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Muon g-2: FNAL confirms BNL μ

aμEXP = (116592089 ± 63) x 10-11 [0.54ppm]  BNL E821 

aμEXP = (116592040 ± 54) x 10-11 [0.46ppm]  FNAL E989 Run 1 

aμEXP = (116592061 ± 41) x 10-11 [0.35ppm]  WA 

FNAL aims at 16 x 10-11. First 4 runs completed, 5th soon. 

Muon g-2 proposal at J-PARC: Phase-1 with ~ BNL precision.

4.2 σ

3.7 σ

3.3 σ

(WP20)

PoS(EPS-HEP2021)642
Status of the MUonE experiment Eugenia Spedicato

1. Introduction

On April 7 2021 the E989 experiment at Fermilab has announced a new measurement for the
anomalous magnetic moment of the muon aµ [1], confirming the previous experimental result of
the E821 experiment at Brookhaven (BNL) [2] and reinforcing the discrepancy with the Standard
Model (SM) prediction to 4.2�, as it is shown in Fig.(1). In the next years, the increasing precision

Figure 1: Experimental measurements of aµ from
BNL E821, Fermilab E989 and their average. The
Muon g � 2 Theory Initiative recommended value [3]
for the SM and the Lattice QCD result from [4] are
also shown.

of the Fermilab experiment, expected to reduce the measurement error by a factor of 4, will require
a similar improvement in the theoretical prediction. The biggest theoretical uncertainty is due
to the leading order hadronic vacuum polarization (LO-HVP) contribution to the anomaly a

HLO
µ

[3]. So far, the calculation of a
HLO
µ has been carried out with a data-driven approach based on

the measurements of the cross section of e
+
� e

� annihilation to hadrons. However, this method
seems to have reached its precision limit and new approaches are possibly needed. Lattice QCD
is becoming more and more competitive for the evaluation of the hadronic vacuum polarization
contribution. A particular attention is now devoted to a recent work of the BMW collaboration
[4], which obtained a result in some tension with the standard data-driven approach, as shown in
Fig.(1). Therefore alternative evaluations of a

HLO
µ are needed to solve this dichotomy between the

dispersive method and recent LQCD calculations.
In this context, the MUonE collaboration proposes an independent determination of the LO-HVP
term from a precise measurement of the hadronic contribution to the running of the QED coupling
in the space-like region of momenta �↵had(t), with t < 0 [5]. The selected process to determine
the running of ↵ is the µ � e elastic scattering. The proposed experiment will take place at CERN
exploiting the available M2 muon beam of 150 � 160 GeV. The value of a

HLO
µ is obtained by

integrating the hadronic shift of the e�ective electromagnetic coupling �↵had in the equation:

a
HLO
µ =

↵

⇡

π 1

0
dx(1 � x)�↵had[t(x)], (1)

where the integrand is a smooth function evaluated at

t(x) =
x

2
m

2
µ

x � 1
< 0. (2)
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Anomalous Magnetic Moment of Muon 
SM prediction for the anomalous magnetic moment of the muon

Z

SM prediction for (g � 2)µ

aSM
µ = aQED

µ + aEW
µ + ahad

µ ahad
µ = aHVP

µ + aHLbL
µ

(HVP: hadronic vacuum polarization, HLbL: hadronic light-by-light scattering)

Outline:

This talk: overview of SM theory

,! focus on data-driven approach for hadronic contributions

BSM overview Talk by S. Heinemeyer

Lattice QCD overview Talk by H. Wittig
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aEW
µ

6 Chapter 1. Introduction

1.2 The MUonE experiment and the Muon g � 2

A prime observable for high-intensity BSM searches is the anomalous magnetic moment of the
muon aµ = (g � 2)µ. This quantity vanishes at tree level in the SM since the g-factor is exactly
2. The leading contribution is thus given by the one-loop diagram of Figure 1.1a. A selection
of additional contributing SM diagrams is depicted in Figures 1.1b-1.1e. The muon life time is
sufficiently long as to allow for a high-statistics test of these effects. Moreover, possible BSM
contributions, such as the one illustrated in Figure 1.1f, enter as

�a
BSM
µ

aµ
⇠

M
2

⇤2
(1.14)

with ⇤ the scale of BSM physics. Compared to the anomalous magnetic moment of the electron,
ae, the sensitivity to BSM effects is therefore significantly boosted for aµ due to the much larger
muon mass M ⇠ 200m. Taking into account both the BNL E821 [15] and the recent Fermilab
measurement [16], the current experimental average is

a
exp
µ = 116592061(41) ⇥ 10�11

. (1.15)

This result deviates from the SM theory prediction [17]

a
SM
µ = 116591810(43) ⇥ 10�11 (1.16)

by 4.2�. This anomaly observed in the anomalous magnetic moment of the muon is one of the
most intriguing hints for BSM physics today. It is therefore of utmost importance both to ensure
the validity of these values and to further improve their precision. On the experimental side,
the error will soon be reduced by up to a factor 4 due to the ongoing experiment at Fermilab.
Furthermore, the planned experiment at J-PARC [18] will serve as a completely independent
validation of these results. Significant progress on the theoretical side is therefore necessary to
match the future experimental precision.

The SM prediction obtains contributions from pure QED as well as electroweak (EW) and
hadronic corrections and can thus be written as

a
SM
µ = a

QED
µ + a

EW
µ + a

had
µ . (1.17)

Mixed QED-EW and QED-hadronic corrections are included in a
EW
µ and a

had
µ , respectively. An

example of a three-loop QED and a LO EW contribution is shown in Figures 1.1b and 1.1c,
respectively. The number given in (1.16) includes QED corrections up to five loops [19, 20]
and EW contributions up to two loops [21, 22]. The theory error for a

QED
µ and a

EW
µ is therefore

under good control. While these perturbative calculations are highly challenging and the achieved
precision astonishing, the theory prediction for a

had
µ is more delicate. This is due to the low-

energy nature of the observable where the non-perturbative regime of QCD becomes relevant. For
an ab initio determination of the hadronic contribution one therefore has to resort to lattice QCD
simulations [23]. Alternatively, one can use a data-driven approach that relies on experimental
input to capture the non-perturbative effects.

