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h = ∑
lm

Alm e−iωlmt−t/τlm 2Ylm

 label the different quasinormal modes (QNMs)(l, m)

exponentially damped 
harmonic oscillations

 and  are known 
once  and  are fixed
ωlm τlm

M a

τlm

ωlm

damping time

oscillation frequency
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ι

        face-offι = 0
    edge-onι = π/2

 is the inclinationι

2Ylm(ι, φ)
h = ∑

lm
Alm e−iωlmt−t/τlm 2Ylm

(spin-weighted) 
spherical harmonics

Jiménez-Forteza et al. (2020) 
2005.03260
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h = ∑
lm

Alm e−iωlmt−t/τlm 2Ylm

amplitude

 depend on the specific 
process that perturbs the BH
Alm

 are not known analyticallyAlm

TEOBPM includes  in the modelAlm

(informed on NR simulations)

Alm

TEOBPM: Damour, Nagar (2014) 
1406.0401
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• dominant contribution             

• subdominant contribution      

(2,2)

(3,3), (2,1), (4,4)

for quasi-circular BHs with equal masses  :m1 ≃ m2

•   is the fundamental mode 

•   are higher modes (HMs)

(2,2)

(l, m) ≠ (2,2)

which modes are observable in the ringdown?

m1

m2
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HMs can be excited by :

• increasing the mass ratio  

• increasing the spins  and 

q ≡ m1/m2

χ1 χ2

(q = 8)
are detectable?

Bayes factor B

m1

m2

first, how we can detect them
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(with )ln B = 5
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2 (1 − FF2) SNR2
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C.3.6 Multimodal analysis additional plots

In this paragraph, we report additional results on some special events, namely on GW150914,
GW190521A, GW190521B. The following results correspond to the multimodal analysis
described in section 6.4.2. For each event, we show the reconstructed waveform in time
domain, the corner plot for the parameters {m1,m2,�1,�2}, a table with the comparison
of our results with the ones provided by the LIGO-Virgo-KAGRA collaboration.

GW150914

Figure C.10: Corner plots of the masses and spins of the initial black holes for the event GW150914. The
model used is TEOBPM with only the fundamental mode (2, 2). The masses are expressed in the detector
frame.
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TEOBPM 39.8+10.6
�6.1 28.2+6.8

�12.2 320
+140
�140 13.0+1.7

�1.6

Table C.2: Parameter estimation results of the LIGO-Virgo-KAGRA collaboration (LVK) and the TEOBPM
results, from section 6.4.2, on the event GW150914. The LVK values have been taken from Abbott et al. (2019b),
and correspond to the median values with the bounds of the 90% credible intervals around the medians.

GW150914

… except for one event GW190521B
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Figure C.17 shows the analytical prediction on the detectability of higher modes for
the parameters of GW190521B. We can see that, while the mode (3, 3) is detectable for
signal-to-noise ratios of about ⇠ 14, the other modes are not observable in our analysis.

Figure C.17: Colormap of the optimal signal-to-noise ratio needed for obtaining a logarithmic Bayes factor of
lnBlm,22 = 2.03, as a function of the mass ratio q and inclination ◆. The values of the spins of the initial black
holes are �1 = 0.67 and �2 = 0, which correspond to the ones found by in our analysis. The red dot shows
the median values of the mass ratio and inclination measured, which are q = 2.1, ◆ = 0.8. Each panel shows
the results for a different higher mode considered, specified on the top of the panel.

C.4 Observations of higher modes in the literature

We briefly report all the current observations of higher modes present in the literature.

event reference lnBlm,22 coalescence type

GW170729 Chatziioannou et al. (2019) 1.6 BBH IMR
GW190814A Abbott et al. (2020c) 22.1 BH-(?) IMR
GW190412A Abbott et al. (2020a) 8.3 BBH IMR
GW190521A Capano et al. (2021) 3.8 IMBH RD
GW190521B this work 2.0 BBH RD

Table C.6: Observations of higher modes in the literature. IMR stands for inspiral-merger-ringdown, RD
for ringdown; BBH for binary black holes, IMBH for intermediate-mass black hole. The lighter black hole in
GW190814 has a mass of m2 = 2.6M�, and its nature is probably unknown. Note that the logarithmic Bayes
factor is in basis of e.
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Figure C.17 shows the analytical prediction on the detectability of higher modes for
the parameters of GW190521B. We can see that, while the mode (3, 3) is detectable for
signal-to-noise ratios of about ⇠ 14, the other modes are not observable in our analysis.

