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PLAN FOR TODAY’S TALK:

Theme of the presentation

m Motivation behind this non-minimally coupled sector.
Definition & Constituents of Non-minimally coupled field-fluid sectors.
Theoretical Framework of this coupled model.
Essence of Non-canonical type scalar field (k-essence).
Evolution of coupled system in Isotropic-Homogeneous universe (FLRW background).
Techniques of Dynamical Stability Analysis.

Comparative studies on Three types of scenario = Algebraic coupling model (Inverse
square law potential & constant type potential) & Derivative coupling model (Inverse
square law potential).

Results & Discussion.

Conclusion.
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NON-MINIMALLY COUPLED FIELD-FLUID SCENARIO:

Based on: Phys. Rev. D 104 103505 (2021) & Universe 2023, 9(2), 65 & arXiv:2206.12398

Motivation & Constituents:
m Can able to solve cosmological coincidence problem & Alleviate Hubble Tension.
m Explore interacting field-fluid model which can be derived from a variational approach.

m Field — Non-canonical type (k-essence); Fluid — Relativistic fluid.

Non-minimal coupling:

m Einstein’s equations: R, — %g;u,R = T
R b M 5
o 7ot = 0 4 70+ 700 4 T
0 0
At late-time cosmic evolution = T/ & %(f,{

Conservation of total energy-momentum tensor = V# (T,(LI,\,'[) + Tl(,?,)) ~ 0.

For non-minimal coupling scenario,
Y 4Er» = DAl
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THEORETICAL FRAMEWORK:

Total action of the coupled system:

S=Jq d“X[\/*g% —V=gp(n,5) + /(e + 50,4 + Bacty,) — V—8L(6,X) + Sint:|

1st term — Gravitational part of the action.
2nd & 3rd term — Action for a perfect fluid.

4th term — Action for the k-essence scalar field.
Sint= ‘ I. Algebraic Coupling: —/—g f(n. s, ¢, X) ‘
\u. Derivative Coupling: (1. <, ¢, X) am‘

Details on Fluid Sector:

m Current Density (JV) = /—gnut.
= Velocity four vector (u*) = utu, = —1.
dp

m Energy-Momentum Tensor of fluid (TfLAlf’)) = puyuy + (na— — p) (upuy + guv)
n

on

19)
m Pressure & energy density (Fluid) = Py = (n—p — p)

Dr. Anirban Chatterjee (IIT Kanpur) Cosmology with DS Approach June 8, 2023



I. THEORETICAL FRAMEWORK: ALGEBRAIC

COUPLING MODEL
Details on Field Sector:
m Modified field equation = L , + V(L xVH#$) + f 4+ Vu(fxVF¢) =0

m Energy-Momentum Tensor of field (T‘%)) = —L x (0.9)(0v¢) — guv L
m Pressure & energy density (field) = py, = L —2XL x and Py =—-L

Details on Interacting Sector ’(Field‘& Fluid): |

= Energy-Momentum Tensor of Int. sector

i of of
(T89) = 02w+ (050 =) s = £x(0,0)(000)

of

m Pressure & energy density (Int.) = pin = —2Xfx Piy = (na— — f)
n

= Total energy momentum tensors = T /0% = T,(ﬁ) + TL(LAJ)-FTL(;;“)

m Conservation of Total energy momentum tensors = _

= Interaction term = f ,0,¢ — f x0,H(VH V)

>«

>
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THEORETICAL FRAMEWORK: DERIVATIVE
COUPLING MODEL

Details on Field Sector:
= Modified field equation = —L 4 — V,, (£ x9"¢)
+ £ nU%0a + Vyu (£x (0% 9)) (nU*0ad) + fx (0" )V u(nU*0ap) — (Vuf)(nUH)
m Energy-Momentum Tensor of field (Tu ) = —L x (0u$)(0vd) — guv L
m Pressure & energy density (field) = py = L —2XL x and Py =L

Details on Iﬁteracting Sector (Field & Fluid):

m Energy-Momentum Tensor of Int. sector
f
(TG o | - 20F [urwr + g ] +n2s OF (o107 ¢)| Un0ag
on oX

m Pressure & energy density (Int.) = pins = nf,x<;'53 Pint = (nf,n — f)

= Total energy momentum tensors = T/o% = Tfﬂi) + TﬁM)+ T,(,ll'/'t)

m Conservation of Total energy momentum tensors =- _

= Interaction term = {f,n(vun) + f,X(VHX)} (nUM)O” ¢ — £ x (V¥ X)(nU¥0n )
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k-ESSENCE SCALAR FIELD:

Details of k-essence Model:

B A Lagrangian with non-canonical kinetic terms expressed as _ with

Kinetic term _ gH¥ is the metric, V(¢) and F(X) are functions of ¢
and X respectively.