Figure 1.1d shows the leading hadronic contribution to aµ which is due to the hadronic
vacuum polarisation (HVP)

q

= i⇧had(q
2)(gµ⌫q2

� q
µ
q
⌫). (1.18)
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Δαhad(t) is the hadronic contribution to the space-like running 
of  α: proposal to measure aμHLO  via scattering data! 

  Leading hadronic contribution computed via the usual dispersive  
    (timelike) formula:

  Alternatively, simply exchanging the x and s integrations:

aHLO
µ =

↵

⇡

Z 1

0
dx (1� x)�↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Hadronst

 Lautrup, Peterman, de Rafael, 1972

Carloni Calame, MP, Trentadue, Venanzoni, 2015

The space-like method for aμHLO

K(s) =

Z 1

0
dx

x2 (1� x)

x2 + (1� x)
�
s/m2

µ

�

<latexit sha1_base64="Zm+54/2ebccVIiuAoQqBXl8875U="></latexit>

aHLO
µ =

1

4⇡3

Z 1

m2
⇡

dsK(s)�(0)
had(s)

1.2. The MUonE experiment and the Muon g � 2 9

Figure 1.3: This figure is taken from [33] and illustrates the hadronic resonances in the R-ratio
that enter the time-like dispersive integral (1.21). Many dedicated experiments are needed that
operate at different production thresholds to cover these non-perturbative regions.
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Time-like Space-like

aμHLO : time-like vs space-like method

Smooth integrand

Carloni Calame, MP, Trentadue, Venanzoni, PLB 2015F. Jegerlehner, arXiv:1511.04473

   Inclusive measurement 
  Smooth integrand 
  Direct interplay with lattice QCD
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  Δαhad(t) can be measured via the elastic scattering μ e ➞ μ e. 

  We proposed to scatter a 150 GeV muon beam, available at CERN’s  
North Area, on a fixed electron target (Beryllium). Modular 
apparatus: each station has one layer of  Beryllium (target) followed 
by three thin Silicon strip detectors.

//
μ μ

e

ECAL
Be

Si Si Si

Abbiendi, Carloni Calame, Marconi, Matteuzzi, Montagna,  

Nicrosini, MP, Piccinini, Tenchini, Trentadue, Venanzoni 

EPJC 2017 - arXiv:1609.08987 

MUonE: muon-electron scattering @ CERN

See Pilato’s talk
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MUonE: muon-electron scattering @ CERN

See Pilato’s talk
Scattering of a 160 GeV muon beam (available at CERN’s North Area) on a fixed electron target (Beryllium).

Modular apparatus: each station has one layer of Beryllium (target) followed by three thin Silicon strip detectors. 
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Δαhad(t) is the hadronic contribution to the space-like running 
of  α: proposal to measure aμHLO  via scattering data! 

  Leading hadronic contribution computed via the usual dispersive  
    (timelike) formula:

  Alternatively, simply exchanging the x and s integrations:

aHLO
µ =

↵

⇡

Z 1

0
dx (1� x)�↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Hadronst

 Lautrup, Peterman, de Rafael, 1972

Carloni Calame, MP, Trentadue, Venanzoni, 2015

The spacelike method for aμHLO

K(s) =

Z 1

0
dx

x2 (1� x)

x2 + (1� x)
�
s/m2

µ

�
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4⇡3

Z 1

m2
⇡

dsK(s)�(0)
had(s)
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Abstract We propose a new experiment to measure the run-
ning of the electromagnetic coupling constant in the space-
like region by scattering high-energy muons on atomic elec-
trons of a low-Z target through the elastic processµ e → µ e.
The differential cross section of this process, measured as a
function of the squared momentum transfer t = q2 < 0,
provides direct sensitivity to the leading-order hadronic con-
tribution to the muon anomaly aHLO

µ . By using a muon beam
of 150 GeV, with an average rate of ∼1.3 ×107 muon/s, cur-
rently available at the CERN North Area, a statistical uncer-
tainty of ∼0.3% can be achieved on aHLO

µ after two years of
data taking. The direct measurement of aHLO

µ via µe scat-
tering will provide an independent determination, competi-
tive with the time-like dispersive approach, and consolidate
the theoretical prediction for the muon g-2 in the Standard
Model. It will allow therefore a firmer interpretation of the
measurements of the future muon g-2 experiments at Fermi-
lab and J-PARC.
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1 Introduction

In searching for new physics, low-energy high-precision
measurements are complementary to the LHC high-energy
frontier. The long-standing (3–4)σ discrepancy between
the experimental value of the muon anomalous magnetic
moment aµ = (g − 2)/2 and the Standard Model (SM)
prediction, "aµ(Exp − SM) ∼ (28 ± 8) × 10−10 [1,2],
has been considered during these years as one of the most
intriguing indications of physics beyond the SM. However,
the accuracy of the SM prediction, 5 × 10−10, is limited by
strong interaction effects, which cannot be computed pertur-
batively at low energies. Long time ago, by using analytic-
ity and unitarity, it was shown [3–5] that the leading-order
(LO) hadronic contribution to the muon g-2, aHLO

µ , could be
computed via a dispersion integral of the hadron production
cross section in e+e− annihilation at low-energy. The present
error on aHLO

µ , ∼ 4 × 10−10, with a fractional accuracy of
0.6%, constitutes the main uncertainty of the SM prediction.
An alternative evaluation of aHLO

µ can be obtained by lattice
QCD calculations [6–11]. Even if current lattice QCD results
are not yet competitive with those obtained with the disper-
sive approach via time-like data, their errors are expected
to decrease significantly in the next few years [12,13]. The
O(α3)hadronic light-by-light contribution,aHLbL

µ , which has
the second largest error in the theoretical evaluation, con-
tributing with an uncertainty of (2.5–4) ×10−10, cannot at
present be determined from data and its calculation relies on
the use of specific models [14–18].
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such that inelastic events are rejected. This can be done, for example, by using the fact that
the electron and muon scattering angles are not independent in the elastic case. While in the
centre-of-mass system (CMS) we trivially have ✓

el
µ
⇤

= ⇡ � ✓
el
e
⇤, in the laboratory (LAB) frame

the two angles are correlated by the elasticity condition [4]

tan ✓
el
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(1 + �2 tan2 ✓el
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where

g
⇤
µ =

E2m + M
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s
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Inelastic contributions can thus be suppressed by rejecting events that do not lie in the vicinity
of this elasticity curve.