Figure C.17: Colormap of the optimal signal-to-noise ratio needed for obtaining a logarithmic Bayes factor of
lnBlm,22 = 2.03, as a function of the mass ratio q and inclination ◆. The values of the spins of the initial black
holes are �1 = 0.67 and �2 = 0, which correspond to the ones found by in our analysis. The red dot shows
the median values of the mass ratio and inclination measured, which are q = 2.1, ◆ = 0.8. Each panel shows
the results for a different higher mode considered, specified on the top of the panel.
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 ln B33,22 = 0.40
but RD is weakly measured

 (SNR = 5)

 RD not informative

no HMs in GW190521A
ln B33,22 = 0.13
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Figure C.17 shows the analytical prediction on the detectability of higher modes for
the parameters of GW190521B. We can see that, while the mode (3, 3) is detectable for
signal-to-noise ratios of about ⇠ 14, the other modes are not observable in our analysis.
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the median values of the mass ratio and inclination measured, which are q = 2.1, ◆ = 0.8. Each panel shows
the results for a different higher mode considered, specified on the top of the panel.
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GW150914

… except for one event GW190521B

 ln B33,22 = 0.40
but RD is weakly measured

 (SNR = 5)

 RD not informative

no HMs in GW190521A
ln B33,22 = 0.13

HMs in GW190521B
ln B33,22 = 2.03
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(2,2) (2,2) + (3,3)
• change of posterior distributions 

•  preferred with (3,3) B33,22 ≃ 8
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(2,2) (2,2) + (3,3)

• change of posterior distributions 

•  preferred with (3,3) B33,22 ≃ 8

SNR needed to detect the (3,3) (with )ln B = 2

considering large uncertainties, 
agreement with predictions

SNR = 10.6+1.7
−1.7
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• ringdown is the sum of different quasinormal modes of vibration, characterised by  and  

• modelling the amplitudes on NR, the TEOBPM model is particularly suited to study higher modes 

• higher modes can be detected if the system has high mass-ratio or inclinations 

• we have verified TEOBPM over GWTC-3 and found results consistent with previous analyses 

• marginal evidence of the mode (3,3) on one event, but further studies are needed 

• observing higher modes is crucial to test no-hair theorem and predictions from GR

ωlm τlm
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h = ∑
lm

Alm e−iωlmt−t/τlm Ylm

(  after the peak of the signal)∼ 15M

linear regimenonlinear regime

• if you start too late, you are 
sure to work in the linear 
regime, but lose all the signal 

• if you start too early, you 
apply a linear model to 
nonlinear data

linear perturbations

when the RD starts?
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h = ∑
lm

Alm e−iωlmt−t/τlm Ylm

(  after the peak of the signal)∼ 15M

linear regimenonlinear regime

• if you start too late, you are 
sure to work in the linear 
regime, but lose all the signal 

• if you start too early, you 
apply a linear model to 
nonlinear data

difficult to choose the starting time results depend on the starting time

linear perturbations

when the RD starts?
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• effective one-body models can 
model early times nonlinearities 

• the RD is expressed in terms of 
the progenitors m1, m2, χ1, χ2

h = ∑
lm

Alm e−iωlmt−t/τlm Ylm

[ A1 e−iω1t−t/τ1 + A2 e−iω2t−t/τ2 + … ]
TEOBPM

nonlinearities are fitted on NR

peak of the WF
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• effective one-body models can 
model early times nonlinearities 

• the RD is expressed in terms of 
the progenitors m1, m2, χ1, χ2

• fix the problem of the starting time 

• use more data with high SNR

• unambiguous results 

• more accurate results

advantages:

( more SNR)∼ 20 %

h = ∑
lm

Alm e−iωlmt−t/τlm Ylm

[ A1 e−iω1t−t/τ1 + A2 e−iω2t−t/τ2 + … ]
TEOBPM

nonlinearities are fitted on NR

peak of the WF
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6.3 Detectability of higher modes

We have discussed the reliability of the TEOBPM model, assessing the quality of each
multipole separately. Now, we want to study how different modes contribute to the full
waveform, and how this contribution changes over the parameter space. This is crucial to
characterise the impact of higher modes in the signal, and consequently their detectability.
In sections 3.8 and 5.1, we have seen that the final contribution of each mode is determined
by three factors:

• the intrinsic parameters of the system;

• the position of the observer with respect to the source;

• the orientation of the detector.

