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Quantum dissipation
Quantum Brownian motion (Caldeira-Leggett model)

Ĥ = ĤS + Ĥint + Ĥbath

bath’s operatorparticle’s operator

conventional 
interaction
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Question: coupling to two baths via two non-commuting observables?

Bath 1 Bath 2

[see for instance: New J. of Phys. 18, 053033 (2016)]
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How to realize it in an experimental system?

Josephson junction circuits

Phys. Rev. B 106, 045408 (2022)



Conventional dissipation in quantum tunneling

shunt 
resistance
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- first experimental observations  M.H. Devoret, J.M. Martinis, J. Clarke, PRL 55, 1908 (1985)
 [see also: J.M. Martinis, M.H. Devoret, J. Clarke, Nat. Physics 16, 234 (2020)]
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 A.O. Caldeira, A.J. Leggett, PRL 46, 211 (1981)

- exponential suppression of the escape rate
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superconducting phase

<latexit sha1_base64="T6qsHBFH4+iGBh+JqlsDAgNK1/4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEinosevFYwX5AEspmu2mXbjZhd1IooeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88JUcA2O822V1tY3NrfK25Wd3b39A/vwqK2TTFHWoolIVDckmgkuWQs4CNZNFSNxKFgnHN3N/M6YKc0T+QiTlAUxGUgecUrASD37pO0LFoHnj4lKh9xXfDCEoGdXnZozB14lbkGqqECzZ3/5/YRmMZNABdHac50Ugpwo4FSwacXPNEsJHZEB8wyVJGY6yOfnT/G5Ufo4SpQpCXiu/p7ISaz1JA5NZ0xgqJe9mfif52UQ3QQ5l2kGTNLFoigTGBI8ywL3uWIUxMQQQhU3t2I6JIpQMIlVTAju8surpH1Zc69q9Yd6tXFbxFFGp+gMXSAXXaMGukdN1EIU5egZvaI368l6sd6tj0VrySpmjtEfWJ8/tKaV+w==</latexit>

V ['] tilted washboard potentialcurrent bias Josephson junction 

 A.O. Caldeira, A.J. Leggett, PRL 46, 211 (1981)

- exponential suppression of the escape rate
<latexit sha1_base64="QgyWvG7eYWZG8kHP2mFYL3tvnrg="></latexit>

⇠ exp
⇥
� a ⌘ d2

~
⇤

dissipation

es
ca

pe
 r

at
e

- environmental assisted quantum tunneling 

phase dissipation

4

- first experimental observations  M.H. Devoret, J.M. Martinis, J. Clarke, PRL 55, 1908 (1985)
 [see also: J.M. Martinis, M.H. Devoret, J. Clarke, Nat. Physics 16, 234 (2020)]
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Engineered dissipation

shunt resistance
phase dissipation

ground 
resistance

charge 
dissipation

5

phase and charge:  non-commuting observables/operators
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Engineered dissipation

shunt resistance
phase dissipation

ground 
resistance

charge 
dissipation

5

two non-commuting dissipative interactions 

phase and charge:  non-commuting observables/operators
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Quantum escape rate without dissipation

6

<latexit sha1_base64="+6ook7+vrk289pPap7viJCaP8qQ="></latexit>

ĤS =
Q̂

2

2Ctot
+ V ['̂] ,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

<latexit sha1_base64="MZE0TY7NtIWPrOI8Wg2iqEut7rY="></latexit>

S(0)
B =

108

15

V0

~!I
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Quantum escape rate without dissipation

6

<latexit sha1_base64="+6ook7+vrk289pPap7viJCaP8qQ="></latexit>

ĤS =
Q̂

2

2Ctot
+ V ['̂] ,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

Semiclassical regime (path integral method)
<latexit sha1_base64="Do4b1H4GchKOyufDpOnHM9J/pO4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUZdFN7qrYB/QhDCZTtKh8wgzE6HULvwVNy4UcetvuPNvnLZZaOuBC4dz7uXee+KMUW0879tZWl5ZXVsvbZQ3t7Z3dt29/ZaWucKkiSWTqhMjTRgVpGmoYaSTKYJ4zEg7HlxP/PYDUZpKcW+GGQk5SgVNKEbGSpF72Io8GKQpDPoxUjCQnKQouo3cilf1poCLxC9IBRRoRO5X0JM450QYzJDWXd/LTDhCylDMyLgc5JpkCA9QSrqWCsSJDkfT+8fwxCo9mEhlSxg4VX9PjBDXeshj28mR6et5byL+53Vzk1yGIyqy3BCBZ4uSnEEj4SQM2KOKYMOGliCsqL0V4j5SCBsbWdmG4M+/vEhaZ1X/vFq7q1XqV0UcJXAEjsEp8MEFqIMb0ABNgMEjeAav4M15cl6cd+dj1rrkFDMH4A+czx9MuJUF</latexit>

V0 � ~!I
<latexit sha1_base64="3tOc72IfmR2Rk9Ad9Noj+36YHrk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxFMRTBfsBaQib7SZdusmG3Y1QQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ScKW3b31ZpbX1jc6u8XdnZ3ds/qB4edZXIJKEdIriQ/QAryllCO5ppTvuppDgOOO0F4+bM7z1RqZhIHvUkpV6Mo4SFjGBtJLfl36NBFKGW3/SrNbtuz4FWiVOQGhRo+9WvwVCQLKaJJhwr5Tp2qr0cS80Ip9PKIFM0xWSMI+oamuCYKi+fnzxFZ0YZolBIU4lGc/X3RI5jpSZxYDpjrEdq2ZuJ/3lupsMbL2dJmmmakMWiMONICzT7Hw2ZpETziSGYSGZuRWSEJSbapFQxITjLL6+S7kXduapfPlzWGrdFHGU4gVM4BweuoQF30IYOEBDwDK/wZmnrxXq3PhatJauYOYY/sD5/AKCokDA=</latexit>

EJ � EC

<latexit sha1_base64="Am/dSTW3/tbbPbT2yioMnd62oDA="></latexit>

�0 = K0 exp
h
� S(0)

B /~
i

escape rate

<latexit sha1_base64="vESCTg+yWp2tb7WeZbNyeAjm8w4="></latexit>

S0

h
'(⌧)

i
=

Z �
2

� �
2

d⌧
hCtot�2

0

8⇡2
'̇2(⌧) + V ['(⌧)]

i <latexit sha1_base64="dUqufrmIa4h6Z9qbStT9KQUEvhQ=">AAACHnicbVDJSgNBEO1xN25Rj14ag+BBwoy4XQTRi0cFs0AmhJpOT9Kkp3vorlHCkC/x4q948aCI4En/xs5ycHtQ8Hiviqp6USqFRd//9KamZ2bn5hcWC0vLK6trxfWNqtWZYbzCtNSmHoHlUiheQYGS11PDIYkkr0W9i6Ffu+XGCq1usJ/yZgIdJWLBAJ3UKh6GEUegpzSMDbA87EZgBnmvdX4zoKHUqmNEp4tgjL6joVAx9mm4t9cqlvyyPwL9S4IJKZEJrlrF97CtWZZwhUyCtY3AT7GZg0HBJB8UwszyFFgPOrzhqIKE22Y+em9Ad5zSprE2rhTSkfp9IofE2n4Suc4EsGt/e0PxP6+RYXzSzIVKM+SKjRfFmaSo6TAr2haGM5R9R4AZ4W6lrAsuJ3SJFlwIwe+X/5Lqfjk4Kh9cH5TOzidxLJAtsk12SUCOyRm5JFekQhi5J4/kmbx4D96T9+q9jVunvMnMJvkB7+MLAhmiaw==</latexit>