Since the suppression is experimentally limited by the finite angular resolution of the de-
tector, inelastic contributions still need to be studied as a background. Without any elasticity
requirement, the following processes are kinematically allowed: photon radiation, the emis-
sion of a neutral pion (X = ⇡

0), and the production of an electron, muon, and pion pair
(X = e

+
e
�
, µ

+
µ
�
, ⇡

+
⇡
�
, ⇡

0
⇡

0). It was shown in [42] that when realistic elastic event selections
are taken into account the contribution from X = ⇡

0 is well below 10�5 and that pion pair
production is kinematically forbidden. Furthermore, in [43] also the effect due to X = µ

+
µ
�

was calculated to be negligible due to the tiny allowed phase space. The production of an elec-
tron pair, on the other hand, was shown to be highly relevant due to the presence of the large
logarithms Lm. The corresponding process thus needs to be incorporated in any Monte Carlo
generator for MUonE. This is obviously also true for photon radiation that obtain additional soft
enhancements due to the elasticity cut restricting hard emission.

1.3 Muon-electron scattering at 10 ppm

This section investigates the theory requirements needed for MUonE’s 10 ppm goal and presents
an overview of the results that have already been obtained in this endeavour. Analogously to
the anomalous magnetic moment, the SM theory prediction for elastic µ-e scattering can be split
into the contributions

� = �QED + �EW + �had . (1.29)

The LO HVP contribution, contributing to �had, is shown in Figure 1.2d and corresponds to
the signal of the experiment. It is a crucial property of µ-e scattering, in this context, that also at
subleading order all hadronic corrections are due to HVP. The more difficult HLbL diagrams only
occur at subsubleading order and are therefore below the sensitivity of the MUonE experiment.
The subleading HVP corrections, such as the one shown in Figure 1.2e, have been calculated
in [44] with a dispersive approach based on (1.21). This prediction depends on time-like data
which spoils the independence of MUonE’s HVP measurement. To avoid this problem, it was
shown in [45] that the hyperspherical method [46, 47] can be used instead which only integrates
over space-like data. This allows for an iterative fit where in a first step only the LO HVP is
extracted with the subleading hadronic corrections switched off. Next, the corresponding data
can be used as an input to the hyperspherical method to predict these missing contributions.

The EW corrections in (1.29) are suppressed by

�EW
�QED

⇠

⇣
s

M
2
Z

⌘2
⇠ 10�5 (1.30)
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Figure 1.1: Figures (a)-(e) show various examples for SM contributions to the anomalous mag-
netic moment of the muon, while possible BSM effects are illustrated in Figure (f). The LO SM
diagram is shown in (a). A three-loop QED diagram and a leading EW contribution are given
in (b) and (c), respectively. Figure (d) depicts the leading non-perturbative HVP diagram while
the HLbL contribution is shown in (e). The grey blobs represent loops of hadrons.
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Figure 1.2: Various SM contributions to µ-e scattering are shown in (a)-(e) and possible BSM
contaminations are illustrated in (f). The tree-level SM diagram is shown in (a). A two-loop
QED diagram and the leading EW contribution are given in (b) and (c), respectively. Figures (d)
and (e) depict leading and subleading hadronic contributions. The grey blobs represent loops
of hadrons. Contrary to the anomalous magnetic moment, these corrections are entirely due to
HVP with HLbL scattering only appearing at subsubleading order.
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Abstract We review the current status of the theory predic-
tions for elastic µ-e scattering, describing the recent activ-
ities and future plans of the theory initiative related to the
proposed MUonE experiment.

1 Introduction

There is renewed interest in obtaining precise theoretical pre-
dictions for elastic muon-electron scattering. This is to be
seen in the context of MUonE [1], a recent proposal to per-
form a very precise measurement of µ-e scattering [2]. A
comparison of experimental data with perturbative calcula-
tions can be used to extract the hadronic vacuum polarisation
(HVP) through its contribution to the running of the QED
coupling α. This follows the original idea of using scattering
data to extract the leading hadronic contribution aHLO

µ to the
muon (g−2) from the effective electromagnetic coupling in

A. Signer and Y. Ulrich: Organisers of the 2nd WorkStop/ThinkStart.

This review is the result of the 2nd WorkStop/ThinkStart that took
place 4–7 February 2019 at the University of Zurich, as well as the
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MITP Workshop, 19–23 February 2018,Mainz.

a e-mail: adrian.signer@psi.ch (corresponding author)

the space-like region [3]. The measurement of the running
of alpha in the space-like region from small-angle Bhabha
scattering was proposed in [4] and done in [5].

For the planned MUonE experiment, the effect of the HVP
changes the differential cross section of µ-e scattering by up
to O(10−3), depending on the scattering angle of the outgo-
ing electron. In order to obtain aHLO

µ with a statistical error
similar to current evaluations, the HVP needs to be extracted
from µ-e data with a precision below one percent. Hence,
the accuracy of the total experimental and theoretical error
should not exceed the 10 ppm level.

The proposal of MUonE is to scatter a 150 GeV muon
beam on a Beryllium fixed target. In order to obtain sufficient
statistics and reduce multiple-scattering effects [6], the target
(about 60 cm in total) is split into many (about 40) thin layers.
The measurements are done in several stand-alone stations
of about 1 m length and 10 × 10 cm2 transverse dimension.
The scattering angles of the electron θe and the muon θµ (in
the lab frame) are measured very precisely, but no further
kinematic information is assumed to be available.

From an idealised point of view we thus consider

µ±(p1) e−(p2) → µ±(p3) e−(p4)+ X, (1)
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such that inelastic events are rejected. This can be done, for example, by using the fact that
the electron and muon scattering angles are not independent in the elastic case. While in the
centre-of-mass system (CMS) we trivially have ✓

el
µ
⇤

= ⇡ � ✓
el
e
⇤, in the laboratory (LAB) frame

the two angles are correlated by the elasticity condition [4]

tan ✓
el
µ =

2 tan ✓
el
e

(1 + �2 tan2 ✓el
e )(1 + g⇤µ) � 2

(1.27)

where

g
⇤
µ =

E2m + M
2

E2m + m2
, � =

E2 + m
p

s
. (1.28)

Inelastic contributions can thus be suppressed by rejecting events that do not lie in the vicinity
of this elasticity curve.

