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TESTS OF GENERAL RELATIVITY

1916 The theory is so elegant and self-consistent:
do we even need experimental confirmation?

Advance of Mercury’s Perihelion Deflection of Light

sl

—

Perihelion 1

Perihelion 2 Perihelion 3

Einstein: [If the measurement of the deflection of light disagrees with the
theory |1 «would feel sorry for the dear Lord, for the theory is correct!»

(The measurment agreed)



TESTS OF GENERAL RELATIVITY

1916

We actually need to test the theory aguess



TESTS OF GENERAL RELATIVITY

1916
1920 . |
Theoretical work >> Technology and experiments
. i
1960 |
& ~ \m/ N :



TESTS OF GENERAL RELATIVITY

1916
* New astrophysical discoveries (pulsars, quasars,
1920 cosmic background radiation)
1960
1980 * New technology (atomic clocks, radar, laser ranging,

cryogenic capabilities, space probes...)

New tests of General Relativity (GR)




TESTS OF GENERAL RELATIVITY

1916

1920

1960

1980

2020s

QUEST FOR STRONG GRAVITY

Unprecedented opportunities to test the most extreme
events in the universe.

What does «strong» mean?

GM 1 GM
P Rc? - R3c2
gravitational potential curvature
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TESTS OF GENERAL RELATIVITY
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STRONG GRAVITY TESTS
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A Curvature (cm_z)

STRONG GRAVITY TESTS
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First image of a Black Hole

New announcement
tomorrow!

EHT collaboration (2021), ApJL910 L12
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A Curvature (cm_z)

STRONG GRAVITY TESTS

o o o o o
o, O o o ©o

O T R e
w o ~ S =

Satellite
BBN ®

N
[=2]

2037

_.
1 Ol

ITTLRTTTTTTTTTTTTTTITTTH

- -
o O
o N
N ©
\

_ -
o, O
w w
@ a

SS

—_
'

N

=

H
E

—_
o

' '

EN

J

[~ Last scattering

-3
o

—_

O,
a
o

Galaxies

=y
'

[}

w

Lambda

w
(2]

=)

CMB peaks

‘
%) Clusters
R

—_ —_
' ' o|
(22 (%]
N (<}

—_

o,
)}
o

PO 5100

P(K)! -0
| | | |

| ]

-
o

OL‘ HTTTTTTTTITTTTTTTI

N

)

o]

—_

10° 10"
Potential p

107 10°

Space-based gravitational
wave observatory (LISA)

Amaro-Seoane+ (2017) 1702.00786

11



UNFINISHED BUSINESS

Singularities

&

*%ﬁ Cosmological -
constant problem
Dark Energy

&
‘ Quantum
i ‘ @@ ‘

Dark Matter

General Relativity (GR)

A very good door for intermediate-weak gravity:
Does it hold in the strong field regime? Let’s see if other theories don’t need a door




BEYOND GENERAL RELATIVITY
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BEYOND GENERAL RELATIVITY

N ’ ~
Modified Gravity
ool S

We will focus on a simple and paradigmatic
case and look at differences from GR

14



BEYOND GENERAL RELATIVITY

Starting from General Relativity

d4
/ J 16 T [QW]
Einstein-Hilbert Action

dghv

1
\v Einstein’s field equations Ry — §guvR =8



EINSTEIN-DILATON GAUSS-BONNET GRAVITY (EdGB)

Simplest extension of GR that modifies the large-curvature regime
GR

1
2
jd4 167T R 0up 049 4 5 e®Rép

N <




EINSTEIN-DILATON GAUSS-BONNET GRAVITY (EdGB)

Simplest extension of GR that modifies the large-curvature regime
GR

1
jd4 167T —E 8“¢0“¢+Ze¢72%3

‘v

» Low energy realization of string theories

« New dynamical field: ¢ (dilaton field) coupled with the Gauss-Bonnet
scalar (quadratic in the curvature)

* Equations of motion still of second orderin g,

 The weak-field is the same as GR

Kanti+, PRD 54 (1996), 5049
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EINSTEIN-DILATON GAUSS-BONNET GRAVITY (EdGB)

Simplest extension of GR that modifies the large-curvature regime
GR

1
jd4 167T —E 8“¢0“¢+Ze¢72%3

‘v

» Low energy realization of string theories

« New dynamical field: ¢ (dilaton field) coupled with the Gauss-Bonnet
scalar (quadratic in the curvature)

* Equations of motion still of second orderin g,

 The weak-field is the same as GR Where do we look for

large curvature
Kanti+, PRD 54 (1996), 5049 deviations fI’OI’T'I GR7
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TESTING GR WITH GRAVITATIONAL WAVES

Gravitational Waves emitted from the coalescence of black holes or

neutron stars are perfect laboratories to test the strong-field, large
curvature regime of gravity.