� =
~

kBT
�! 1 ,

(quantum limit)

<latexit sha1_base64="rc3NC21daGIWqSgLk11leX0rwaI=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgt1JJIUTdCqRuXldoHNDFMppN26GQSZiaFEvoVbvwVNy4UcSvu/BunbRbaeuDC4Zx7ufceL2JUKtP8NlZW19Y3NjNb2e2d3b393MFhS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8Gbqt0dESBryezWOiBOgPqc+xUhpyc2dNdzaQ1Iwi5Nr2HBNu0b7XWiPkIgG1K0VbIXiIpyqDrRLJTeXN8vmDHCZWCnJgxR1N/dl90IcB4QrzJCUXcuMlJMgoShmZJK1Y0kihIeoT7qachQQ6SSztybwVCs96IdCF1dwpv6eSFAg5TjwdGeA1EAuelPxP68bK//KSSiPYkU4ni/yYwZVCKcZwR4VBCs21gRhQfWtEA+QQFjpJLM6BGvx5WXSOi9bF+XKXSVfraVxZMAxOAEFYIFLUAW3oA6aAINH8AxewZvxZLwY78bHvHXFSGeOwB8Ynz/KR5ym</latexit>

S(0)
B = S0

h
'B(⌧)

i
,

Euclidean action

bounce path in the inverted potential
<latexit sha1_base64="MZE0TY7NtIWPrOI8Wg2iqEut7rY="></latexit>

S(0)
B =

108

15

V0

~!I
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Quantum escape rate without dissipation

6

<latexit sha1_base64="+6ook7+vrk289pPap7viJCaP8qQ="></latexit>

ĤS =
Q̂

2

2Ctot
+ V ['̂] ,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

<latexit sha1_base64="iT5RfGHvrzGFHlNT/IDRkvFsyoE="></latexit>

V ['̂] = �~IC
2e

cos ('̂)� �0Ib
2⇡

'̂ ' Ctot�2
0

4⇡2

⇣1
2
!2
I '̂

2 � 1

3
!2
J '̂

3
⌘
,

Semiclassical regime (path integral method)
<latexit sha1_base64="Do4b1H4GchKOyufDpOnHM9J/pO4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUZdFN7qrYB/QhDCZTtKh8wgzE6HULvwVNy4UcetvuPNvnLZZaOuBC4dz7uXee+KMUW0879tZWl5ZXVsvbZQ3t7Z3dt29/ZaWucKkiSWTqhMjTRgVpGmoYaSTKYJ4zEg7HlxP/PYDUZpKcW+GGQk5SgVNKEbGSpF72Io8GKQpDPoxUjCQnKQouo3cilf1poCLxC9IBRRoRO5X0JM450QYzJDWXd/LTDhCylDMyLgc5JpkCA9QSrqWCsSJDkfT+8fwxCo9mEhlSxg4VX9PjBDXeshj28mR6et5byL+53Vzk1yGIyqy3BCBZ4uSnEEj4SQM2KOKYMOGliCsqL0V4j5SCBsbWdmG4M+/vEhaZ1X/vFq7q1XqV0UcJXAEjsEp8MEFqIMb0ABNgMEjeAav4M15cl6cd+dj1rrkFDMH4A+czx9MuJUF</latexit>

V0 � ~!I
<latexit sha1_base64="3tOc72IfmR2Rk9Ad9Noj+36YHrk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxFMRTBfsBaQib7SZdusmG3Y1QQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ScKW3b31ZpbX1jc6u8XdnZ3ds/qB4edZXIJKEdIriQ/QAryllCO5ppTvuppDgOOO0F4+bM7z1RqZhIHvUkpV6Mo4SFjGBtJLfl36NBFKGW3/SrNbtuz4FWiVOQGhRo+9WvwVCQLKaJJhwr5Tp2qr0cS80Ip9PKIFM0xWSMI+oamuCYKi+fnzxFZ0YZolBIU4lGc/X3RI5jpSZxYDpjrEdq2ZuJ/3lupsMbL2dJmmmakMWiMONICzT7Hw2ZpETziSGYSGZuRWSEJSbapFQxITjLL6+S7kXduapfPlzWGrdFHGU4gVM4BweuoQF30IYOEBDwDK/wZmnrxXq3PhatJauYOYY/sD5/AKCokDA=</latexit>

EJ � EC

<latexit sha1_base64="Am/dSTW3/tbbPbT2yioMnd62oDA="></latexit>

�0 = K0 exp
h
� S(0)

B /~
i

escape rate

<latexit sha1_base64="vESCTg+yWp2tb7WeZbNyeAjm8w4="></latexit>

S0

h
'(⌧)

i
=

Z �
2

� �
2

d⌧
hCtot�2

0

8⇡2
'̇2(⌧) + V ['(⌧)]

i <latexit sha1_base64="dUqufrmIa4h6Z9qbStT9KQUEvhQ=">AAACHnicbVDJSgNBEO1xN25Rj14ag+BBwoy4XQTRi0cFs0AmhJpOT9Kkp3vorlHCkC/x4q948aCI4En/xs5ycHtQ8Hiviqp6USqFRd//9KamZ2bn5hcWC0vLK6trxfWNqtWZYbzCtNSmHoHlUiheQYGS11PDIYkkr0W9i6Ffu+XGCq1usJ/yZgIdJWLBAJ3UKh6GEUegpzSMDbA87EZgBnmvdX4zoKHUqmNEp4tgjL6joVAx9mm4t9cqlvyyPwL9S4IJKZEJrlrF97CtWZZwhUyCtY3AT7GZg0HBJB8UwszyFFgPOrzhqIKE22Y+em9Ad5zSprE2rhTSkfp9IofE2n4Suc4EsGt/e0PxP6+RYXzSzIVKM+SKjRfFmaSo6TAr2haGM5R9R4AZ4W6lrAsuJ3SJFlwIwe+X/5Lqfjk4Kh9cH5TOzidxLJAtsk12SUCOyRm5JFekQhi5J4/kmbx4D96T9+q9jVunvMnMJvkB7+MLAhmiaw==</latexit>

� =
~

kBT
�! 1 ,

(quantum limit)

<latexit sha1_base64="rc3NC21daGIWqSgLk11leX0rwaI=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgt1JJIUTdCqRuXldoHNDFMppN26GQSZiaFEvoVbvwVNy4UcSvu/BunbRbaeuDC4Zx7ufceL2JUKtP8NlZW19Y3NjNb2e2d3b393MFhS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8Gbqt0dESBryezWOiBOgPqc+xUhpyc2dNdzaQ1Iwi5Nr2HBNu0b7XWiPkIgG1K0VbIXiIpyqDrRLJTeXN8vmDHCZWCnJgxR1N/dl90IcB4QrzJCUXcuMlJMgoShmZJK1Y0kihIeoT7qachQQ6SSztybwVCs96IdCF1dwpv6eSFAg5TjwdGeA1EAuelPxP68bK//KSSiPYkU4ni/yYwZVCKcZwR4VBCs21gRhQfWtEA+QQFjpJLM6BGvx5WXSOi9bF+XKXSVfraVxZMAxOAEFYIFLUAW3oA6aAINH8AxewZvxZLwY78bHvHXFSGeOwB8Ynz/KR5ym</latexit>