Since the suppression is experimentally limited by the finite angular resolution of the de-
tector, inelastic contributions still need to be studied as a background. Without any elasticity
requirement, the following processes are kinematically allowed: photon radiation, the emis-
sion of a neutral pion (X = ⇡

0), and the production of an electron, muon, and pion pair
(X = e

+
e
�
, µ

+
µ
�
, ⇡

+
⇡
�
, ⇡

0
⇡

0). It was shown in [42] that when realistic elastic event selections
are taken into account the contribution from X = ⇡

0 is well below 10�5 and that pion pair
production is kinematically forbidden. Furthermore, in [43] also the effect due to X = µ

+
µ
�

was calculated to be negligible due to the tiny allowed phase space. The production of an elec-
tron pair, on the other hand, was shown to be highly relevant due to the presence of the large
logarithms Lm. The corresponding process thus needs to be incorporated in any Monte Carlo
generator for MUonE. This is obviously also true for photon radiation that obtain additional soft
enhancements due to the elasticity cut restricting hard emission.

1.3 Muon-electron scattering at 10 ppm

This section investigates the theory requirements needed for MUonE’s 10 ppm goal and presents
an overview of the results that have already been obtained in this endeavour. Analogously to
the anomalous magnetic moment, the SM theory prediction for elastic µ-e scattering can be split
into the contributions

� = �QED + �EW + �had . (1.29)

The LO HVP contribution, contributing to �had, is shown in Figure 1.2d and corresponds to
the signal of the experiment. It is a crucial property of µ-e scattering, in this context, that also at
subleading order all hadronic corrections are due to HVP. The more difficult HLbL diagrams only
occur at subsubleading order and are therefore below the sensitivity of the MUonE experiment.
The subleading HVP corrections, such as the one shown in Figure 1.2e, have been calculated
in [44] with a dispersive approach based on (1.21). This prediction depends on time-like data
which spoils the independence of MUonE’s HVP measurement. To avoid this problem, it was
shown in [45] that the hyperspherical method [46, 47] can be used instead which only integrates
over space-like data. This allows for an iterative fit where in a first step only the LO HVP is
extracted with the subleading hadronic corrections switched off. Next, the corresponding data
can be used as an input to the hyperspherical method to predict these missing contributions.

The EW corrections in (1.29) are suppressed by

�EW
�QED

⇠

⇣
s

M
2
Z

⌘2
⇠ 10�5 (1.30)
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We present the first fully analytic evaluation of the transition amplitude for the scattering of a
mass-less into a massive pair of fermions at the two-loop level in Quantum Electrodynamics. Our
result is an essential ingredient for the determination of the electromagnetic coupling within scattering
reactions, beyond the currently known accuracy, which has a crucial impact on the evaluation of the
anomalous magnetic moment of the muon. It will allow, in particular, for a precise determination of
the leading hadronic contribution to the (g � 2)µ in the MUonE experiment at CERN, and therefore
can be used to shed light on the current discrepancy between the Standard Model prediction and the
experimental measurement for this important physical observable.

Introduction – The Muon g-2 collaboration at Fermilab
has recently confirmed [1] that the observed magnetic ac-
tivity of the muon is compatible with the earlier findings
obtained at Brookhaven National Lab [2–4]. The anoma-
lous magnetic moment of the muon, (g � 2)µ, shows a
4.2� deviation from the prediction of the Standard Model
of elementary particles (SM) [5]. However, the theoretical
determination of this quantity, obtained via dispersive
techniques, might be affected by the improper estimation
of the hadronic corrections to the muon–photon interac-
tion, which could be responsible of such a discrepancy.
Alternative results obtained through lattice QCD calcula-
tions point towards a possible mitigation of the tension
between theory and experiments [6].

Recently, a novel experiment, MUonE, has been pro-
posed at CERN, with the goal of measuring the running
of the effective electromagnetic coupling at low momen-
tum transfer in the space-like region [7]. As proposed
in [8], this measurement would provide an independent
determination of the leading hadronic contribution to the
(g � 2)µ. Such a measurement relies on the precise deter-
mination of the angles of the outgoing particles emerging
from the elastic muon-electron scattering [7, 9–11]. To
extract the running of the effective electromagnetic cou-
pling from the experimental data, the pure perturbative
electromagnetic contribution to the electron-muon cross
section must be controlled at least up to the second order
in the fine-structure constant [12].

The scattering of a muon µ off an electron e in Quantum
Electrodynamics (QED) is the simplest reaction among

fundamental leptons of different flavors, and represents a
paradigmatic case of charged particles interaction medi-
ated by a neutral gauge boson. The Leading Order (LO)
process is known since the mid 1950’s [13], while the Next-
to-Leading Order (NLO) radiative corrections were com-
puted in [14–20], and more recently studied in [21]. The
two-loop diagrams contributing to the Next-to-Next-to-
leading order (NNLO) virtual corrections were evaluated
in [22] assuming purely massless fermions. At the ener-
gies of the MUonE experiment, the muon mass plays an
important role for the description of the radiative pattern
and cannot be neglected [12]. Nevertheless, the evaluation
of Feynman integrals usually becomes more demanding
as the number of massive particles present either in the
loops or in the external states increases.

NNLO QED corrections involve the two-loop amplitude
along with the real-virtual and the double-real emission
terms. While the matrix elements for the last two contri-
butions can be calculated without difficulties using stan-
dard techniques, their integration over the corresponding
phase spaces is complicated by the presence of infrared
(soft and collinear) singularities, as well as the presence of
masses in both the initial and final state of the scattering
process. In order to obtain predictions for fully differen-
tial observables, it is necessary to adopt a subtraction
procedure. The Abelian nature of the interaction leads us
to believe that the computational techniques already used
for other processes at the LHC can be successfully adapted
to this purpose [23, 24]. Preliminary Monte Carlo simula-
tions for µe scattering have already been performed by
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FIG. 3: Three-dimensional plots of the finite terms M
(i)
0 ,

i = 1, 2 of the renormalized one- and two-loop
amplitudes, in Eqs. (18a), (18b), where nl = 1, nh = 1.