Inspiral Merger Ring-
down

K)K)GO

1.0 ‘ .

-1.0 H

— Numerical relativity
B Reconstructed (template)
1 I

0.30 0.35 0.40 0.45
Time (s)

Abbott+, PRL 116 (2016) 061102
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TESTING GR WITH GRAVITATIONAL WAVES

Gravitational Waves emitted from the coalescence of black holes or
neutron stars are perfect laboratories to test the strong-field, large
curvature regime of gravity.

h

20



QUASINORMAL MODES

The relaxation phase of the perturbed remnant black hole through
gravitational wave emission is called ringdown.

The (late) ringdown can be described as a superposition of damped
sinusoids with specific frequencies, the quasinormal modes

Berti+, CQG 26 (2009) 163001

T T
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normalized strain

QUASINORMAL MODES

The relaxation phase of the perturbed remnant black hole through
gravitational wave emission is called ringdown.

The (late) ringdown can be described as a superposition of damped
sinusoids with specific frequencies, the quasinormal modes

Im —imMm¢
hrd ~ Z y Anlm e
nilm
wnlm — wqullm + i w;llm
— (62.3M,,0.68)
! (30M,,0.9) wglm = fnlm |w;llm| — 1/Tnlm
-10¢ — (90M,,0)
o 5 10 15 20

i l
e~iwt — o—t/T" mCOS(ZT[fnlmt + gonlm)

Yagi (2022), 2201.06136
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QUASINORMAL MODES

Quasinormal modes (QNMs) are eigenvalues of dissipative systems

wnlm — wglm 4 w?lm

In the case of black holes, they are the eigenfunctions of the gravitational
wave equation that satisfy the boundary conditions:

Event horizon No radiation can escape Isolated black hole

Purely ingoing Purely outgoing

\



QUASINORMAL MODES

QNMs contain all the information about the underlying theory of gravity.

Black Holes in GR are described only by the mass M and spin y

w=wlM,y, x)

D (o, M) scalar charge

GOAL: Comparison of QNM spectrum of rotating black holes in EAGB
with data and with GR to look for possible deviations and their nature

24



EDGB BLACK HOLES

_ 4_\/_9( 1 u gqbZ)
/—S jdx16n R Zauc/)a ¢+4e Rép

5gtv, 8¢

Einstein’s and scalar
field equations

‘ Ringdown GW emission ‘

Perturbed EAGB black hole Relaxed EAGB black hole

Black hole solutions

0
gy +€hy, Iuv
Qo+ eEdP e«1 Po



EDGB BLACK HOLES

Equilibrium solution (e = 0) describing a rotating black hole in

Juv = 921/
® = Po

Let’s start with what we know and build up the solution perturbatively

26



EDGB BLACK HOLES

Equilibrium solution (e = 0) describing a rotating black hole in

Juv = 921/
® = Po

Let’s start with what we know and build up the solution perturbatively

Non rotating, GR black
hole, i.e. Schwarzschild

27



EDGB BLACK HOLES

Equilibrium solution (e = 0) describing a rotating black hole in

Juv = gﬂv
® = Po

Let’s start with what we know and build up the solution perturbatively

Non rotating, GR black Slowly rotating, GR
hole, i.e. Schwarzschild black hole

x=J/M*«1



EDGB BLACK HOLES

Equilibrium solution (e = 0) describing a rotating black hole in

Juv = gﬂv
® = Po

Let’s start with what we know and build up the solution perturbatively

Non rotating, GR black Slowly rotating, GR Slowly rotating,
hole, i.e. Schwarzschild black hole black hole

x=J/M*«1



EDGB BLACK HOLES

V4 .
Juy = 9,21/ Metric and scalar field of a
. slowly rotating EAGB black hole
¢ = %o in the
— 0 , We perturb it to find its
g,g _ uv ¥ characteristic oscillation
=@Pote frequencies (QNMs)