S(0)
B = S0

h
'B(⌧)

i
,

Euclidean action

bounce path in the inverted potential
<latexit sha1_base64="MZE0TY7NtIWPrOI8Wg2iqEut7rY="></latexit>

S(0)
B =

108

15

V0

~!I

result:
<latexit sha1_base64="MZE0TY7NtIWPrOI8Wg2iqEut7rY="></latexit>

S(0)
B =

108

15

V0

~!I
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Electromagnetic environment

7

<latexit sha1_base64="hCwjnoU2b0rSv6acb4NurDDGteo=">AAACFXicbVA9SwNBEN2L3/EramkzGASLGO9E1EaQWCjYRDQmkDvC3GaTLO7eHbt7Ygj5Ezb+FRsLRWwFO/+Nm5hCow8GHu/NMDMvTATXxnU/nczE5NT0zOxcdn5hcWk5t7J6reNUUVahsYhVLUTNBI9YxXAjWC1RDGUoWDW8ORn41VumNI+jK9NNWCCxHfEWp2is1MgV/FOUEuEIzsFnd4lf4u36Nlw2SrADfidEBQMpAL8AhUYu7xbdIeAv8UYkT0YoN3IffjOmqWSRoQK1rntuYoIeKsOpYP2sn2qWIL3BNqtbGqFkOugNv+rDplWa0IqVrcjAUP050UOpdVeGtlOi6ehxbyD+59VT0zoMejxKUsMi+r2olQowMQwigiZXjBrRtQSp4vZWoB1USI0NMmtD8MZf/kuud4vefnHvYi9/XBrFMUvWyQbZIh45IMfkjJRJhVByTx7JM3lxHpwn59V5+27NOKOZNfILzvsX9QebjQ==</latexit>

� = K exp
h
� SB/~

i
,

<latexit sha1_base64="MK3vhJO7D4eBPzyvGJikTxPYhbE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRS1I1Q4sZlpfYBSQiT6aQdOnkwMymU0L0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufceP2FUSMP41tbWNza3tks75d29/YND/ei4K+KUY9LBMYt530eCMBqRjqSSkX7CCQp9Rnr++Db3exPCBY2jBzlNiBuiYUQDipFUkqdX2p4Fb2DbsejQhs4E8WREPavmSJSew1x1Pb1q1I054CoxC1IFBVqe/uUMYpyGJJKYISFs00ikmyEuKWZkVnZSQRKEx2hIbEUjFBLhZvNfZvBMKQMYxFxVJOFc/T2RoVCIaeirzhDJkVj2cvE/z05lcO1mNEpSSSK8WBSkDMoY5sHAAeUESzZVBGFO1a0QjxBHWKr4yioEc/nlVdK9qJuX9cZ9o9q0ijhK4BRUQA2Y4Ao0wR1ogQ7A4BE8g1fwpj1pL9q79rFoXdOKmRPwB9rnD/H6mR4=</latexit>

SB = S
h
'B(⌧)

i

<latexit sha1_base64="UhKM07lt1wsv6ld19r877zJlvyQ="></latexit>

S
h
'(⌧)

i
= S0

h
'(⌧)

i
+

1

2

ZZ 1

�1
d⌧d⌧ 0F (')(⌧ � ⌧ 0)'(⌧)'(⌧ 0) +

1

2

ZZ 1

�1
d⌧d⌧ 0F (Q)(⌧ � ⌧ 0)'̇(⌧)'̇(⌧ 0)

shunt resistance resistance to ground 

charge 
dissipation

phase 
dissipation

Euclidean action with the bounce

<latexit sha1_base64="OkcYn/pvZQYRY+tbf3kTlBImxZw="></latexit>

F (')(!) =
�2

0

4⇡2RS
|!|

<latexit sha1_base64="9Z5BkTpLa2GY6wz8jIdePCyAZis="></latexit>

F (Q)(!) = �C2�2
0

4⇡2

Rg|!|
1 +RgC|!|
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Electromagnetic environment

7

<latexit sha1_base64="hCwjnoU2b0rSv6acb4NurDDGteo=">AAACFXicbVA9SwNBEN2L3/EramkzGASLGO9E1EaQWCjYRDQmkDvC3GaTLO7eHbt7Ygj5Ezb+FRsLRWwFO/+Nm5hCow8GHu/NMDMvTATXxnU/nczE5NT0zOxcdn5hcWk5t7J6reNUUVahsYhVLUTNBI9YxXAjWC1RDGUoWDW8ORn41VumNI+jK9NNWCCxHfEWp2is1MgV/FOUEuEIzsFnd4lf4u36Nlw2SrADfidEBQMpAL8AhUYu7xbdIeAv8UYkT0YoN3IffjOmqWSRoQK1rntuYoIeKsOpYP2sn2qWIL3BNqtbGqFkOugNv+rDplWa0IqVrcjAUP050UOpdVeGtlOi6ehxbyD+59VT0zoMejxKUsMi+r2olQowMQwigiZXjBrRtQSp4vZWoB1USI0NMmtD8MZf/kuud4vefnHvYi9/XBrFMUvWyQbZIh45IMfkjJRJhVByTx7JM3lxHpwn59V5+27NOKOZNfILzvsX9QebjQ==</latexit>

� = K exp
h
� SB/~

i
,

<latexit sha1_base64="MK3vhJO7D4eBPzyvGJikTxPYhbE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRS1I1Q4sZlpfYBSQiT6aQdOnkwMymU0L0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufceP2FUSMP41tbWNza3tks75d29/YND/ei4K+KUY9LBMYt530eCMBqRjqSSkX7CCQp9Rnr++Db3exPCBY2jBzlNiBuiYUQDipFUkqdX2p4Fb2DbsejQhs4E8WREPavmSJSew1x1Pb1q1I054CoxC1IFBVqe/uUMYpyGJJKYISFs00ikmyEuKWZkVnZSQRKEx2hIbEUjFBLhZvNfZvBMKQMYxFxVJOFc/T2RoVCIaeirzhDJkVj2cvE/z05lcO1mNEpSSSK8WBSkDMoY5sHAAeUESzZVBGFO1a0QjxBHWKr4yioEc/nlVdK9qJuX9cZ9o9q0ijhK4BRUQA2Y4Ao0wR1ogQ7A4BE8g1fwpj1pL9q79rFoXdOKmRPwB9rnD/H6mR4=</latexit>