Here, ⌘ = s/(4M2)� 1, � = �(t�M2)/s.

IR poles of M(2) directly in the production region; the
analytical expression of M

(2) is computed in the non-
physical region, s < 0, t < 0, and its analytic continuation
is performed numerically. The renormalized one- and two-
loop interference terms are conveniently decomposed in
gauge-invariant components, labeled by the number of
massless (nl) and massive (nh) closed fermion loops

M
(1) = A(1) + nl B

(1)
l + nh C

(1)
h , (19a)

M
(2) = A(2) + nl B

(2)
l + nh C

(2)
h + n2

lD
(2)
l

+nh nl E
(2)
hl + n2

h F
(2)
h . (19b)

In Fig. 3, we plot the finite part of one- and two-loop
renormalized amplitudes M

(i)
0 , i = 1, 2 in the physical

region. The threshold singularity is clearly visible and
well reproduced up to very small c.m.e., showing full
control of the numerical stability. The complete formula
for the analytic expression of the renormalized two-loop
amplitude is rather large (⇠ 60MB) and cannot be
reported here. The figures are obtained by evaluating
this formula with high precision on 10,500 evenly spaced
grid points, by employing HandyG [80] and Ginac [81]
(via the package PolyLogtools [82]) for the numerical
evaluation of GPLs. Each evaluation required from
seconds CPU time in the almost flat region to up about
1,500 s CPU time for the configurations approaching the
threshold singularity. These grids are available from the
authors upon request.

Other tests – The master integrals for the Abelian
diagrams in QED can be employed to construct the
analytic expressions of some gauge-invariant contributions
to the two-loop amplitude of the process qq̄ ! tt̄ in
QCD [54–57]: in particular, our results (evaluated in the
region of heavy-lepton pair production, and properly
accounting for the color factors) agree with the numerical
coefficients Eq

l , E
q
h, F

q
l , F

q
lh, F

q
h provided in the Table 1

of Ref. [54, 55, 57], which receive contributions from
Abelian diagrams only; the agreement on the poles of
the above mentioned color coefficients, at other phase-
space points, has been verified using the formula for the

IR poles of two-loop amplitudes in QCD, given in Ref. [83].

Conclusion – We presented the first fully analytic evalua-
tion of the amplitude for the scattering of four fermions in
Quantum Electrodynamics, involving two different types
of leptons, one of which is treated as massless, up to the
second order corrections in the electromagnetic coupling
constant. The calculation were carried out within the
dimensional regularization scheme, and the infrared pole
structure of the renormalized amplitude is found to obey
the universal behaviour predicted by the Soft Collinear
Effective Theory. Our result constitutes the first example
of a complete scattering amplitude for 2 ! 2 processes,
with massless and massive particles in the loops as well
as in the external states, involving planar and non-planar
diagrams at two loops, analytically evaluated.

Our analytic results can be directly applied to the
study, at NNLO accuracy, of massive lepton pair
production in massless lepton annihilation, and the
elastic scattering of massive and massless leptons,
in QED, as well as to determine the Abelian contri-
bution to the scattering of light and heavy quarks in QCD.

Notes – Interested readers can find the expressions of the
UV renormalization constants, the IR renormalization
factor used throughout this Letter and additional
plots for the individual contributions of the coefficients
A,B, . . . , F of Eq. (19) in the Supplemental Material.
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Computation of the Loop Amplitude

Generation of Diagram by FeynArts

Spin sums, Dirac Algebra, Trace by FeynCalc

Adaptive Integrand Decomposition 

IBP Reduction via Reduze and KIRA

Master Integral evaluation

Mathematica Based Package AIDA [Mastrolia, Peraro, Primo, Ronca, Torres Bobadilla (To be Published) ] 

3

the whole computation. The interferences of one- and
two-loop bare amplitudes with the Born amplitude read

M
(n)
b =

1

4

X

spins

2Re(A(0)⇤
b A

(n)
b ) , for n = 1, 2 . (4)

Analytic Evaluation – The analytic evaluation of M(1)
b

and M
(2)
b is completely automated, within an in-house

software, which can be applied to generic one- and two-
loop amplitudes. The Mathematica package Fey-

nArts [63] is used to generate Feynman diagrams con-
tributing to the one- and two-loop corrections to the
scattering amplitudes as well as the counter-term dia-
grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
term diagrams at two loops. Representative one- and
two-loop diagrams are shown in the second and third
row of Fig. 1, respectively. The spin sums and the alge-
braic manipulation to simplify the Dirac-� algebra are
carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,

M
(n)
b = (S✏)

n

Z nY

i=1

ddki
(2⇡)d

X

G

NGQ
�2G D�

, (5)

where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M

(n)
b

are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),

M
(n)
b = C(n)

· I(n) , (6)

where C(n) is a vector of coefficients, depending on ✏ and
the kinematic variables, s, t,M2. In particular, M(1)

b and
M

(2)
b are conveniently expressed, in terms of 12 and 264

MIs, respectively, analytically computed: two- and three-
point functions have been known since long [69–71], while
planar and non-planar four-point integrals were computed
in [72, 73], using the differential equation method via Mag-
nus exponential, and independently in [55, 56, 74]. The
analytic expressions of M

(n)
b can be written as a Lau-

rent series around d = 4 space-time dimensions (✏ = 0),

with coefficients that contain Generalized Polylogarithms
(GPLs) [75], defined as iterated integrals, through the
recursive formula

G(wn, . . . , w1; ⌧) ⌘

Z ⌧

0

dt

t� wn
G(wn�1, . . . , w1; t) , (7)

with G(w1; t) ⌘ log(1� t/w1). The arguments wi are
known as letters, and their number, corresponding to
the number of nested integrations, is called weight. The
two-loop interference term contains 4063 GPLs with up
to weight four, whose arguments are written in terms
of 18 letters, wi = wi(x, y, z), which depend on the
Mandelstam variables through the relations, �t/M2 = x ,
�s/M2 = (1 � y)2/y , �(u � M2)/(t � M2) = z2/y
(see [72, 73] for more details).

