at large  
❖ Difficulties with matching onto fixed order perturbation theory.

qT
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Small  in SCET languageqT
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∑
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∑
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RGE’s for SCET quantities

❖

❖

d
d ln μ

Fqq(L⊥, μ) = 2ΓF
cusp

d
d ln μ

hF(L⊥, μ) = 2ΓF
cusp(μ) L⊥ − 2γq(μ)

d
d ln μ

CV(−M2 μ) = [ΓF
cusp(μ) ln

−M2

μ2
+ 2γq(μ)]CV(−M2 μ)



Sect-based resummation: New information on the constants

❖ The more recent information on the constants in this 
formula will be used later on.

❖ Numerical values are in the MSbar scheme, with  
and 

β(αs) = − 2αs

∞

∑
n=0

βn( αs

4π )
n+1

= − 0.12 − 0.015 − 0.0018 − 0.0012 − 0.000095

Γi
cusp(αs) =

∞

∑
n=0

Γi
n( αs

4π )
n+1

= 0.133 + 0.023 + 0.0037 + 0.00058 + 0.00065

γ(αs) =
∞

∑
n=0

γn( αs

4π )
n+1

= − 0.1 + 0.00035 − 0.0019 + 0.00000029

nf = 5
αS = π/10



Behaviour for qT = 0

❖ For 

❖ As  approaches 1, higher order terms in  are needed

❖

❖   can not become arbitrarily large, even for .

❖ The value of  that keeps  small stays near 

0 < η < 1, xT ∼ 1/qT

η gF

gF = − ηL⊥ − as[(Γ0 + ηβ0)
L2

⊥

2
+ O(L⊥)]

⟨xT⟩ qT = 0
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1
q2

T ( q2
T

μ2 )
η

Γ(1 − η)
Γ(η) ( b0

2 )
2η

Becher, Neubert,Wilhelm

https://link.springer.com/article/10.1007/JHEP02(2012)124


Radish (resummation in momentum space)

❖ Resummation performed in momentum space

❖  generated by the recoil against all emissions

❖ Two different mechanisms

❖ Sudakov (exponential) suppression, when 

❖ Azimuthal cancellations when  (latter dominant when ).

❖ Cumulative cross section given by,

qT

kT i ∼ qT

kT i ≫ qT qT → 0

Σ(qT) = σ0 ∫
∞

0
⟨dk1⟩ R′￼(kT 1) e−R(kT 1) ϵR′￼(kT 1)

×
∞

∑
n=0

1
n!

n+1

∏
j=2

∫
kT ,1

ϵkT 1

⟨dkj⟩ R′￼(kT 1) Θ(qT − | ⃗q n+1 | ) ⃗q n+1 =
n+1

∑
j=1

⃗k T , j

Bizon et al, 1805.05916

https://arxiv.org/abs/1805.05916


N3LO



All N3LO results are of the Drell-Yan type

❖ Higgs Boson Gluon-Fusion Production in QCD at Three Loops, 1503.06056.

❖ Inclusive Production Cross Sections at N3LO, 2209.06138

❖ Drell{Yan lepton-pair production:  resummation at N3LL accuracy and fiducial cross 
sections at N3LO, 2103.04974.

❖ Rapidity Distribution in Drell-Yan Production to Third Order in QCD, 2107.09085

❖ Fiducial Drell-Yan production at the LHC improved by transverse-momentum 
resummation at N4LL+N3LO,2207.07056

❖  Third-Order Fiducial Predictions for Drell-Yan Production at the LHC, 2203.01565.

❖ Transverse Mass Distribution and Charge Asymmetry in W Boson Production to Third 
Order in QCD, 2205.11426

❖ Fully Differential Higgs Boson Production to Third Order in QCD, 2102.07607

qT

https://arxiv.org/abs/1503.06056
http://2209.06138
https://arxiv.org/abs/2103.04974
https://arxiv.org/abs/2107.09085
https://arxiv.org/abs/2207.07056
https://arxiv.org/abs/2203.01565
https://arxiv.org/abs/2205.11426
https://arxiv.org/abs/2102.07607


Drell-Yan — Inclusive N3LO cross-section

❖ Estimated errors at percent level

❖ N3LO result lies outside NNLO error band

❖ Not yet a consistent N3LO calculation, because 
full N3LO pdf’s are not yet available, (but see 
2207.04739)

Duhr et al, 2001.07717, 2007.13313, 2111.10379, Chen et al, 2203.01565

https://arxiv.org/abs/2207.04739
https://arxiv.org/abs/2001.07717
https://arxiv.org/abs/2007.13313
https://arxiv.org/abs/2111.10379
https://arxiv.org/abs/2203.01565


N3LO (Higgs to )γγ

❖ Inclusive cross section has a simple K-factor and a well-behaved perturbation theory (left plot)

❖ Cross section with selection cuts, in central region cross section is larger than expected from 
inclusive K factor (right plot)
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Fully Differential Higgs Boson Production to Third Order in QCD, Chen et al, 2102.07607

https://arxiv.org/abs/2102.07607


Fiducial Cross sections at 3rd order
❖ Modern thrust is to 

go beyond inclusive 
results to fiducial 
cross sections.

❖ Predictions reach 1%

❖ Understanding of  
distribution 
fundamental for W 
mass measurement.
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Conclusion
❖ With exception of heavy quark and jet production, the most 

important high energy processes studied at colliders are really the 
production of massive bosons, (W,Z/ , H, WW, WZ, ZZ, W  etc.).

❖ Our understanding of the processes builds on simple results for 
lepton pair production, including AEM.  After our early calculation, 
a whole subfield has been spawned, see e.g HP2

❖ I am delighted to be included in this celebration of Guido’s career;

❖ I admire his tremendous energy, his wide-ranging achievements, and 
joyful approach to life;

❖  Happy birthday!

γ* γ

https://conference.ippp.dur.ac.uk/event/1100/