SB = S
h
'B(⌧)

i

<latexit sha1_base64="UhKM07lt1wsv6ld19r877zJlvyQ="></latexit>

S
h
'(⌧)

i
= S0

h
'(⌧)

i
+

1

2

ZZ 1

�1
d⌧d⌧ 0F (')(⌧ � ⌧ 0)'(⌧)'(⌧ 0) +

1

2

ZZ 1

�1
d⌧d⌧ 0F (Q)(⌧ � ⌧ 0)'̇(⌧)'̇(⌧ 0)

shunt resistance resistance to ground 

charge 
dissipation

phase 
dissipation

Euclidean action with the bounce

<latexit sha1_base64="OkcYn/pvZQYRY+tbf3kTlBImxZw="></latexit>

F (')(!) =
�2

0

4⇡2RS
|!|

<latexit sha1_base64="9Z5BkTpLa2GY6wz8jIdePCyAZis="></latexit>

F (Q)(!) = �C2�2
0

4⇡2

Rg|!|
1 +RgC|!|

(ensemble of LC oscillators)
theoretical model
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<latexit sha1_base64="//qbz9t46hH6V4AkxjtGiDxmxVQ=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9CL0UsF+QBPCZrtpl242YXcj1NJf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0o7zre1tr6xubVd2Cnu7u0flOzDo7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtHtzO88UqlYIh70OKV+jAeCRYxgbaTALjWQp1iMGoGDvAqqBHbZqTpzoFXi5qQMOZqB/eX1E5LFVGjCsVI910m1P8FSM8LptOhliqaYjPCA9gwVOKbKn8wPn6Izo/RRlEhTQqO5+ntigmOlxnFoOmOsh2rZm4n/eb1MR9f+hIk001SQxaIo40gnaJYC6jNJieZjQzCRzNyKyBBLTLTJqmhCcJdfXiXti6p7Wa3d18r1mzyOApzAKZyDC1dQhztoQgsIZPAMr/BmPVkv1rv1sWhds/KZY/gD6/MH3MeRSA==</latexit>

K ⇠ K0 ,- prefactor Phys. Rev. Research 3, 033019 (2021)
<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,- enhancement 

<latexit sha1_base64="hCwjnoU2b0rSv6acb4NurDDGteo=">AAACFXicbVA9SwNBEN2L3/EramkzGASLGO9E1EaQWCjYRDQmkDvC3GaTLO7eHbt7Ygj5Ezb+FRsLRWwFO/+Nm5hCow8GHu/NMDMvTATXxnU/nczE5NT0zOxcdn5hcWk5t7J6reNUUVahsYhVLUTNBI9YxXAjWC1RDGUoWDW8ORn41VumNI+jK9NNWCCxHfEWp2is1MgV/FOUEuEIzsFnd4lf4u36Nlw2SrADfidEBQMpAL8AhUYu7xbdIeAv8UYkT0YoN3IffjOmqWSRoQK1rntuYoIeKsOpYP2sn2qWIL3BNqtbGqFkOugNv+rDplWa0IqVrcjAUP050UOpdVeGtlOi6ehxbyD+59VT0zoMejxKUsMi+r2olQowMQwigiZXjBrRtQSp4vZWoB1USI0NMmtD8MZf/kuud4vefnHvYi9/XBrFMUvWyQbZIh45IMfkjJRJhVByTx7JM3lxHpwn59V5+27NOKOZNfILzvsX9QebjQ==</latexit>

� = K exp
h
� SB/~

i
,
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<latexit sha1_base64="//qbz9t46hH6V4AkxjtGiDxmxVQ=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9CL0UsF+QBPCZrtpl242YXcj1NJf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0o7zre1tr6xubVd2Cnu7u0flOzDo7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtHtzO88UqlYIh70OKV+jAeCRYxgbaTALjWQp1iMGoGDvAqqBHbZqTpzoFXi5qQMOZqB/eX1E5LFVGjCsVI910m1P8FSM8LptOhliqaYjPCA9gwVOKbKn8wPn6Izo/RRlEhTQqO5+ntigmOlxnFoOmOsh2rZm4n/eb1MR9f+hIk001SQxaIo40gnaJYC6jNJieZjQzCRzNyKyBBLTLTJqmhCcJdfXiXti6p7Wa3d18r1mzyOApzAKZyDC1dQhztoQgsIZPAMr/BmPVkv1rv1sWhds/KZY/gD6/MH3MeRSA==</latexit>

K ⇠ K0 ,- prefactor Phys. Rev. Research 3, 033019 (2021)
<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,- enhancement 

- exact solution for the cubic potential  only for 
<latexit sha1_base64="rc3NC21daGIWqSgLk11leX0rwaI=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgt1JJIUTdCqRuXldoHNDFMppN26GQSZiaFEvoVbvwVNy4UcSvu/BunbRbaeuDC4Zx7ufceL2JUKtP8NlZW19Y3NjNb2e2d3b393MFhS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8Gbqt0dESBryezWOiBOgPqc+xUhpyc2dNdzaQ1Iwi5Nr2HBNu0b7XWiPkIgG1K0VbIXiIpyqDrRLJTeXN8vmDHCZWCnJgxR1N/dl90IcB4QrzJCUXcuMlJMgoShmZJK1Y0kihIeoT7qachQQ6SSztybwVCs96IdCF1dwpv6eSFAg5TjwdGeA1EAuelPxP68bK//KSSiPYkU4ni/yYwZVCKcZwR4VBCs21gRhQfWtEA+QQFjpJLM6BGvx5WXSOi9bF+XKXSVfraVxZMAxOAEFYIFLUAW3oA6aAINH8AxewZvxZLwY78bHvHXFSGeOwB8Ynz/KR5ym</latexit>

S(0)
B = S0

h
'B(⌧)

i
,

<latexit sha1_base64="MZE0TY7NtIWPrOI8Wg2iqEut7rY="></latexit>

S(0)
B =

108

15

V0

~!I

Methods

- perturbative approach 
<latexit sha1_base64="xTcFxEyuSvf552u94W8D//ni08E="></latexit>

SB ' S0['
(0)
B (⌧)] + Senv['

(0)
B (⌧)] ,

- variational approach 
<latexit sha1_base64="YYhlMhotREW63LggnbzWkwLT2CM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JIUY9FLx4r2A9oQphst+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weHdumopeJUEtokMY9lJwRFORO0qZnmtJNIClHIaTsc3c789phKxWLxoCcJ9SMYCNZnBLSRArvkjUEmQxZkrWnF05CeB3bZqTpz4FXi5qSMcjQC+8vrxSSNqNCEg1Jd10m0n4HUjHA6LXqpogmQEQxo11ABEVV+Nj99is+M0sP9WJoSGs/V3xMZREpNotB0RqCHatmbif953VT3r/2MiSTVVJDFon7KsY7xLAfcY5ISzSeGAJHM3IrJECQQbdIqmhDc5ZdXSeui6l5Wa/e1cv0mj6OATtApqiAXXaE6ukMN1EQEPaJn9IrerCfrxXq3Phata1Y+c4z+wPr8ARsrk+g=</latexit>

'V (⌧) with variational parameters

- numerical solution L.D. Chang, S. Chakravarty, 
PRB 29, 130 (1984)

E. Freidkin, P. Riseborough,  
P. Hänggi, PRB 34, 1952 (1986)

A.O. Caldeira, A.J. Leggett,  
Annals of Physics 149, 374 (1983)

(undamped bounce)