Renormalization – The one- and two-loop diagrams con-
tributing to M

(1)
b and M

(2)
b contain infrared (IR) and

ultraviolet (UV) divergences. To remove the UV diver-
gences, the bare lepton fields ( `, with ` = f, F , for
massless and massive leptons, respectively) and photon
field (Aµ), as well as the bare mass of the massive lepton
are renormalized as follows,

 b =
p

Z2  , Aµ
b =

p
Z3 A

µ, Mb = ZMM , (8)

where, to simplify the notation, the label ` in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint = eb  ̄b /Ab  b = eZ1  ̄ /A , (9)

can then be entirely fixed using the QED Ward identity,
that implies Z1 = Z2. In particular, this leads to a
simple relation between the renormalized charge and the
bare charge (obtained by applying Eq. (8) to the bare
interaction term and comparing the two renormalized
expressions) eZ1 = eb Z2

p
Z3, therefore, one has e =

eb
p
Z3. The lepton wave functions and the mass of the

massive lepton are renormalized in the on-shell scheme,
namely, Z2,f = ZOS

2,f , Z2,F = ZOS

2,F , ZM = ZOS

M . The
coupling constant is renormalized in the MS scheme at
the scale µ2,

↵b S✏ = ↵(µ2)µ2✏ ZMS
↵ , (10)

with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
their renormalized counterparts. Let us observe that
A depends on four renormalization constants, namely
ZMS
↵ , ZOS

2,f , Z
OS

2,F , Z
OS

M . To simplify the notation in the

3

the whole computation. The interferences of one- and
two-loop bare amplitudes with the Born amplitude read

M
(n)
b =

1

4

X

spins
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tributing to the one- and two-loop corrections to the
scattering amplitudes as well as the counter-term dia-
grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
term diagrams at two loops. Representative one- and
two-loop diagrams are shown in the second and third
row of Fig. 1, respectively. The spin sums and the alge-
braic manipulation to simplify the Dirac-� algebra are
carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,
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X
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NGQ
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where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M
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are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),
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where C(n) is a vector of coefficients, depending on ✏ and
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b and
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MIs, respectively, analytically computed: two- and three-
point functions have been known since long [69–71], while
planar and non-planar four-point integrals were computed
in [72, 73], using the differential equation method via Mag-
nus exponential, and independently in [55, 56, 74]. The
analytic expressions of M
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b can be written as a Lau-

rent series around d = 4 space-time dimensions (✏ = 0),

with coefficients that contain Generalized Polylogarithms
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with G(w1; t) ⌘ log(1� t/w1). The arguments wi are
known as letters, and their number, corresponding to
the number of nested integrations, is called weight. The
two-loop interference term contains 4063 GPLs with up
to weight four, whose arguments are written in terms
of 18 letters, wi = wi(x, y, z), which depend on the
Mandelstam variables through the relations, �t/M2 = x ,
�s/M2 = (1 � y)2/y , �(u � M2)/(t � M2) = z2/y
(see [72, 73] for more details).

Renormalization – The one- and two-loop diagrams con-
tributing to M

(1)
b and M
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b contain infrared (IR) and

ultraviolet (UV) divergences. To remove the UV diver-
gences, the bare lepton fields ( `, with ` = f, F , for
massless and massive leptons, respectively) and photon
field (Aµ), as well as the bare mass of the massive lepton
are renormalized as follows,

 b =
p

Z2  , Aµ
b =

p
Z3 A

µ, Mb = ZMM , (8)

where, to simplify the notation, the label ` in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint = eb  ̄b /Ab  b = eZ1  ̄ /A , (9)

can then be entirely fixed using the QED Ward identity,
that implies Z1 = Z2. In particular, this leads to a
simple relation between the renormalized charge and the
bare charge (obtained by applying Eq. (8) to the bare
interaction term and comparing the two renormalized
expressions) eZ1 = eb Z2

p
Z3, therefore, one has e =

eb
p
Z3. The lepton wave functions and the mass of the

massive lepton are renormalized in the on-shell scheme,
namely, Z2,f = ZOS

2,f , Z2,F = ZOS

2,F , ZM = ZOS

M . The
coupling constant is renormalized in the MS scheme at
the scale µ2,

↵b S✏ = ↵(µ2)µ2✏ ZMS
↵ , (10)

with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
their renormalized counterparts. Let us observe that
A depends on four renormalization constants, namely
ZMS
↵ , ZOS

2,f , Z
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M . To simplify the notation in the
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Master Integrals
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Figure 1: Two-loop four-point topologies for µe scattering

• For the second two-loop family, which contains topologies T4, T5, T9 and T10 shown

in figure 1,

D1 = k2
1 � m2, D2 = k2

2, D3 = (k2 + p2)
2, D4 = (k1 + p2)

2,

D5 = (k2 + p2 � p3)
2, D6 = (k1 + p2 � p3)

2
� m2, D7 = (k1 � p1)

2,

D8 = (k2 � p1)
2
� m2, D9 = (k1 � k2)

2
� m2 . (3.6)

For all families, k1 and k2 denote the loop momenta. In the following sections, MIs will

be represented by diagrams where thick lines stand for massive particles (muon), whereas

thin lines stand for massless ones (electron, photon).

4 System of di↵erential equations

In order to determine all MIs appearing in the three integral families defined above, we

initially derive their DEQs in the dimensionless variables �s/m2 and �t/m2. Upon the

change of variable,

�
s

m2
= x, �

t

m2
=

(1� y)2

y
, (4.1)

the coe�cients of the DEQs are rational functions of x and y. According to our system

solving strategy, by means of integration-by-parts identities (IBPs), we choose an initial

– 5 –

33 MIs

42 MIs

44 MIs

[Bonciani, Ferroglia, Gehrmann, von Manteuffel (2008-13)]  

3

the whole computation. The interferences of one- and
two-loop bare amplitudes with the Born amplitude read

M
(n)
b =

1

4

X

spins

2Re(A(0)⇤
b A

(n)
b ) , for n = 1, 2 . (4)

Analytic Evaluation – The analytic evaluation of M(1)
b

and M
(2)
b is completely automated, within an in-house

software, which can be applied to generic one- and two-
loop amplitudes. The Mathematica package Fey-

nArts [63] is used to generate Feynman diagrams con-
tributing to the one- and two-loop corrections to the
scattering amplitudes as well as the counter-term dia-
grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
term diagrams at two loops. Representative one- and
two-loop diagrams are shown in the second and third
row of Fig. 1, respectively. The spin sums and the alge-
braic manipulation to simplify the Dirac-� algebra are
carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,