In the background of FLRW space-time, k-essence scalar field _
Kinetic term — -

Stress-energy tensor is equivalent to that of an ideal fluid with Energy density

For constant potential and homogeneous scalar field in FLRW background ensure the

scaling relation — - where C is a constant & -

P EAL QY
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COUPLED SYSTEM IN FLRW BACKGROUND:
ALGEBRAIC & DERIVATIVE COUPLING

Modified Friedmann Equations:

3H? = K2(pm + po+Pint) 2H + 3H? = —K2(Pym + Py+Pint)

Conserving Quantities:

Coupled system in Algebraic Coupling: Coupled system in Derivative Coupling for arbitrary
potential[arXiv:2206.12398 (Accepted for Publication in
EPJC)]:

Modified field equation in FLRW background for arbitrary
potential (PHYS. REV. D 104, 103505 (2021))

i ) 18 P 7
[£.g+f.5]—3H [£ x+fx] + ';x (Pint + F)BHS) —Lop+Logpxd + Lxx 8PP+ 3HL xb + £ xb
o
—$ [(L x+Fx) + 2X(L xx+.xx)] =$° (L, 6x+F 5x) = + {3”"”-”*"“;’ -

—nf xpp + 3rl2Hf_,7 - nf_XX =0

Modified field equation in FLRW background for constant
potential [Universe 2023, 9(2), 65]

. o
= 3H$ [£ x+x] + 5 (Pint + F)3HS)
P

— & [(£,x+fx) +2X(£ xx+fxx)] =0

COF 4fFP «E» « > = Q>
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TECHNIQUE OF DYNAMICAL STABILITY ANALYSIS:

Motivation & Techniques:
Apply to any physical system evolving with time.

To investigate the coupled system behavior from early to late time phase of the evolution.

For continuous and finite system, x; variables that define the dynamical system, expressed
as % = fi(X1, X2, .oy Xi)-

Above equation is autonomous equations and fixed or critical points exist at x; = yp for
fi(yo) = 0.

To check stability of the critical points — Jacobian matrix =

Eigenvalue at the critical point of Jacobian matrix = stability of the critical points.

Sign. of eigenvalues (positive) = unstable / saddle critical points & Sign. of eigenvalues
(negative) = stable critical points.

For n x n Jacobian matrix, n eigenvalues exist.
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Algebraic coupling: 3-D & 2-D Autonomous System

3-D System (PHYS. REV. D 104, 103505 (2021)) 5D System [Universe 2023, 9(2), 65]

Dimensionless variables:

A ry/ V(o) < m  Dimensionless variables:
x=¢,y= 3 2
X:¢0:H\/ﬁ y=r"f -0
' V3H' 3H2' H'
Cc— 5Pt p_ <2f x oo 2V
T 3H2 T T 3R HE

H3 6¢6X' - wV3/2° Constraint Eqn:
’ 2
Constraint Eqn: G =il — oz (XZFX —F)—y + x2D.
¢72:17y2 (%x“f%xz)ferxzD. 3 '
Friedmann's Eqn:
Friedmann's Eqn: H o
: 5 2 — =-3(wo?+ —F+C+1).
—3[wo® +y F+ C+1]. H? 3
Other variables: i V:I;bleS:
Qg = y2(PF x — F), Qing =z — x*D Qy = — (PFx — F), Qg = y — x°D
Critical Points: 9
x" =y’ =z’ = 0. Prime denotes the derivative
of the dynamical variables x, y, z with respect to
Hdt.

Critical Points:
x’ =z’ = 0. Prime denotes the derivative of the
dynamical variables x, z with respect to Hdt.

Chosen Forms: e Chosen Forn125:

2 i F(X) = AX? 4+ BX & V(¢) = Vg (Const.).
reo= X oxe V(@)= ng 2 : F(Erm) of Interaction: © ( )
(fr;:elt(;)ssence scalar field, 6 — model 1 F— ngﬂ %= ngquﬁ =44
i ’ (g, 8,9, Vo — Model parameters).

Form of Interaction: . .

_ & _ & Study in the context of matter dominated
f=ap (L)X &Ff=ap(L)"X". (w = 0) background.
(e, m, n — Model parameters).

Study in matter dominated (w = 0) background. o EIIOAE

IEEEEEEEEE—————————..
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Comparative study: Autonomous Equations of Algebraic
coupling

Autonomous Equations in 3-D system (PHYS. REV. D 104, 103505 (2021))

(B/3+V3AY3F) +3x (y2F x + Cx) — x*(E/3 + V3Ay3F x)
[(D = y2F x) + x2(D.x — y2F xx)]

OV 3
_\[2}’X+§y[wo_2+y2F+C+1J

B
—3(C+2)+ gx+ Dxx’] +3z [wo? + y*F + C +1]

Autonomous Equations in 2-D systeﬁ [Universe 20.23, 9(2), 65] .

2
3x (%Fyx + C,X)

2 2
[(D - %F,x) +x2 (D,x = %F,xx)}

3 ,  az?
= —F+C+1].
2z{wo ate 3 a € 5F ]
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Results & Discussion (Algebraic Coupling)

Phase Trajectory and Evolution Plot for Inverse Square Potential (f = ap( ™) [PHYS. REV. D 104, 103505 (2021)]

K

Evolution plot: (n =1, m = 3,6 = 10)

10
0001 0010
loga
Grand EOS = Lot — %P(‘)ermt
Ptot  (PMTPGTPint)
dPiot /dX
dptot /dX

Accelerating Universe :> 7% < wiot. < —1.

