
c.sasso@inrim.it

End-to-End simulation of LISA interferometric link

C.P.Sasso
&  G.Mana

INRIM – Strada delle cacce, 91
10135 Torino ITALY
www.inrim.it

mailto:c.sasso@inrim.it


19 
buildings

143 
Laboratories

130.000 m2

campus

225 
reserachers

and 
technicians

29 M€ di 
founded
reserach
projects

2

Relatore
Note di presentazione
INRIM is the Italian metrological instituteWe give reference for all the SI units and we perform research on the science of measurement. This enable us to give support to several areas of science and technology: from quantum enhanced measurement up to food quality, passing through metrology for space or fundamental physics, that also at the base of the development of the pure metrological research. 



Avogadro project – measuring NA

𝑁𝑁A = 𝑀𝑀
𝑚𝑚(𝑆𝑆𝑆𝑆)

= 8𝑀𝑀
𝜌𝜌𝑚𝑚𝑎𝑎3

a
Crystal density method

©
BIPM

M Molar mass of Si28;
ρm  mean density msp/Vsp;
𝒂𝒂𝟑𝟑 volume of the unit cell;
8 Atoms in the unit cell;

Relatore
Note di presentazione
Going deeper in the activity of my research group, we have worked at the measure of the Avogadro number and the redefinition of the unit of mass by counting the atom in a silicon sphere and establishing definitively the new Si that is based on a set of fundamental constant of physics (in 2019)



Unit cell volume

ρ, θ nrad
Ψ μrad
x pm
y, z  nm (frazioni di )

Active digital controls on the 6 mechanical DoF

Pitch (ρ), Yaw (θ) and displacement x – Optical interferometry;

Roll (Ψ) and translation z-y – capacitive sensors (less demanding);

x y

z

θ

ρΨ

Combining x-ray and optical interferometry

Relatore
Note di presentazione
Our group is the only one that has developed the measurement of the lattice constant of Si at the level necessary for the redefinition of the unit of mass: 3x10^-9. This has required to combine optical and x-ray interferometry at the state of the art and to develop mechanical controls under extreme requirements



Unit cell volume

Si lattice parameter measurement by centimeter X-ray interferometry - 13 October 2008 / Vol. 16, No. 21 / OPTICS EXPRESS 16877

Thermo vacuum chamber



LISA  - Phase noise

• Wavefront changes of the beam at the detector –
light passing at different angle in the telescope – optics 
instabilities

• Jitter– far field: not perfectly spherical wave – coupling 
between angle of jitter and the aberrations on the 
detector TILT TO LENGTH COUPLING

• Local interferometer

• Instabilities of the path-length in the telescope

Geometrical effect

Relatore
Note di presentazione
Let’s go to the subject of the presentation. Of course LISA will be one of the most sophisticated interferometers with pm displacement sensitivity and therefore will be affected by any tiny source of phase and path length noise in the band of interest of the measurement. Here I have described some of the sources that could be wrongly interpreted as the passage of a gravitational wave  



Similar aberrations are 
introduced by the identical 

telescope optics 

z=2.5x106 km

Rayleigh-Sommerfeld

The transmitted beam 
is parallel to the local 

reference

jitter
Wavefront aberrations are 
imposed at the exit pupil of 

the T/T

T/T

R/T

+
α and β govern the tilt aberrations

Heterodyne phase

Relatore
Note di presentazione
The objective of the study has been that of computing the total optical path and its changes due to telescopes jitter in presence of wavefront aberrations that could be read as distance changes and, possibly, upper bound the quality of the mirror of the telescope necessary to fulfill the 10 pm/Hz^-1/2.The far field propagation has been performed by solving the Rayleigh-Sommerfeld diffraction integral under some simplifying assumptions, whereas the propagation in the telescope has been achieved by the computation of the heterodyne phase (not a real optical simulation)



Non-geometric tilt to length noise

Sönke Schuster, M. Sc. Ph.D. thesis 2017           



Research activity - ESA ITT & Publications

Project founded by ESA and coordinated by Thales Alenia Space Italy (Coord’r S. Mottini)

Metrology Telescope Design for a Gravitational Wave Observatory(MTD)

INRIM’s WP : Criteria for beam quality and performance assessment applicable to the 
Metrology Telescope for a GWO

Relatore
Note di presentazione
The study actually has been performed in the framework of a relatively small project founded by ESA and aimed at the design of the LISA telescopes. The results have been published on three articles and one more on the stray light



Assumptions and constraints

No dynamical effect on the beam propagation
Transfer function of  jitter into phase is frequency independent