€K1



PERTURBATIONS OF EDGB BLACK HOLES

uv = gﬂv + ¢ Black hole perturbation theory

b = Do + € Regge, Wheeler Phys.Rev. 108(1957) 1063-1069
Zerilli PRD 2 (1970) 2141-2160

eK1

Scalar, vector, tensor spherical harmonics decomposition

5 DT ) G RO

tm  radial  angular

hyy s Ko, Hyon (), hoem (@), Ry (1)

Two families °* Polar (even parity)

of solutions: . Axial (odd parity)

31



2nd ORDER IN THE SPIN: POLAR

We can recast the polar set of equations as

d ~
quﬁm + PoyyWom = 0

. _ /
With Wor, = {H1 pms Kemy @1 em»> @1 2ms o e=1m » 11 0—1m No e+1m » M1 e+1m }

QNMs

Event horizon

solutions of the perturbation equations that satisfy purely ingoing
wave condition at the horizon and purely outgoing condition at infinity.

No radiation can escape Isolated black hole

Purely ingoing Purely outgoing

v



QNM SPECTRUM: 2nd SPIN ORDER

™M (y,0) = 0 () + m x 0™ () + 22 [w}(Q) + M2 ()]
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Pierini, Gualtieri (2022, TA)

33



0.000r

—0.002¢

—0.0041

6 wR(x, )
|

—0.010}

—-0.012

0.006¢

0.008¢

QNM SPECTRUM: 2nd SPIN ORDER

™M (y,0) = 0 () + m x 0™ () + 22 [w}(Q) + M2 ()]

wr(X,{) — wg; (X, 0)

Swr (X, () =

0.2 0.3

X

0.0 0.1

Pierini, Gualtieri (2022, TA)

04

WR | (x, 0)

0.008}
0.006}
-
<
=
8 0.004/
3
“w
0.002}
(111111 ST T PP PP PP
0.0 0.1 0.2 0.3 0.4
X

34



CONCLUSIONS AND FUTURE PROSPECTS

 First analytic computation of QNMs of rotating black holes in an
extension of General Relativity!

« Effect of rotation computed up to second order in the spin

* |sthe shift from GR detectable by future GW detectors (LISA, ET)?

— ,,GR -
w=w""+ P(0|d) 6 beyond-GR parameters

»

T="1R + d ringdown observations

Maselli+ PRD 101 (2020) 2, 024043



BACK UP SLIDES



E Curvature (cm_z)

STRONG GRAVITY TESTS
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GW EMISSION
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TESTING GENERAL RELATIVITY

Null tests of GR from GW events: Consistency tests

Strain (1072%)
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TESTING GENERAL RELATIVITY

Null tests of GR from GW events : Parametrised tests

—1PN OPN 05PN 1PN 15PN 2PN 25PN® 3PN 3PNO 35PN
0.0107— L ! 33—t L L L ! 1.0
0.4 |
2
0.005
0.2 1
= 0.000 0.0 % 0 <¢>
0.005 —0:2 B
' _9 P Phenom
—0.4 mam SEOB
—0.010— T T T i3 T T ~1.0 T
7)) ©o ©1 ©2 ©3 ©4 P51 6 7 /32 ﬁg az ay

Abbott+, PRD 103 (2021) 12, 122002

46




TESTING GENERAL RELATIVITY

Null tests of GR from GW events : Ringdown tests

The (late) ringdown can be described as a superposition of damped
sinusoids with specific frequencies, the quasinormal modes
Berti+, CQG 26 (2009) 163001

LIGO (2021) arXiv:2112.06861

2.5 wnlm — wym 4+ wnlm
b5
% 2.0
g
= | nlm — rnlm nlm — nlm
15 =f wrm=1/1
z
cs -
_g 1.0 v
A, i ; _+/nlm
0.5 plwt — o—t/t COS(ZT[fnlmt + gonlm)
0.0
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CONSTRAINTS ON EDGB