<latexit sha1_base64="hCwjnoU2b0rSv6acb4NurDDGteo=">AAACFXicbVA9SwNBEN2L3/EramkzGASLGO9E1EaQWCjYRDQmkDvC3GaTLO7eHbt7Ygj5Ezb+FRsLRWwFO/+Nm5hCow8GHu/NMDMvTATXxnU/nczE5NT0zOxcdn5hcWk5t7J6reNUUVahsYhVLUTNBI9YxXAjWC1RDGUoWDW8ORn41VumNI+jK9NNWCCxHfEWp2is1MgV/FOUEuEIzsFnd4lf4u36Nlw2SrADfidEBQMpAL8AhUYu7xbdIeAv8UYkT0YoN3IffjOmqWSRoQK1rntuYoIeKsOpYP2sn2qWIL3BNqtbGqFkOugNv+rDplWa0IqVrcjAUP050UOpdVeGtlOi6ehxbyD+59VT0zoMejxKUsMi+r2olQowMQwigiZXjBrRtQSp4vZWoB1USI0NMmtD8MZf/kuud4vefnHvYi9/XBrFMUvWyQbZIh45IMfkjJRJhVByTx7JM3lxHpwn59V5+27NOKOZNfILzvsX9QebjQ==</latexit>

� = K exp
h
� SB/~

i
,
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lines = variational method 

points = perturbative 
approximation

   









  
















  








 












  





























   













   













<latexit sha1_base64="9RZr3IzspGkv+m+aHdNg07Oqwtg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUoq6Eard6K6CfUATwmQ6aYfOJGFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFpeWV1bXiemljc2t7x9zda8soEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHHzUmfueBCEmj8F6NY+JyNAhpQDFSWvLMg1uvAS9h1YbOKXR44nA/ekyvMs8sWxVrCrhI7JyUQY6mZ345/QgnnIQKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE/TEHEi3XT6QAaPtdKHQSR0hQpO1d8TKeJSjrmvOzlSQznvTcT/vF6iggs3pWGcKBLi2aIgYVBFcJIG7FNBsGJjTRAWVN8K8RAJhJXOrKRDsOdfXiTtasU+q9TuauX6dR5HERyCI3ACbHAO6uAGNEELYJCBZ/AK3own48V4Nz5mrQUjn9kHf2B8/gDi+pS2</latexit>

IC = 21µA

phase dissipation charge dissipation

   









  
















  








 












  





























   













   













Parameters

<latexit sha1_base64="JOabs6r583VdcEr86YziDDBUFb4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhV0L0IgQD4jGCeUA2hNnJJBkyu7PM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8iPBNTjOt5VZWl5ZXcuu5zY2t7Z37N29upaxoqxGpZCq6RPNBA9ZDTgI1owUI4EvWMMfVsZ+454pzWV4B6OItQPSD3mPUwJG6tgHlU4CElJ8iUvYO8Ve4MuHJLpOO3beKTgT4EXizkgezVDt2F9eV9I4YCFQQbRuuU4E7YQo4FSwNOfFmkWEDkmftQwNScB0O5l8kOJjo3RxTypTIeCJ+nsiIYHWo8A3nQGBgZ73xuJ/XiuG3kU74WEUAwvpdFEvFhgkHseBu1wxCmJkCKGKm1sxHRBFKJjQciYEd/7lRVI/K7ilQvG2mC9fzeLIokN0hE6Qi85RGd2gKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gC9V5XQ</latexit>

Ctot = 6pF
<latexit sha1_base64="R002gBzk1dmguFaZX+MznczXm0Y=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8lLIrRT0WexFPFewHdJeSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKO19Y3Nre3CTnF3b//gsHR03NZxqihr0VjEqhsQzQSXrGW4EaybKEaiQLBOMG7M/M4TU5rH8tFMEuZHZCh5yCkxVvIa/XtPCNzAXqXSL5WdqjMHXiVuTsqQo9kvfXmDmKYRk4YKonXPdRLjZ0QZTgWbFr1Us4TQMRmynqWSREz72fzmKT63ygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPEzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamog3BXX55lbQvq+5VtfZQK9dv8zgKcApncAEuXEMd7qAJLaCQwDO8whtK0Qt6Rx+L1jWUz5zAH6DPH+40kFI=</latexit>

CJ ⌧ C ,

<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,
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<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,

charge dissipationphase dissipation and

<latexit sha1_base64="9RZr3IzspGkv+m+aHdNg07Oqwtg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUoq6Eard6K6CfUATwmQ6aYfOJGFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFpeWV1bXiemljc2t7x9zda8soEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHHzUmfueBCEmj8F6NY+JyNAhpQDFSWvLMg1uvAS9h1YbOKXR44nA/ekyvMs8sWxVrCrhI7JyUQY6mZ345/QgnnIQKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE/TEHEi3XT6QAaPtdKHQSR0hQpO1d8TKeJSjrmvOzlSQznvTcT/vF6iggs3pWGcKBLi2aIgYVBFcJIG7FNBsGJjTRAWVN8K8RAJhJXOrKRDsOdfXiTtasU+q9TuauX6dR5HERyCI3ACbHAO6uAGNEELYJCBZ/AK3own48V4Nz5mrQUjn9kHf2B8/gDi+pS2</latexit>

IC = 21µAParameters
<latexit sha1_base64="JOabs6r583VdcEr86YziDDBUFb4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhV0L0IgQD4jGCeUA2hNnJJBkyu7PM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8iPBNTjOt5VZWl5ZXcuu5zY2t7Z37N29upaxoqxGpZCq6RPNBA9ZDTgI1owUI4EvWMMfVsZ+454pzWV4B6OItQPSD3mPUwJG6tgHlU4CElJ8iUvYO8Ve4MuHJLpOO3beKTgT4EXizkgezVDt2F9eV9I4YCFQQbRuuU4E7YQo4FSwNOfFmkWEDkmftQwNScB0O5l8kOJjo3RxTypTIeCJ+nsiIYHWo8A3nQGBgZ73xuJ/XiuG3kU74WEUAwvpdFEvFhgkHseBu1wxCmJkCKGKm1sxHRBFKJjQciYEd/7lRVI/K7ilQvG2mC9fzeLIokN0hE6Qi85RGd2gKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gC9V5XQ</latexit>

Ctot = 6pF
<latexit sha1_base64="R002gBzk1dmguFaZX+MznczXm0Y=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8lLIrRT0WexFPFewHdJeSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKO19Y3Nre3CTnF3b//gsHR03NZxqihr0VjEqhsQzQSXrGW4EaybKEaiQLBOMG7M/M4TU5rH8tFMEuZHZCh5yCkxVvIa/XtPCNzAXqXSL5WdqjMHXiVuTsqQo9kvfXmDmKYRk4YKonXPdRLjZ0QZTgWbFr1Us4TQMRmynqWSREz72fzmKT63ygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPEzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamog3BXX55lbQvq+5VtfZQK9dv8zgKcApncAEuXEMd7qAJLaCQwDO8whtK0Qt6Rx+L1jWUz5zAH6DPH+40kFI=</latexit>

CJ ⌧ C ,
<latexit sha1_base64="PP1SrgPruf9YW+wD+vk/CIM4pEc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiZS1I1QdKO7CvYBTQiT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu994QJo0o7zrdVWlldW98ob1a2tnd29+z9g46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fhm6ncfiVQ0Fg86S4jP0VDQiGKkjRTY1U7gnHqjEEkv5mSIgrurRmDXnLozA1wmbkFqoEArsL+8QYxTToTGDCnVd51E+zmSmmJGJhUvVSRBeIyGpG+oQJwoP58dP4HHRhnAKJamhIYz9fdEjrhSGQ9NJ0d6pBa9qfif1091dOnnVCSpJgLPF0UpgzqG0yTggEqCNcsMQVhScyvEIyQR1iavignBXXx5mXTO6u55vXHfqDWvizjK4BAcgRPgggvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFTBX8gfX5A2tEk/0=</latexit>