Scalar and paraxial optics

Telescopes point ahead to compensate the relative motions of the satellites 

The telescope operates between two conjugate pupils w/o translation on the 
detector 

Telescopes are identical

RMS deviation from flatness of w/f is used as a quality parameter



Design numbers

Telescopes    off-axis, afocal
telescope main mirror: 300mm diameter
exit pupil: 2.24mm
magnification 134x

Jitter

in the frequency range from 0.1 mHz to 0.1 
Hz

Point ahead angle about 1 µrad



Mathematical model

Far field
Propagation of a truncated Gaussian beam 

Spherical wave…aberrated
On-axis advance or delay

Rayleigh-Sommerfeld integral

Primary mirror of the telescope kernel is an 
additional defocus

The beam has a Gaussian intensity profile but a “almost” flat wavefront

Relatore
Note di presentazione
Plane wavefront with gaussian intensity. We compute the field on the axis by the R-S integral and assume that the phase of the rest of the wavefront is nearly constant because the entering pupil is rather small (about 30 cm diameter)



Heterodyne interferometry

Gaussian intensity  &  aberrated ‘flat’ profile

Local refrence
Received

Mathematical model cont.

detector area
Small deviation from
flatness

Relatore
Note di presentazione
Phi far is reintroduced as an additional phase in the received beam that is further aberrated by the receiving telescope. The difference of the wavefronts slightly deviates from a flat wavefront



Mathematical model cont.

We consider only the on axis value

Heterodyne interferometry

Far field

Resemble each other

Relatore
Note di presentazione
One term of the phase is the on axis value and we assume that the entering beam is nearly flat



Zernike polynomials

First order terms govern the tilt

is null when transmission occurs along z axis

is null when the local beam is parallel to the trans. beam

Misalignment at the detector is 

effective radius

We stop 
at trefoil

Relatore
Note di presentazione
The wavefronts have been decomposed into Zernike polynomials because they are largely used by telescope designers but any orthonormal polynomial decomposition is possible. First order terms govern the tilt.



Tilt-to-Length coupling

Analysis is limited to the lowest order coupling between TILT and the other aberrations 

Coefficients depend in a complicated way on the 
normalized beam waist and aberrations amplitudes

Minimization of the TTL coupling is always possible 
by finding the transmission/receiving directions that 
nullify the sensitivity to jitter (Sasso C. et al. Class. Quantum 
Grav. 35 (2018 ) 245002 )

Relatore
Note di presentazione
We limited the analysis to the lowest orders in the coupling between the tilt aberrations and the other aberrations



Noise transfer function 

Noise variance link (Normal uncorrelated jitter)



Amplitude averaging (with RMS of the amplitude upper bounded…) 

mrad
PV amplit.

A single parameter to assess 
the quality of the telescope 
optics

Sensitivity coefficients

do not depend on Zernike polynomials amplitude  

Results: Monte Carlo simul.’s



Results: Monte Carlo simul.’s

Plane-wave

Sensitivity

Very large 
detector

Relatore
Note di presentazione
The 3D curve, now, presents also the dependence with the amplitude of the aberrations



Results: Monte Carlo simul.’s

Dots are numerical integrations – solid lines are analytic formulas

Sdv of the transfer funct. – blue line

Limit compatible
with a                                       
jitter

Relatore
Note di presentazione
For a point ahead of 2 micro radiant, the variations of the Monte Carlo simulation shows that the variance of the wavefront aberrations must be restrained to lambda/65 



Thank you for the attention

THE END



Transmitted waveform - High frequency aberrations

Numerical computation of the Rayleigh-Sommerfeld
integral

Analytical integral through DCT decomposition



• Jitter angle:    𝐴𝐴 = 𝑎𝑎𝑎± 𝑎𝑎𝑎 ampiezza del Tilt    

𝑎𝑎𝑎 =≲ 𝑎 𝜇𝜇𝜇𝜇𝑎𝑎𝜇𝜇 𝑎𝑎𝑎 = 5𝑎𝑎 𝑛𝑛𝜇𝜇𝑎𝑎𝜇𝜇

𝑎𝑎𝑎 = 𝑎𝑎 ~ 2𝑎 𝑛𝑛𝜇𝜇𝑎𝑎𝜇𝜇



∆𝜙𝜙 ~ 𝑎𝑎−4𝜇𝜇𝑎𝑎𝜇𝜇 → Δ𝑠𝑠~𝑎𝑎−11𝑚𝑚

∆𝜙𝜙 ~ 𝑎𝑎−5𝜇𝜇𝑎𝑎𝜇𝜇 → Δ𝑠𝑠~𝑎𝑎−12𝑚𝑚
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𝜆𝜆
20

- σ = 2𝜋𝜋
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