{=a/M?* <0691 —— a<0.691M* g R

Lightest BHs detected: 101}
J1655-40 M ~ 54 My = Ja < 6.6 km 100

(GW190814 M ~ 2.6 M = V& < 33 km) 3"} <]

AVaggep (km)
S

-1PN effect, SNR scaling with chirp mass:

Multiband and terrestrial observations of B e, e i 20
SOBH more constraining than MBHSs e i
SOBH S3 -- TERR —— Current bound
Perkins+, PRD 103 (2021) 4, 044024 SN SOBHS1-MB  — Currentbound
Il SOBH S2 -- MB
Experimental constraints: 0.6 1 GW151226 GW190720
. . 5 | 1 GW170608 GW190707 |
ppE formalism + BayeS|an = GW190924 GW190728 |
. a8 YL i
inference on stacked events g
& 0.2f
Va < 1.7 km
Perkins+, PRD 104 (2021) 2, 024060 0.0 ==%5"""% 6 8 10 12 14

Vv dedee (km)
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DILATONIC BLACK HOLES

— 1 2yu
D:-gjdz VMQOO

The mass and scalar charge can be read from the asymptotic

behaviour of

2MD
‘Po(r_’+°°)=(Po,oo+?— +0(

T2

(r - +o0) 1+2M+0<1)
- +00) = — — —
gie\r - 2

The horizon is the largest root of

Ipp9tt — g?qb =0
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BEYOND GENERAL RELATIVITY

Observational point of view: some of the most outstanding open

questions in physics can be explained by modifying the gravitational
sector

Theoretical point of view: there is no a priori reason why the General
Relativity assumptions should be true.

It is reasonable to question each of them and explore alternative
theories of gravity

Gravitational interaction mediated ONLY by the metric tensor
The metric tensor is massless
Spacetime is four-dimensional

Position-invariant, Lorentz-invarian, and parity-invariant theory

The deviations from GR must be
negligible in the weak field regime

51



BEYOND GENERAL RELATIVITY

Starting from General Relativity

Not renormalizable
4
jd x 16nR(g‘“’) (necessary for quantum

gravity)
Einstein-Hilbert Action

General Relativity becomes renormalizable if we assume that the Einstein-
Hilbert action is only the first term of an expansion in curvature invariants

S=Jd4x VI (R 42 R2

3R3 1 ...
{6 + € + -0)

Effective field theory approach: we consider a quadratic theory only as a
truncation of a more general theory



SLOWLY ROTATING EDGB BLACK HOLES

Metric and scalar field of a

Iuwv =/9p
nv 4 slowly rotating EAGB black hole
P = 9o in the

Axially symmetric spacetime expanded around static solution
Hartle, Thorne Astrophys. J. 153 (1968) 807

1
ds* = gpydxtdxY = —A(r)[1 + 2h(r,0)]dt? + B0 [1+ 2m(r, 8)]dr?
+7r2[1 + 2k(r,0)][d6? + sin? 8(d¢p — @(r,0)dt)?]
x=J/M?* <1

Slow-rotation expansion of @, h,m, k, o —— w;*(r), hi'(r), m{ (), k[ (r), ;' (1)

n = spin order
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SLOWLY ROTATING EDGB BLACK HOLES

Metric and scalar field of a

Iuwv =/9p
nv 4 slowly rotating EAGB black hole
P = 9o in the

Axially symmetric spacetime expanded around static solution
Hartle, Thorne Astrophys. J. 153 (1968) 807

1
ds? = g2, dx*dxY = —A(r)[1 + 2h(r,0)]dt? + ——[1 + 2m(r, 0)]dr?
# B(r)

+72[1 + 2k(r, 0)][d6? + sin2 6(d¢p — @ (r,6)dt)?]