M
(n)
b = (S✏)

n

Z nY

i=1

ddki
(2⇡)d

X

G

NGQ
�2G D�

, (5)

where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M
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are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),

M
(n)
b = C(n)

· I(n) , (6)

where C(n) is a vector of coefficients, depending on ✏ and
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b and
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rent series around d = 4 space-time dimensions (✏ = 0),
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Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
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grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
term diagrams at two loops. Representative one- and
two-loop diagrams are shown in the second and third
row of Fig. 1, respectively. The spin sums and the alge-
braic manipulation to simplify the Dirac-� algebra are
carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,

M
(n)
b = (S✏)

n

Z nY

i=1

ddki
(2⇡)d

X

G

NGQ
�2G D�

, (5)

where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M

(n)
b

are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),

M
(n)
b = C(n)

· I(n) , (6)

where C(n) is a vector of coefficients, depending on ✏ and
the kinematic variables, s, t,M2. In particular, M(1)

b and
M

(2)
b are conveniently expressed, in terms of 12 and 264

MIs, respectively, analytically computed: two- and three-
point functions have been known since long [69–71], while
planar and non-planar four-point integrals were computed
in [72, 73], using the differential equation method via Mag-
nus exponential, and independently in [55, 56, 74]. The
analytic expressions of M

(n)
b can be written as a Lau-

rent series around d = 4 space-time dimensions (✏ = 0),

with coefficients that contain Generalized Polylogarithms
(GPLs) [75], defined as iterated integrals, through the
recursive formula

G(wn, . . . , w1; ⌧) ⌘

Z ⌧

0

dt

t� wn
G(wn�1, . . . , w1; t) , (7)

with G(w1; t) ⌘ log(1� t/w1). The arguments wi are
known as letters, and their number, corresponding to
the number of nested integrations, is called weight. The
two-loop interference term contains 4063 GPLs with up
to weight four, whose arguments are written in terms
of 18 letters, wi = wi(x, y, z), which depend on the
Mandelstam variables through the relations, �t/M2 = x ,
�s/M2 = (1 � y)2/y , �(u � M2)/(t � M2) = z2/y
(see [72, 73] for more details).

Renormalization – The one- and two-loop diagrams con-
tributing to M

(1)
b and M

(2)
b contain infrared (IR) and

ultraviolet (UV) divergences. To remove the UV diver-
gences, the bare lepton fields ( `, with ` = f, F , for
massless and massive leptons, respectively) and photon
field (Aµ), as well as the bare mass of the massive lepton
are renormalized as follows,

 b =
p

Z2  , Aµ
b =

p
Z3 A

µ, Mb = ZMM , (8)

where, to simplify the notation, the label ` in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint = eb  ̄b /Ab  b = eZ1  ̄ /A , (9)

can then be entirely fixed using the QED Ward identity,
that implies Z1 = Z2. In particular, this leads to a
simple relation between the renormalized charge and the
bare charge (obtained by applying Eq. (8) to the bare
interaction term and comparing the two renormalized
expressions) eZ1 = eb Z2

p
Z3, therefore, one has e =

eb
p
Z3. The lepton wave functions and the mass of the

massive lepton are renormalized in the on-shell scheme,
namely, Z2,f = ZOS

2,f , Z2,F = ZOS

2,F , ZM = ZOS

M . The
coupling constant is renormalized in the MS scheme at
the scale µ2,

↵b S✏ = ↵(µ2)µ2✏ ZMS
↵ , (10)

with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
their renormalized counterparts. Let us observe that
A depends on four renormalization constants, namely
ZMS
↵ , ZOS

2,f , Z
OS

2,F , Z
OS

M . To simplify the notation in the

The differential equation method has been the most successful in the computation of the MIs 
[Kotikov (1990)] [Gehrmann, Remiddi (1999)]

[Henn (2013)] [Argeri, Di Vita, Mastrolia, Mirabella, Schlenk, Schubert, Tancredi (2014)]

[Mastrolia, Passera, Primo, Schubert (2017) ]

[Di Vita, Laporta, Mastrolia, Primo, Schubert (2018)] 

Generalized Polylogarithms

[MKM, Mastrolia, Ronca, Torres Bobadilla (2022)] 
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following, these are simply indicated as Zj , with j =
{↵, f, F,M}, respectively. The renormalization constants
admit a perturbative expansions in ↵,

Zj = 1 +
⇣↵
⇡

⌘
�Z(1)

j +
⇣↵
⇡

⌘2
�Z(2)

j +O(↵3) , (12)

and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2)

�
, (13)

up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as

A
(0) = A

(0)
b , (14a)

A
(1) = A

(1)
b +

⇣
�Z(1)

↵ + �Z(1)
F

⌘
A

(0)
b , (14b)

A
(2) = A

(2)
b +

⇣
2�Z(1)

↵ + �Z(1)
F

⌘
A

(1)
b

+
⇣
�Z(2)

↵ + �Z(2)
F + �Z(2)

f + �Z(1)
F �Z(1)

↵

⌘
A

(0)
b

+ �Z(1)
M A

(1,mass CT)
b . (14c)

The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
b

(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,

� =�cusp (↵) ln

✓
�

s

µ2

◆
+ 2�cusp (↵) ln

✓
t�M2

u�M2

◆

+ �cusp,M (↵, s) + 2�h (↵) + 2� (↵) , (15)

where the �i (i 2 {cusp; cusp,M;h; }) coefficients up to
O(↵2) are extracted in analogy to the QCD case [46, 53,
79]. We compute the analytic expression of the two-loop
amplitude M

(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
imaginary part of the anomalous dimension in Eq. (15) is
computed by adding an infinitesimal positive imaginary
part to s. One can then introduce the IR renormalization
factor ZIR,

lnZIR =
↵

4⇡

✓
�0
0

4✏2
+

�0

2✏

◆

+
⇣ ↵
4⇡

⌘2
 
�
3�0�0

0

16✏3
+

�0
1 � 4�0�0

16✏2
+

�1

4✏

!