V0/~!I = 4
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<latexit sha1_base64="HyxPc+gT7vP3nPw3X2fHwUWhl/o=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCh1phR1IxS7EVcV7AXaoWTSTBuayYxJplCGPocbF4q49WHc+Tam7Sy09YfAx3/O4Zz8XsSZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDart8ZUKhaKRz2JqBvggWA+I1gby6317i9qN3bJLneLxV6+YGgutApOCgVIVe/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5rqxohEmIzygHYMCB1S5yfzoKTozTh/5oTRPaDR3f08kOFBqEnimM8B6qJZrM/O/WifW/rWbMBHFmgqyWOTHHOkQzRJAfSYp0XxiABPJzK2IDLHERJucciYEZ/nLq9Asl5zLUuWhUqjepnFk4QRO4RwcuIIq3EEdGkDgCZ7hFd6ssfVivVsfi9aMlc4cwx9Znz+lWJAU</latexit>

CJ/C = 0.02 ,

lines

dots

<latexit sha1_base64="R002gBzk1dmguFaZX+MznczXm0Y=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8lLIrRT0WexFPFewHdJeSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKO19Y3Nre3CTnF3b//gsHR03NZxqihr0VjEqhsQzQSXrGW4EaybKEaiQLBOMG7M/M4TU5rH8tFMEuZHZCh5yCkxVvIa/XtPCNzAXqXSL5WdqjMHXiVuTsqQo9kvfXmDmKYRk4YKonXPdRLjZ0QZTgWbFr1Us4TQMRmynqWSREz72fzmKT63ygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPEzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamog3BXX55lbQvq+5VtfZQK9dv8zgKcApncAEuXEMd7qAJLaCQwDO8whtK0Qt6Rx+L1jWUz5zAH6DPH+40kFI=</latexit>

CJ ⌧ C ,

<latexit sha1_base64="Yhm/s5BrWZCzZlySjrYYf2iwZ0c=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmFHUjFN3orlb7gHYcMmlmGppJhiQjlKHgr7hxoYhbv8Odf2P6WGjrgQuHc+7l3nuChFGlHefbyi0tr6yu5dcLG5tb2zv27l5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxhcjf3WI5GKCn6vhwnxYhRxGlKMtJF8+6DuR7Du30HYFTGJkH/zUIYXvl10Ss4EcJG4M1IEM9R8+6vbEziNCdeYIaU6rpNoL0NSU8zIqNBNFUkQHqCIdAzlKCbKyybnj+CxUXowFNIU13Ci/p7IUKzUMA5MZ4x0X817Y/E/r5Pq8NzLKE9STTieLgpTBrWA4yxgj0qCNRsagrCk5laI+0girE1iBROCO//yImmWS+5pqXJbKVYvZ3HkwSE4AifABWegCq5BDTQABhl4Bq/gzXqyXqx362PamrNmM/vgD6zPH5zGk/w=</latexit>

RgRS!
2
I = constant





  

   

   

     









    

   





<latexit sha1_base64="9RZr3IzspGkv+m+aHdNg07Oqwtg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUoq6Eard6K6CfUATwmQ6aYfOJGFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFpeWV1bXiemljc2t7x9zda8soEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHHzUmfueBCEmj8F6NY+JyNAhpQDFSWvLMg1uvAS9h1YbOKXR44nA/ekyvMs8sWxVrCrhI7JyUQY6mZ345/QgnnIQKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE/TEHEi3XT6QAaPtdKHQSR0hQpO1d8TKeJSjrmvOzlSQznvTcT/vF6iggs3pWGcKBLi2aIgYVBFcJIG7FNBsGJjTRAWVN8K8RAJhJXOrKRDsOdfXiTtasU+q9TuauX6dR5HERyCI3ACbHAO6uAGNEELYJCBZ/AK3own48V4Nz5mrQUjn9kHf2B8/gDi+pS2</latexit>

IC = 21µA

Parameters

<latexit sha1_base64="JOabs6r583VdcEr86YziDDBUFb4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhV0L0IgQD4jGCeUA2hNnJJBkyu7PM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8iPBNTjOt5VZWl5ZXcuu5zY2t7Z37N29upaxoqxGpZCq6RPNBA9ZDTgI1owUI4EvWMMfVsZ+454pzWV4B6OItQPSD3mPUwJG6tgHlU4CElJ8iUvYO8Ve4MuHJLpOO3beKTgT4EXizkgezVDt2F9eV9I4YCFQQbRuuU4E7YQo4FSwNOfFmkWEDkmftQwNScB0O5l8kOJjo3RxTypTIeCJ+nsiIYHWo8A3nQGBgZ73xuJ/XiuG3kU74WEUAwvpdFEvFhgkHseBu1wxCmJkCKGKm1sxHRBFKJjQciYEd/7lRVI/K7ilQvG2mC9fzeLIokN0hE6Qi85RGd2gKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gC9V5XQ</latexit>

Ctot = 6pF

<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,

charge dissipation

phase dissipation

and
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Experimental detection

    












- characterisation of the electromagnetic environment

- tunability of the resistances

- accurate experimental control of the parameters

uncertainty of the 
capacitance
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Metastable systems with 
dissipation:  

a model with analytic results

 Phys. Rev. Research 3, 033019 (2021)



  

   







Model potential

14

Semiclassical regime (path integral method) escape rate

Euclidean action
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<latexit sha1_base64="RulLL1FiC7YJQqvFb7mx5unykMA="></latexit>

S0[x(⌧)] =

Z �
2

� �
2

d⌧
hm
2
ẋ2(⌧) + V [x(⌧)]

i

<latexit sha1_base64="ohGncjQc+zdfRTA1vvoY0S7LK20=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjpfYD2hA2m027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2Fmnp9wprRtf1srq2vrG5uFreL2zu7efungsKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3g39dsjKhWLxaMeJ9SNcF+wkBGsjeQ2bhqefd7wsoCpiVcq2xV7BrRMnJyUIUfdK331gpikERWacKxU17ET7WZYakY4nRR7qaIJJkPcp11DBY6ocrPZ0RN0apQAhbE0JTSaqb8nMhwpNY580xlhPVCL3lT8z+umOrx2MyaSVFNB5ovClCMdo2kCKGCSEs3HhmAimbkVkQGWmGiTU9GE4Cy+vExaFxXnslJ9qJZrt3kcBTiGEzgDB66gBvdQhyYQeIJneIU3a2S9WO/Wx7x1xcpnjuAPrM8f436RjA==</latexit>

S = S0 + Sdis

<latexit sha1_base64="lSQK+ylXephZR94sAshP77qTu7A="></latexit>

Sdis[x(⌧)] =
1

2

ZZ �
2

� �
2

d⌧d⌧ 0F (x)(⌧ � ⌧ 0)x(⌧)x(⌧ 0) +
1

2

ZZ �
2

� �
2

d⌧d⌧ 0F (p)(⌧ � ⌧ 0)ẋ(⌧)ẋ(⌧ 0)