We will neglect the effect of the antenna pattern functions, and consider only the signal
arriving at the detector. Then, the parameters that mostly determine the contribution of
each mode are the mass ratio q and the inclination50 ◆. To characterise the contribution
of the higher modes with respect to the fundamental mode, we evaluate the mismatch
between two TEOBPM waveforms, one with only the fundamental mode (2, 2), the other
with the fundamental plus some higher mode, that is, (2, 2)+(l,m). However, we now use
a different scalar product to take into consideration also the sensitivity of the detector at
different frequencies. From equation (4.4.6), we rewrite the scalar product weighted with
the inverse autocovariance matrix

ha|bi ⌘ aTC�1
nnb̄, (6.3.1)

where a and b are two time series, and Cnn is the autocovariance matrix of the detector’s
noise51, introduced in equation (4.3.14). Then, following equation (6.2.3), the fitting factor
and the mismatch are

FF ⌘ max
✓2⇥lm

(
hhlm|h22i2

hhlm|hlmi hh22|h22i

)
, MM = 1� FF, (6.3.2)

where ✓ are the parameters of the model, and ⇥lm is the parameter space. Of course,
the condition on the maximum is irrelevant in this scenario, as the two waveforms are
already fixed once the input parameters are specified. Considering only the higher modes
{(2, 1), (3, 3), (3, 2), (4, 4)}, figure 6.6 shows the MM% as a function of mass ratio q 2 [1, 5]

and inclination ◆, for initial nonspinning black holes �1 = �2 = 0. Other similar plots, with
different combinations of initial parameters, can be found in appendix C.3.3.

50The inclination is the angle between the direction of the orbital angular momentum and the position of
the observer in the source frame, see section (5.1.2).

51Specifically, we have used the amplitude spectral density of the advanced LIGO design to estimate the
autocovariance matrix, as explained in section 4.5.1. Note that the fitting factor only depends on the shape of
the amplitude spectral density and not on the actual sensitivity of the design, because every scaling simplifies
in equation (6.3.2). As a consequence, the specific design of the detector has little impact on our analysis.

we quantify the contribution 
of HMs  wrt the  

through the mismatch
(l, m) (2,2)

•  is typically dominant 

• for  and , the  is 
 of the  in the RD 

(3,3)

q ∼ 2 ι ∼ 1 (3,3)
∼ 1 % (2,2)
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•  

•  

•  

•  

•

m1 = 66.9+11.9
−13.4 M⊙

m2 = 31.9+13.8
−14.0 M⊙

ι = 0.84+1,37
−1.19

χ1 = 0.67+0.24
−0.46

SNR = 10.6+1.7
−1.7

parameter estimation:

q ∼ 2



4 .  T E S T S  O F  N O - H A I R

• Vasco Gennari - Third Gravi-Gamma October 2022 41



• Vasco Gennari - Third Gravi-Gamma October 2022 42

why are higher modes important?

T E S T  O F  N O - H A I R  T H E O R E M  I
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recall that  and  are determined by only  and  of the final BHωlm τlm M a

BHs have no hairs

a, Mwhy are higher modes important?

T E S T  O F  N O - H A I R  T H E O R E M  I
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recall that  and  are determined by only  and  of the final BHωlm τlm M a

every additional hair of the BH will change the values of  and ωlm τlm

BHs have no hairs

a, Mwhy are higher modes important?

T E S T  O F  N O - H A I R  T H E O R E M  I

a, M
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recall that  and  are determined by only  and  of the final BHωlm τlm M a

every additional hair of the BH will change the values of  and ωlm τlm

by measuring  and  we can test the predictions of general relativityωlm τlm

BHs have no hairs

test of no-hair theorem

a, Mwhy are higher modes important?

T E S T  O F  N O - H A I R  T H E O R E M  I

a, M
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21

TABLE IX. The median value and symmetric 90% credible interval
of the redshifted frequency and damping time estimated using the
full IMR analysis (IMR), the pyRing analysis with a single damped
sinusoid (DS), and the pSEOBNRv4HM analysis (pSEOB).