Kanti+, PRD 54 (1996), 5049
Maselli+, PRD 92 (2015) 8, 083014

expansion of f = {4, B, o}, mY, h}, kI, T}

N¢
f = Z 7 ___, Intothe . Integration order by order in €
| .
= field egs to find each
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PERTURBATIONS OF EDGB BLACK HOLES

uv = gﬂv + ¢ Black hole perturbation theory

O =¢@y+e Regge, Wheeler Phys.Rev. 108(1957) 1063-1069
Zerilli PRD 2 (1970) 2141-2160

eK1

Scalar, vector, tensor spherical harmonics decomposition

SXM---(t' r,0,¢9) = 7 X(l) (T)yum(l) 6, ) p~lwt

fm .
— Polar (even) and Axial (odd)
o > 01em (IY (O, B)e
m
Ky, H ,
h » 10 radial functions ———— fmo L

,LI,V hO,fmr hl,fm
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PERTURBATIONS OF EDGB BLACK HOLES

0 L. EVEN/POLAR
Juv = Guv T yim=y,yém
D =¢ot+e USE = yagY™

1
Yig = [VAVB + Ei’({’ + 1)yAB] 17T

hee = A H, (t, 1Y ODD/AXIAL

htT‘ = H1 (t, T)Y{)m ij = EAc]/BCVByfm = EABVByem
_ £ 1

hT‘T = 1/3(7‘) HZ (t, T)Y m ngl = E(EACVB 4+ E.BCVA)Yfm

hea = ot )YA™ + ho (6, XL
hra = QLA™ + by (6, XA

— 2 m ‘m tm
hag = r2[K(t, "ULF + T Y| + ot 0 X3

Diffeomorphism invariance:

— fm
6p = ¢1(t,T)Y Regge-Wheeler gauge
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PERTURBATION EQUATIONS

10 components of linearized Einstein’s equations + scalar field equation

tt, tr,rr,00 + b, eqp

Z[(Aﬁ;m + A},c056)Yom + B}y, Sind 0gYpm + Chyp0pYem| = 0 (I =0,1,2,3,4)
m

to,ro

5 d4Y,
Z [(a{{m +a) c0s8)dgYpm — (B, + ). cos8)
fm

‘m

jmg + n{{m(sine Yorm) + fng{;m + y{,]m(sine W) =0

J=01)
0pYem Xy 7
0¢ Z [f{’m 00Ypm + Gom wing T Sfmﬁ"‘ t{’mﬁ =0
m
I Angular integration:
Xom = 2 0(3 — c0t0)Ypm Single £,m mode
F Kojima PRD 46 (1992) 4289
(a2 P ojima
Wim = (59 —cotf 0g — —; 9> Yem Pani+ PRD 92 (2015) 2, 024010

57



ANGULAR INTEGRATION

Sum over £, m — we want a single mode ¢, m
Jd.Q Y;/m/ng == 53’1?5m’m

We multiply the equations by certain combinations of Y, and we
integrate over the solid angle

€080 Yo = QesaimYes1m + QemYe-1m 00 = £2 —m?
sinf aeyfm — €Q€+1 m¥e+1m — (f + 1)Q€mY£—1m tm = 4621

Z A#’m’ f dQ Y{’*m sin6 atﬁ?yﬁ'm’ = (£ — 1)Q£mA£’—1m — (£ + 2)Q£+1 mAps1m
2'm’
We introduce couplings:

At 1st order in rotation we have £ + 1
At 2nd order in rotationwe have £ + 2, ¢ + 1
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1st ORDER IN THE SPIN

At first order in the spin we get two families of equations:

0="P;+ xmPp+ x[QemAr—1 + Qor1mAesil

0=cAp+ymAp+ x[QemPr_1 + Qry1mPrs]
Pani LIMPA 28 (2013) 1340018

For symmetry reasons, the QNM spectrum is

W™ (x, ) = 0¥ () + my () + 0(x?)
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1st ORDER IN THE SPIN

At first order in the spin we get two families of equations:

Pani IJMPA 28 (2013) 1340018

For symmetry reasons, the QNM spectrum is

W™ (x, ) = 0¥ () + my () + 0(x?)