<latexit sha1_base64="by5icyrlpKTD6/E9ed7Bdfhiggg=">AAACGnicbVDLSgMxFM3UV62vqks3wSK40DIjRd0IRRcKbiraB3RquZNm2tBkZkgyQhnmO9z4K25cKOJO3Pg3po+Fth7IzeGce0nu8SLOlLbtbyszN7+wuJRdzq2srq1v5De3aiqMJaFVEvJQNjxQlLOAVjXTnDYiSUF4nNa9/sXQrz9QqVgY3OlBRFsCugHzGQFtpHbecS9BCMDuAT7Dw3ptirnofXLo+hJI4qSJ2/NAprfthPA0becLdtEeAc8SZ0IKaIJKO//pdkISCxpowkGppmNHupWA1IxwmubcWNEISB+6tGloAIKqVjJaLcV7RulgP5TmBBqP1N8TCQilBsIznQJ0T017Q/E/rxlr/7SVsCCKNQ3I+CE/5liHeJgT7jBJieYDQ4BIZv6KSQ9MINqkmTMhONMrz5LaUdE5LpZuSoXy+SSOLNpBu2gfOegEldEVqqAqIugRPaNX9GY9WS/Wu/Uxbs1Yk5lt9AfW1w+XqJ7Y</latexit>

� = K e�
1
~Scl

<latexit sha1_base64="8jfHvrS3cHe48RaswsWd2aIuAqA=">AAACG3icbVBNS8NAEN34bf2qevSyWIQWpCQi6kUoCuJRwarQxDDZbtKlu0nY3Ygl7f/w4l/x4kERT4IH/43bWkFbHww83pthZl6Qcqa0bX9aE5NT0zOzc/OFhcWl5ZXi6tqlSjJJaJ0kPJHXASjKWUzrmmlOr1NJQQScXgXt475/dUulYkl8oTsp9QREMQsZAW0kv7hzcpOX7yo9nx+6EQgBWGDcdRNBI/B5F7vbOPRJGf8ouIL9Ysmu2gPgceIMSQkNceYX391mQjJBY004KNVw7FR7OUjNCKe9gpspmgJpQ0QbhsYgqPLywW89vGWUJg4TaSrWeKD+nshBKNURgekUoFtq1OuL/3mNTIcHXs7iNNM0Jt+LwoxjneB+ULjJJCWadwwBIpm5FZMWSCDaxFkwITijL4+Ty52qs1fdPd8t1Y6GccyhDbSJyshB+6iGTtEZqiOC7tEjekYv1oP1ZL1ab9+tE9ZwZh39gfXxBYupnzo=</latexit>

F (x)
l = �m|!l| fc(!l)

<latexit sha1_base64="iRhFNmUoJD9ZcgcLJpnmw7tMlj8="></latexit>

F (p)
l = m[�1 + (1 + ⌧p|!l| fc(!l))

�1] ,

<latexit sha1_base64="dUqufrmIa4h6Z9qbStT9KQUEvhQ=">AAACHnicbVDJSgNBEO1xN25Rj14ag+BBwoy4XQTRi0cFs0AmhJpOT9Kkp3vorlHCkC/x4q948aCI4En/xs5ycHtQ8Hiviqp6USqFRd//9KamZ2bn5hcWC0vLK6trxfWNqtWZYbzCtNSmHoHlUiheQYGS11PDIYkkr0W9i6Ffu+XGCq1usJ/yZgIdJWLBAJ3UKh6GEUegpzSMDbA87EZgBnmvdX4zoKHUqmNEp4tgjL6joVAx9mm4t9cqlvyyPwL9S4IJKZEJrlrF97CtWZZwhUyCtY3AT7GZg0HBJB8UwszyFFgPOrzhqIKE22Y+em9Ad5zSprE2rhTSkfp9IofE2n4Suc4EsGt/e0PxP6+RYXzSzIVKM+SKjRfFmaSo6TAr2haGM5R9R4AZ4W6lrAsuJ3SJFlwIwe+X/5Lqfjk4Kh9cH5TOzidxLJAtsk12SUCOyRm5JFekQhi5J4/kmbx4D96T9+q9jVunvMnMJvkB7+MLAhmiaw==</latexit>

� =
~

kBT
�! 1 ,

<latexit sha1_base64="S0ZejUwXhBKxAXCZbAc6IkS0QPs=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiSlqBuh6MZlBfuAJpTJ9KYdOnkwMxFKyBe48VfcuFDErWt3/o2TNgttPXDhcM693HuPF3MmlWV9G6W19Y3NrfJ2ZWd3b//APDzqyigRFDo04pHoe0QCZyF0FFMc+rEAEngcet70Jvd7DyAki8J7NYvBDcg4ZD6jRGlpaNacKIAxGaYOcJ5dOb4gNG04MctSxwNFMpwbQ7Nq1a058CqxC1JFBdpD88sZRTQJIFSUEykHthUrNyVCMcohqziJhJjQKRnDQNOQBCDddP5OhmtaGWE/ErpChefq74mUBFLOAk93BkRN5LKXi/95g0T5l27KwjhRENLFIj/hWEU4zwaPmACq+EwTQgXTt2I6IToRpROs6BDs5ZdXSbdRt8/rzbtmtXVdxFFGJ+gUnSEbXaAWukVt1EEUPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+AAHWnLg=</latexit>

!` =
2⇡

�
`



  

   







  

   







Results with momentum  dissipation
<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,enhancement 
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<latexit sha1_base64="xt6UX6CpzOwLBgQ1nOb+jScOmug="></latexit>

E = exp
h
� 1

~

⇣
SB � S(0)

B

⌘ i
,

General results 
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Summary

dissipation
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e

• enhancement of the escape rate from a metastable state in a quantum Josephson 
circuit using a simple scheme 

• possibly of speeding up the relaxation dynamics towards the energy minimum 

• as proof of concept: perspective of using quantum dissipative Josephson circuits 
as quantum simulators for optimization problems

18

dissipation
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Results: fixed barrier height 
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charge dissipationphase dissipation

lines = variational method 

points = perturbave approx. 

Parameters:
<latexit sha1_base64="JOabs6r583VdcEr86YziDDBUFb4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhV0L0IgQD4jGCeUA2hNnJJBkyu7PM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8iPBNTjOt5VZWl5ZXcuu5zY2t7Z37N29upaxoqxGpZCq6RPNBA9ZDTgI1owUI4EvWMMfVsZ+454pzWV4B6OItQPSD3mPUwJG6tgHlU4CElJ8iUvYO8Ve4MuHJLpOO3beKTgT4EXizkgezVDt2F9eV9I4YCFQQbRuuU4E7YQo4FSwNOfFmkWEDkmftQwNScB0O5l8kOJjo3RxTypTIeCJ+nsiIYHWo8A3nQGBgZ73xuJ/XiuG3kU74WEUAwvpdFEvFhgkHseBu1wxCmJkCKGKm1sxHRBFKJjQciYEd/7lRVI/K7ilQvG2mC9fzeLIokN0hE6Qi85RGd2gKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gC9V5XQ</latexit>