Event Redshifted Redshifted
frequency [Hz] damping time [ms]

IMR DS pSEOB IMR DS pSEOB

GW150914 248+8
�7 247+14

�16 � 4.2+0.3
�0.2 4.8+3.7

�1.9 �
GW170104 287+15

�25 228+71
�102 � 3.5+0.4

�0.3 3.6+36.2
�2.1 �

GW170814 293+11
�14 527+340

�332 � 3.7+0.3
�0.2 25.1+22.2

�19.0 �
GW170823 197+17

�17 222+664
�62 � 5.5+1.0

�0.8 13.4+31.8
�9.8 �

GW190408 181802 319+11
�20 504+479

�459 � 3.2+0.3
�0.3 10.0+32.5

�8.9 �
GW190421 213856 162+13

�14 � 171+50
�16 6.3+1.2

�0.8 � 8.5+5.3
�4.2

GW190503 185404 190+17
�15 � 265+501

�79 5.3+0.8
�0.8 � 3.5+3.4

�1.8

GW190512 180714 382+32
�42 220+686

�42 � 2.6+0.2
�0.2 26.1+21.3

�22.9 �
GW190513 205428 242+25

�27 250+493
�88 � 4.3+1.2

�0.4 5.3+19.2
�3.8 �

GW190519 153544 127+10
�9 123+11

�19 124+12
�13 9.7+1.7

�1.6 9.7+9.0
�3.8 10.3+3.6

�3.1

GW190521 68+3
�4 65+3

�3 67+2
�2 16.0+4.0

�2.5 22.1+12.4
�7.4 30.7+7.7

�7.4

GW190521 074359 198+7
�8 197+15

�15 205+15
�12 5.4+0.4

�0.4 7.7+6.4
�3.3 5.3+1.5

�1.2

GW190602 175927 105+10
�9 93+13

�22 99+15
�15 10.2+2.0

�1.5 10.0+17.2
�4.5 8.8+5.4

�3.6

GW190706 222641 109+11
�10 109+7

�12 112+7
�8 11.3+2.3

�2.3 20.4+25.2
�12.9 19.4+7.2

�8.9

GW190708 232457 497+10
�46 642+279

�596 � 2.1+0.2
�0.1 24.6+23.0

�22.6 �
GW190727 060333 178+17

�16 345+587
�267 201+11

�21 6.2+1.1
�0.8 21.1+25.6

�17.9 15.4+5.3
�6.1

GW190828 063405 239+10
�11 247+350

�15 � 4.8+0.6
�0.5 17.3+25.3

�10.4 �
GW190910 112807 177+8

�8 166+9
�8 174+12

�8 5.9+0.9
�0.5 13.2+17.1

�6.2 9.5+3.1
�2.7

GW190915 235702 232+13
�18 534+371

�493 � 4.6+0.7
�0.6 15.0+30.1

�13.1 �

set of simulated numerical relativity signals with parameters
consistent with GW190521 into real data immediately adja-
cent to the event, and ran the pSEOB analysis on them. For
3 out of 5 injections around the event we recover posteriors
that overestimate the damping time and for which the injected
GR value lies outside the 90% credible interval, suggesting
that the overestimation of the damping time for GW190521 is
a possible artifact of noise fluctuations. A similar study was
conducted with pyRing using the damped sinusoid model for
GW190828 063405 and we also observed overestimations of
the damping time. This suggests that the overestimation of
the damping time is a common systematic error for low-SNR
signals.

In Fig. 14, we show the 90% credible region of the joint
posterior distribution of the frequency and damping time devia-
tions, as well as their respective marginalized distributions. We
only include events that have SNR > 8 in both the inspiral and
postinspiral regimes, with cuto↵ frequencies as in Table IV.
This is because, in order to make meaningful inferences about
� f̂220 and �⌧̂220 with pSEOB in the absence of measurable HMs,
the signal must contain su�cient information in the inspiral
and merger stages to break the degeneracy between the binary
total mass and the GR deviations. The fractional deviations
obtained this way quantify the agreement between the pre- and
postmerger portions of the waveform, and are thus not fully
analogous to the pyRing quantities.

From Fig. 14, the frequency and the damping time of the 220
mode are consistent with the GR prediction (� f̂220 = �⌧̂220 = 0)
for GW190519 153544 and GW190521 074359, while for

�0.5 0.0 0.5 1.0 1.5

�f̂220

�0.5

0.0

0.5

1.0

1.5

��̂
22

0

GW190519 153544

GW190521 074359

GW190910 112807

hierarchically
combined

FIG. 14. The 90% credible region of the joint posterior distribution
of the fractional deviations of the frequency � f̂220 and the damping
time �⌧̂220, and their marginalized posterior distributions, for the
` = |m| = 2, n = 0 mode from the pSEOBNRv4HM analysis. We only
include events that have SNR > 8 in both the inspiral and postinspiral
stage in this plot where we have su�cient information to break the
degeneracy between the binary total mass and the fractional deviation
parameters in the absence of measurable HMs. The measurements
of the fractional deviations for individual events, and as a set of
measurements, both show consistency with GR.