The m dependence in the spectrum can only arise froand @

?{)+)(m73{>20
Jl{)+)(mc/l1g=0

No couplings with different €s!
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1st ORDER IN THE SPIN: POLAR SECTOR

We can recast the polar set of equations as
1
1
1

d . -
Eﬂ‘l’gm + Vorn®pom + x mUppy Wy, =0 with ¥ = (

S Sx =



1st ORDER IN THE SPIN: POLAR SECTOR

We can recast the polar set of equations as

Hy

d . ~ . K

Eﬂq’gm + nglpgm +xm Ugmlpgm =0 with ¥ = <(P1>
P1

Event horizon No radiation can escape Isolated black hole

e—L(w—m Qs eia)r*

Purely outgoing

Purely ingoing

V, U are 4x4 matrices X = (win win gout  yout)

QNMs detX| (wypm) =0
T-

m




2nd ORDER IN THE SPIN

At second order in the spin the equations assume the schematic form

0=Pp+xm Py + )% Pp+ m?x%Pp + x[QemcAr-1+ Qri1mArs1]

+m x2|QemAe—1 + Qrr1mAest| + 2| Qe 1mQemPr—z + Qrr1mQriz mPrizl

Similarly for axial perturbations

Two subsets Polar-led: only polar perturbations at O-th order in the spin

of solutions: . Axjal-led: only axial perturbations at O-th order in the spin



2nd ORDER IN THE SPIN

At second order in the spin we have

0="Pp+ymPs+ x%Pp+ m?>x%Pp + x[QomAs—1+ Qor1mAesi]

+m x| QemAs—1 + Qor1mAes1] + X Qr—1mQemPr—z + Qes1mQesz mPrizl

0=cAp+ ymcAy+ x% Ay + m?y2A, + xQemPr—1 + Qre1mPria]

+m x| QemPr-1 + Qes1 mPes1] + X2 Qr—1mQemAe—2 + Qri1mQriz mAesz]

The QNM spectrum is

WM™ (%, 0) = Wi () + m x I (O) + x*[wE(0) + mPwR (D] + 0(r®)



2nd ORDER IN THE SPIN

At , a perturbation with index € will not excite other
perturbations with different s

Let us assume | excite p, = pf,o) + )(pf) + x* p{EZ), then:

1 2
Apt1 = +X agi)l +x* agu_r)1 +0(x*)

I Dotz = + x° Péi)z +0(x%)

0=Pp+xmPp+ x% Pp+m?x%Pp + x[QemcAr—1+ Qpi1mAri1]

+m 12 (@Al + Qs wodisy | + 22 [QecamQemPis + Qs mQerz mFova)

0= 04€+1 + ym c/i{q_l + XZM‘F mz)(zv%:p*-l' X [Q{’+1 m:ﬁ{’ + Q{’+2 Ml
+m )(2 [Q€+1mj5{’ + Q{)mzl als )(2 lQ{’mQ{’+1mﬁ7>1\+ Q{’+2 mQ{’+3TM
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2nd ORDER IN THE SPIN

Two subsets of solutions:
» Polar-led: polar perturbation not vanishing at zero-th order in the spin

» Axial-led: axial perturbation not vanishing at zero-th order in the spin

Focusing on the polar-led sector
0="P,+xmPp+ x> Py + m?x2Pp + x[QemAr—1 + Qpr1 mAes1l

0=cApyq +xm c’CZ{’+1 + X0Qp41 m:ﬁ{’ + mXZQHlm:}VD{’

0=cApq+xmAp_q1+ xQemPe +m x*QomP;



2nd ORDER IN THE SPIN: POLAR-LED

We can recast the system as

d ~
quﬁm + PoyyWom = 0

. _ /
With Wor, = {H1 pms Kemy @1 em»> @1 2ms o e=1m » 11 0—1m No e+1m » M1 e+1m }

In order to find the QNM spectrum we build an 8x8 matrix X containing a
basis of solutions

XE(‘Plin lpzin 1P3in q;in q;lout lpé)ut q;é)ut lpgut)

QNMs dEtX((Un{)m) =0
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QNM SPECTRUM
W™ (1,9) = Wit () + m x Wi Q) + XPwFi () + MPwRE (] + 0(r®)

How do we find the coefficients of the expansion?



QNM SPECTRUM

W 00.8) =@ Q)+ m X @I Q)+ QB @) + M) + 00)

How do we find the coefficients of the expansion?