Ctot = 6pF
<latexit sha1_base64="R002gBzk1dmguFaZX+MznczXm0Y=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8lLIrRT0WexFPFewHdJeSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKO19Y3Nre3CTnF3b//gsHR03NZxqihr0VjEqhsQzQSXrGW4EaybKEaiQLBOMG7M/M4TU5rH8tFMEuZHZCh5yCkxVvIa/XtPCNzAXqXSL5WdqjMHXiVuTsqQo9kvfXmDmKYRk4YKonXPdRLjZ0QZTgWbFr1Us4TQMRmynqWSREz72fzmKT63ygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPEzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamog3BXX55lbQvq+5VtfZQK9dv8zgKcApncAEuXEMd7qAJLaCQwDO8whtK0Qt6Rx+L1jWUz5zAH6DPH+40kFI=</latexit>

CJ ⌧ C ,

<latexit sha1_base64="PP1SrgPruf9YW+wD+vk/CIM4pEc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiZS1I1QdKO7CvYBTQiT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu994QJo0o7zrdVWlldW98ob1a2tnd29+z9g46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fhm6ncfiVQ0Fg86S4jP0VDQiGKkjRTY1U7gnHqjEEkv5mSIgrurRmDXnLozA1wmbkFqoEArsL+8QYxTToTGDCnVd51E+zmSmmJGJhUvVSRBeIyGpG+oQJwoP58dP4HHRhnAKJamhIYz9fdEjrhSGQ9NJ0d6pBa9qfif1091dOnnVCSpJgLPF0UpgzqG0yTggEqCNcsMQVhScyvEIyQR1iavignBXXx5mXTO6u55vXHfqDWvizjK4BAcgRPgggvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFTBX8gfX5A2tEk/0=</latexit>

V0/~!I = 4
fixed barrier height



<latexit sha1_base64="PP1SrgPruf9YW+wD+vk/CIM4pEc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiZS1I1QdKO7CvYBTQiT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu994QJo0o7zrdVWlldW98ob1a2tnd29+z9g46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fhm6ncfiVQ0Fg86S4jP0VDQiGKkjRTY1U7gnHqjEEkv5mSIgrurRmDXnLozA1wmbkFqoEArsL+8QYxTToTGDCnVd51E+zmSmmJGJhUvVSRBeIyGpG+oQJwoP58dP4HHRhnAKJamhIYz9fdEjrhSGQ9NJ0d6pBa9qfif1091dOnnVCSpJgLPF0UpgzqG0yTggEqCNcsMQVhScyvEIyQR1iavignBXXx5mXTO6u55vXHfqDWvizjK4BAcgRPgggvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFTBX8gfX5A2tEk/0=</latexit>

V0/~!I = 4
fixed barrier height

charge dissipationphase dissipation &

variational method 

<latexit sha1_base64="Xx+Zzz7sNNVpyIHsdbKgVkKqFo0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0ykqD0IxV7srYL9gDaEzXbTLt1swu5GKKV/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzAsSzpR2nG8rt7a+sbmV3y7s7O7tHxQPj1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDka1md9+olKxWDzqcUK9CA8ECxnB2ki9uh9c1P3arWNXKn6x5NjOHGiVuBkpQYaGX/zq9WOSRlRowrFSXddJtDfBUjPC6bTQSxVNMBnhAe0aKnBElTeZ3zxFZ0bpozCWpoRGc/X3xARHSo2jwHRGWA/VsjcT//O6qQ5vvAkTSaqpIItFYcqRjtEsANRnkhLNx4ZgIpm5FZEhlphoE1PBhOAuv7xKWpe2e2WXH8ql6l0WRx5O4BTOwYVrqMI9NKAJBBJ4hld4s1LrxXq3PhatOSubOYY/sD5/ALODkCw=</latexit>

Ib/IC = 0.99

Results: fixed barrier height 
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Parameters:
<latexit sha1_base64="JOabs6r583VdcEr86YziDDBUFb4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhV0L0IgQD4jGCeUA2hNnJJBkyu7PM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8iPBNTjOt5VZWl5ZXcuu5zY2t7Z37N29upaxoqxGpZCq6RPNBA9ZDTgI1owUI4EvWMMfVsZ+454pzWV4B6OItQPSD3mPUwJG6tgHlU4CElJ8iUvYO8Ve4MuHJLpOO3beKTgT4EXizkgezVDt2F9eV9I4YCFQQbRuuU4E7YQo4FSwNOfFmkWEDkmftQwNScB0O5l8kOJjo3RxTypTIeCJ+nsiIYHWo8A3nQGBgZ73xuJ/XiuG3kU74WEUAwvpdFEvFhgkHseBu1wxCmJkCKGKm1sxHRBFKJjQciYEd/7lRVI/K7ilQvG2mC9fzeLIokN0hE6Qi85RGd2gKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gC9V5XQ</latexit>

Ctot = 6pF
<latexit sha1_base64="R002gBzk1dmguFaZX+MznczXm0Y=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8lLIrRT0WexFPFewHdJeSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKO19Y3Nre3CTnF3b//gsHR03NZxqihr0VjEqhsQzQSXrGW4EaybKEaiQLBOMG7M/M4TU5rH8tFMEuZHZCh5yCkxVvIa/XtPCNzAXqXSL5WdqjMHXiVuTsqQo9kvfXmDmKYRk4YKonXPdRLjZ0QZTgWbFr1Us4TQMRmynqWSREz72fzmKT63ygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPEzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamog3BXX55lbQvq+5VtfZQK9dv8zgKcApncAEuXEMd7qAJLaCQwDO8whtK0Qt6Rx+L1jWUz5zAH6DPH+40kFI=</latexit>

CJ ⌧ C ,
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<latexit sha1_base64="1zKLSG53ClCXI36VBPoXWVqb5yU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgotSk1MdGKHYjrirYB7QhTKbTduhkEmYmQgn9Ajf+ihsXirh17c6/cdJkoa0XhnM4517u3OOFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D9oyiAQmLRywQHQ9JAmjnLQUVYx0Q0GQ7zHS8SaNxO88ECFpwO/VNCSOj0acDilGSkuuWWq4t/C0Aa+gVe6XoVWx7BSrKZwlYLtmUTvzgsvEzkgRZNV0za/+IMCRT7jCDEnZs61QOTESimJGZoV+JEmI8ASNSE9TjnwinXh+zgyWtDKAw0DoxxWcq78nYuRLOfU93ekjNZaLXiL+5/UiNbx0YsrDSBGO00XDiEEVwCQbOKCCYMWmmiAsqP4rxGMkEFY6wYIOwV48eZm0qxX7vFK7qxXr11kceXAEjsEJsMEFqIMb0AQtgMEjeAav4M14Ml6Md+Mjbc0Z2cwh+FPG5w/i/JW0</latexit>

CJ/C = 0, 0.01, 0.2, 0.5, 1

Results: effect of the capacitance  
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Numerics vs variational method
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bounce time:

action on the saddle point path:

0
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General formula for the Action 
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2
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bounce time:

action on the saddle point path:
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Limit case (1)
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bounce time:
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Limit case (2)
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bounce time:

Limit case (3)



Average energy loss



Perspectives

• Classical Minimum= solution of an optimization problem  
• prepare the state in an arbitrary minimum  
• switch on the unconventional interaction with the engineered environment 
• the incoherent tunneling rate increases  (environment assisted)  
➡ adiabatic evolution is not required 
➡ quantum coherence is not required 
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