GW190910 112807 it shows excellent agreement with GR
for � f̂220 but the GR prediction has only little support in the
marginalized posterior distribution of �⌧̂220.

In spite of the low number of events, we also apply the
hierarchical framework to the marginal distributions in Fig. 14.
The population-marginalized constraints are � f̂220 = 0.03+0.38

�0.35
and �⌧̂220 = 0.16+0.98

�0.98, which are consistent with GR for both
parameters. The �⌧̂220 measurement is uninformative, which
is not surprising given the spread of the GW190910 112807
result and the low number of events. The hyperparameters also
reflect this, since they are constrained for � f̂220 (µ = 0.03+0.17

�0.18,
� < 0.37) but uninformative for �⌧̂220 (µ = 0.16+0.47

�0.46, � <
0.88). The bounds for the fractional deviation in frequency
for the 220 mode, from the pSEOB analysis, and for the 221
mode, from the pyRing analysis, can be used to cast constraints
on specific theories of modified gravity that predict non-zero
values of these deviations [234, 235], as well as to bound
possible deviations in the ringdown spectrum caused by a non-
Kerr-BH remnant object (see, e.g., [236]).

B. Echoes

It is hypothesized that there may be compact objects having
a light ring and a reflective surface located between the light

ωlm = ωGR
lm (1 + δωlm)

τlm = τGR
lm (1 + δτlm)

consider fractional deviations from GR

a, M
δω
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TABLE IX. The median value and symmetric 90% credible interval
of the redshifted frequency and damping time estimated using the
full IMR analysis (IMR), the pyRing analysis with a single damped
sinusoid (DS), and the pSEOBNRv4HM analysis (pSEOB).

Event Redshifted Redshifted
frequency [Hz] damping time [ms]