Data points for different interpolation
values of y and ¢

= lim ™™ (y, Q)
X0

. Oyl0™™(r,0)]
i (¢) = lim ==

(@1 Q)= [080) + miaw (O] = L lim 2107 (1, )

> a)nfm (X: ()
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6 w*R(x. {)
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—-0010

—-0015
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—0.030

QNM SPECTRUM: 2nd SPIN ORDER

W™ (x, ) = 0wl (Q) + my () + x?[wi() +m

2, .nt
Wy

Swr (X, () =

wr (X, () — wg (X, 0)

WR, (x, 0)

Q]

0010
""""" m 0008 |
(=02 02 =0,
£=02 01 <, 0006 | . ]
—— (=04 02 > }
----- £=04 O1 3 .
3 0004 B ]
<0 \
0002 | ]
0000 |
00 01 02 03 04 00 01 02 03 04
X X

Pierini, Gualtieri (2022)
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070

068

062 |

060

QNM SPECTRUM: 2nd SPIN ORDER

™M (y,0) = 0 () + m x 0™ () + 22 [w}(Q) + M2 ()]

—00905 [~
n=0, =3, m=3, {=0 n=0, 1=3, m=3, {=0
i —-00910
n=0,1=3, m=3, {=02 n=0, =3, m=3, {=02
n=0, 1=3, m=3, (=04 1 n=0, =3, m=3, /=03
—-00915 |
1T
\»
>3 -00920 |
=
1 <
3
—00925 t
—-00930 f
—-00935 t
00 01 02 03 04 00 01 02 03 04
X X

Pierini, Gualtieri (2022)
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QNM SPECTRUM: 2nd SPIN ORDER

™M (y,0) = 0 () + m x 0™ () + 22 [w}(Q) + M2 ()]

wr (X, () — wg;(x,0)
wg (X, 0)

Swr (X, () =

e 0.0025
_____ -1
—0.0005 — m=1 m
_____ m=—2
] - 0.0020
N n
T 7 N
Sgn co0 CH)
3§ __--—--—“"_'_'_'_'_'____---——':—’::—_-— \‘3 00015 |
&« -00015 ¢ PP L S\S
E szz2to==""" :
) S
03 3 0.0010 +
— m=2
> -00020 - 3 T -
— m=1
_____ m=—2
0.0005 — m=0
—0.0025
0.0000
0.0 01 0.2 03 04 00 . - N ,
' X

Pierini, Gualtieri (2022)
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2)
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6 (1)03 mR(X: év
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QNM SPECTRUM: 2nd SPIN ORDER

W™ (x, ) = 0wl (Q) + my () + x?[wi() +m

wr (X, () — wg;(x,0)

Swr (X, () =

— m=3

----- m=-1
— m=2

----- m=-2
— m=1

m=-3
— m=0

00 01 0.2 03 04
X

Pierini, Gualtieri (2022)
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QNM SPECTRUM: 0th SPI

N ORDER

"™ (2, 9) .+mxwﬁ’<<> 7|03 + mPwfp (O] + 00)

nl nl,GR
w"o/w
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Checked with Blazquez Salcedo+ PRD 94 (2016) 10, 104024
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QNM SPECTRUM: 1st SPIN ORDER

WM™, 0) = wpf () + m x WO+ xP[wph(§) + mPwi ()] + 0(x?)

0.00100 ®
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0.00090 |

_ 000085 |
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c
3 0.00080 |
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061 1
006 0.00065 _o——//\ ]
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Ve 4
Pierini, Gualtieri PRD103 (2021) 124017
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QNM SPECTRUM: 2nd SPIN ORDER

W™ (x1,Q) = Wit () + m x w1 () + xP@Fi () + MPwZE (D] + 0(r)

Using different values of m for

wFM(Q) = [wF() + m2wli ()]

we get a set of simple equations for w, 4, wop.

For example for £ = 2:

n2l1 _ , n22
w2 = 20 — 4 w3 w3
2a — 2 -
3
n22 _ , n20 n22 _ , n21
n2 _ ,.n21 n20 __ W3 W3 _ W3 W3
Wyp = Wy Wy ~ =

4 B 3



QNM SPECTRUM: 2nd SPIN ORDER
DT E) = WO +mx W ©) + @B D MR ()] + 0G)
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Pierini, Gualtieri (2022)
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GW EMISSION

P:ZQi(Ti—R) Zmi(ri—RCM)=0

d*Ry
dt2 =zmiai—MaCM =0
i