3-dimensional compact phase space of x, y, z. Fluid density = 0 < o2 < 1.
Total 8 critical points. Field density = 0 < Q <1

Symmetric about x-y plane. W Sound speed = 0 < c <1
Int. energy density = Q(, # 0.

Sound Speed = cS =

Red curves — Repeller & Blue curves — 3
Attractor. Energy transfer from field to fluid and then fluid to

. field has also been observed.
A4 & B4 = Saddle points, and, C4 & D4 =
Stable fixed points. Coupled field-fluid system starting from radiation
to matter and end up at accelerating phase with

Critical point D4 — Global Attractor. negligible sound speed.
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Results & Discussion (Algebraic Coupling)

Phase Trajectory and Evolution Plot for Constant Potential (f = gVgp9 X M—49) [Universe 2023, 9(2), 65]

Phase Trajectory: Evolutllon plot

0.001 0.010 0.100 1
log a

Energy density of k-essence sector dominates over

. . the early and late time.
2-dimensional compact phase space of x, z. Y

. . 2y . ——
o] . N Fluid densit) d t h
1 non-trivial stable fixed point (P). crs;sesezn::oyli(nz ) is dominating when wtor.

Comsirei: @ i pliem g fom O < O < 1 Energy transfer from field to fluid and then fluid to

&0 < o2 <1 i field has also been observed.

Red region — Phantom Behavior, o Total EOS starts from radiation dominated phase
Accelerating Universe & Blue region — sound and ended up at accelerating phase with

speed is between 0 and 1. lines of wtot = —1.

stability go towards stable fixed point (P).

Interacting energy density (Q;,¢.) exist at late
time.

¢') Q CL
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Dynamical analysis for Derivative coupling system

Analysis in 3-D System [arXiv:2206.12398 (Accepted for y . .
Publiycation in EP)jC)] [ ( 2 Autonomous Equations in 3-D system

m  Dimensionless variables:

gy AV | _ k2nf _ _ 5P
x=¢,y= it 2 32 = 3" s >\F*>\F,XX2*3X,V2F,X*X2A,X*§X3*A
nf gk K’Ping [V2F xx + D xx]x? + [y2F x + 3Dx]

H3 2 :

2 & ;r_Ax 3 2, .2
ne" g2 _ Ve y7—+§ wo +y°F+C+1
H3 999X’ " T T 372" :

5

B = . .

E =

Constraint Eqn:
o2 =1—y? (3)(4/4 - x2/2) — x3D.

Friedmann's Eqn:
H
H2
Other variables:

Qy = yz(szYX — F), Qint = Dx3

Critical Points:

x" =y’ =z’ = 0. Prime denotes the derivative

of the dynamical variables x, y, z with respect to
Hdt.

= —3wo® +y?F + C+1].

Chosen Forms: .
— x2 _ _ _J
F(X)=X X & V(o) = 347

(¢ — k-essence scalar field, 6 — model
parameter).

Form of Interaction:
= B(o/m) "X & f =

F
nk2¢2 .
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Results & Discussion (perivative

3-dimensional compact phase space of x, y, z.
Total 8 critical points.

Symmetric about x-y plane.

Red curves — Repeller & Blue curves — Attractor.

P14+ & P4 = Stable attractor, and, Q4 &
R4 = Saddle fixed points.

. Anirban Chatterjee (IIT Kanpur)

coupling with f = 2(¢/x)™X" and

-1.0
0.001

log a

Accelerating Universe = 7% < wiot. < —1.

At late time: Fluid density = 0 < o2 < 1.
Field density = 0 < Q, < 1.

Sound speed = 0 < ‘352 <1

Int. energy density = Q, # 0.

Energy transfer from field to fluid and then fluid to
field has also been observed.

Coupled field-fluid system starting from radiation
to matter and end up at accelerating phase with
negligible sound speed.
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Conclusion: Non-minimal coupling in the context of
Dynamical stability analysis

Investigation of linear order cosmological effects of non-minimally coupled scalar field and
a pressure-less relativistic fluid using the variational method.

A non-minimal interaction term f(n. s, ¢, X) & f(n,s, ¢, X)J" 8, ¢ depends both on the
fluid and field sector’'s ¢, X variables.

Presence of interaction term, Field and Friedmann equations are modified in the
background of FLRW universe.

We develop the phase space using dimensionless variables and examine the dynamics of
power law and constant potential in coupled k-essence sector.

Evolutionary dynamics reveal field-to-fluid-to-field energy transfer.

A stable late-time cosmic accelerating scenario has been observed through this
non-minimally coupled field-fluid model.

From Early to late time phase of the universe has been realized through evolutionary
dynamics of the non-minimally coupled sectors.

- DQAE
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