IMR DS pSEOB IMR DS pSEOB

GW150914 248+8
�7 247+14

�16 � 4.2+0.3
�0.2 4.8+3.7

�1.9 �
GW170104 287+15

�25 228+71
�102 � 3.5+0.4

�0.3 3.6+36.2
�2.1 �

GW170814 293+11
�14 527+340

�332 � 3.7+0.3
�0.2 25.1+22.2

�19.0 �
GW170823 197+17

�17 222+664
�62 � 5.5+1.0

�0.8 13.4+31.8
�9.8 �

GW190408 181802 319+11
�20 504+479

�459 � 3.2+0.3
�0.3 10.0+32.5

�8.9 �
GW190421 213856 162+13

�14 � 171+50
�16 6.3+1.2

�0.8 � 8.5+5.3
�4.2

GW190503 185404 190+17
�15 � 265+501

�79 5.3+0.8
�0.8 � 3.5+3.4

�1.8

GW190512 180714 382+32
�42 220+686

�42 � 2.6+0.2
�0.2 26.1+21.3

�22.9 �
GW190513 205428 242+25

�27 250+493
�88 � 4.3+1.2

�0.4 5.3+19.2
�3.8 �

GW190519 153544 127+10
�9 123+11

�19 124+12
�13 9.7+1.7

�1.6 9.7+9.0
�3.8 10.3+3.6

�3.1

GW190521 68+3
�4 65+3

�3 67+2
�2 16.0+4.0

�2.5 22.1+12.4
�7.4 30.7+7.7

�7.4

GW190521 074359 198+7
�8 197+15

�15 205+15
�12 5.4+0.4

�0.4 7.7+6.4
�3.3 5.3+1.5

�1.2

GW190602 175927 105+10
�9 93+13

�22 99+15
�15 10.2+2.0

�1.5 10.0+17.2
�4.5 8.8+5.4

�3.6

GW190706 222641 109+11
�10 109+7

�12 112+7
�8 11.3+2.3

�2.3 20.4+25.2
�12.9 19.4+7.2

�8.9

GW190708 232457 497+10
�46 642+279

�596 � 2.1+0.2
�0.1 24.6+23.0

�22.6 �
GW190727 060333 178+17

�16 345+587
�267 201+11

�21 6.2+1.1
�0.8 21.1+25.6

�17.9 15.4+5.3
�6.1

GW190828 063405 239+10
�11 247+350

�15 � 4.8+0.6
�0.5 17.3+25.3

�10.4 �
GW190910 112807 177+8

�8 166+9
�8 174+12

�8 5.9+0.9
�0.5 13.2+17.1

�6.2 9.5+3.1
�2.7

GW190915 235702 232+13
�18 534+371

�493 � 4.6+0.7
�0.6 15.0+30.1

�13.1 �

set of simulated numerical relativity signals with parameters
consistent with GW190521 into real data immediately adja-
cent to the event, and ran the pSEOB analysis on them. For
3 out of 5 injections around the event we recover posteriors
that overestimate the damping time and for which the injected
GR value lies outside the 90% credible interval, suggesting
that the overestimation of the damping time for GW190521 is
a possible artifact of noise fluctuations. A similar study was
conducted with pyRing using the damped sinusoid model for
GW190828 063405 and we also observed overestimations of
the damping time. This suggests that the overestimation of
the damping time is a common systematic error for low-SNR
signals.

In Fig. 14, we show the 90% credible region of the joint
posterior distribution of the frequency and damping time devia-
tions, as well as their respective marginalized distributions. We
only include events that have SNR > 8 in both the inspiral and
postinspiral regimes, with cuto↵ frequencies as in Table IV.
This is because, in order to make meaningful inferences about
� f̂220 and �⌧̂220 with pSEOB in the absence of measurable HMs,
the signal must contain su�cient information in the inspiral
and merger stages to break the degeneracy between the binary
total mass and the GR deviations. The fractional deviations
obtained this way quantify the agreement between the pre- and
postmerger portions of the waveform, and are thus not fully
analogous to the pyRing quantities.

From Fig. 14, the frequency and the damping time of the 220
mode are consistent with the GR prediction (� f̂220 = �⌧̂220 = 0)
for GW190519 153544 and GW190521 074359, while for

�0.5 0.0 0.5 1.0 1.5

�f̂220

�0.5

0.0

0.5

1.0

1.5

��̂
22

0

GW190519 153544

GW190521 074359

GW190910 112807

hierarchically
combined

FIG. 14. The 90% credible region of the joint posterior distribution
of the fractional deviations of the frequency � f̂220 and the damping
time �⌧̂220, and their marginalized posterior distributions, for the
` = |m| = 2, n = 0 mode from the pSEOBNRv4HM analysis. We only
include events that have SNR > 8 in both the inspiral and postinspiral
stage in this plot where we have su�cient information to break the
degeneracy between the binary total mass and the fractional deviation
parameters in the absence of measurable HMs. The measurements
of the fractional deviations for individual events, and as a set of
measurements, both show consistency with GR.

GW190910 112807 it shows excellent agreement with GR
for � f̂220 but the GR prediction has only little support in the
marginalized posterior distribution of �⌧̂220.

In spite of the low number of events, we also apply the
hierarchical framework to the marginal distributions in Fig. 14.
The population-marginalized constraints are � f̂220 = 0.03+0.38

�0.35
and �⌧̂220 = 0.16+0.98

�0.98, which are consistent with GR for both
parameters. The �⌧̂220 measurement is uninformative, which
is not surprising given the spread of the GW190910 112807
result and the low number of events. The hyperparameters also
reflect this, since they are constrained for � f̂220 (µ = 0.03+0.17

�0.18,
� < 0.37) but uninformative for �⌧̂220 (µ = 0.16+0.47

�0.46, � <
0.88). The bounds for the fractional deviation in frequency
for the 220 mode, from the pSEOB analysis, and for the 221
mode, from the pyRing analysis, can be used to cast constraints
on specific theories of modified gravity that predict non-zero
values of these deviations [234, 235], as well as to bound
possible deviations in the ringdown spectrum caused by a non-
Kerr-BH remnant object (see, e.g., [236]).

B. Echoes

It is hypothesized that there may be compact objects having
a light ring and a reflective surface located between the light

ωlm = ωGR
lm (1 + δωlm)

τlm = τGR
lm (1 + δτlm)

consider fractional deviations from GR

with the measurement of 2 modes we can:

• use one mode to set  and  

• use the second to compare predictions of GR

M a

authentic test of no-hair

a, M
δω