+O
�
↵3
�
, (16)

where �i,�0
i and �i are the coefficients of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
be calculated using ZIR and the lower order contributions,
M

(0), . . . ,M(n�1). In particular, the IR pole structures
at one and two loops are found to be,

M
(1)
���
poles

=
1

2
ZIR
1 M

(0)
���
poles

, (17a)

M
(2)
���
poles

=
1

8

h⇣
ZIR
2 �

�
ZIR
1

�2⌘
M

(0)

+2ZIR
1 M

(1)
i���

poles
. (17b)

All functions M
(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.

Results – The analytic results of the interference contri-
butions M

(1) and M
(2) are given as Laurent series in ✏

M
(1) =

M
(1)
�2

✏2
+
M

(1)
�1

✏
+M

(1)
0 +M

(1)
1 ✏+O(✏2) , (18a)

M
(2) =

M
(2)
�4

✏4
+ . . .+

M
(2)
�1

✏
+M

(2)
0 +O(✏) . (18b)

The analytical expression of M(1) is computed both in
the non-physical region, and in the pair production region,
s > 4M2, t < 0. The latter is required to predict the
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following, these are simply indicated as Zj , with j =
{↵, f, F,M}, respectively. The renormalization constants
admit a perturbative expansions in ↵,
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⇡
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�Z(1)

j +
⇣↵
⇡

⌘2
�Z(2)

j +O(↵3) , (12)

and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads
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, (13)

up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as

A
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b , (14a)

A
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(1,mass CT)
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
b

(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,

� =�cusp (↵) ln
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◆
+ 2�cusp (↵) ln
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t�M2

u�M2

◆

+ �cusp,M (↵, s) + 2�h (↵) + 2� (↵) , (15)

where the �i (i 2 {cusp; cusp,M;h; }) coefficients up to
O(↵2) are extracted in analogy to the QCD case [46, 53,
79]. We compute the analytic expression of the two-loop
amplitude M

(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
imaginary part of the anomalous dimension in Eq. (15) is
computed by adding an infinitesimal positive imaginary
part to s. One can then introduce the IR renormalization
factor ZIR,

lnZIR =
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where �i,�0
i and �i are the coefficients of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
be calculated using ZIR and the lower order contributions,
M

(0), . . . ,M(n�1). In particular, the IR pole structures
at one and two loops are found to be,

M
(1)
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=
1

2
ZIR
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All functions M
(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.

Results – The analytic results of the interference contri-
butions M

(1) and M
(2) are given as Laurent series in ✏
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(1) =
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✏2
+
M

(1)
�1

✏
+M

(1)
0 +M

(1)
1 ✏+O(✏2) , (18a)

M
(2) =

M
(2)
�4

✏4
+ . . .+

M
(2)
�1

✏
+M

(2)
0 +O(✏) . (18b)

The analytical expression of M(1) is computed both in
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following, these are simply indicated as Zj , with j =
{↵, f, F,M}, respectively. The renormalization constants
admit a perturbative expansions in ↵,
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⇡
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⌘2
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and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads
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up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
b

(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,
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where the �i (i 2 {cusp; cusp,M;h; }) coefficients up to
O(↵2) are extracted in analogy to the QCD case [46, 53,
79]. We compute the analytic expression of the two-loop
amplitude M

(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
imaginary part of the anomalous dimension in Eq. (15) is
computed by adding an infinitesimal positive imaginary
part to s. One can then introduce the IR renormalization
factor ZIR,
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where �i,�0
i and �i are the coefficients of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
be calculated using ZIR and the lower order contributions,
M

(0), . . . ,M(n�1). In particular, the IR pole structures
at one and two loops are found to be,
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(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.
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following, these are simply indicated as Zj , with j =
{↵, f, F,M}, respectively. The renormalization constants
admit a perturbative expansions in ↵,

Zj = 1 +
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⇡
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�Z(1)

j +
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⌘2
�Z(2)

j +O(↵3) , (12)

and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads
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up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
b

(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
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! F�F+ both in
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(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
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i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
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The analytical expression of M(1) is computed both in
the non-physical region, and in the pair production region,
s > 4M2, t < 0. The latter is required to predict the
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A
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(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
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in perfect agreement with the one obtained starting from
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given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2)

�
, (13)

up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as

A
(0) = A

(0)
b , (14a)

A
(1) = A

(1)
b +

⇣
�Z(1)

↵ + �Z(1)
F

⌘
A

(0)
b , (14b)

A
(2) = A

(2)
b +

⇣
2�Z(1)

↵ + �Z(1)
F

⌘
A

(1)
b

+
⇣
�Z(2)

↵ + �Z(2)
F + �Z(2)

f + �Z(1)
F �Z(1)

↵

⌘
A

(0)
b

+ �Z(1)
M A

(1,mass CT)
b . (14c)

The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
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(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].
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79]. We compute the analytic expression of the two-loop
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(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
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�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
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(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.
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In this supplemental material, we provide further

details on the renormalization constants to perform

the UV renormalization, and the IR renormalization

factor for the predictions of the IR poles of the one-

and two-loop four-fermion scattering amplitude in QED,

f� + f+ + F� + F+
! 0, with f and F , representing

massless and a massive leptons, respectively.

Renormalization Constants – The renormalization

constants for the wave functions of the massive and

massless leptons as well as the mass renormalization

constant of the massive lepton admit perturbative

expansions in ↵, which can be taken (either directly or

after abelianization) from Refs. [1–4], and read as,
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Additionally, the renormalization constant for the elec-

tromagnetic coupling up to second order in the MS scheme

reads,
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Anomalous dimensions – The structure of the IR poles is

governed by an anomalous dimension � whose structure

reads as,
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following, these are simply indicated as Zj , with j =
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and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads
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up to second order corrections in ↵. The n-loop coeffi-
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
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(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
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the non-physical region s < 0, t < 0 as well as directly
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All functions M
(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.

Results – The analytic results of the interference contri-
butions M

(1) and M
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The analytical expression of M(1) is computed both in
the non-physical region, and in the pair production region,
s > 4M2, t < 0. The latter is required to predict the
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following, these are simply indicated as Zj , with j =
{↵, f, F,M}, respectively. The renormalization constants
admit a perturbative expansions in ↵,
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and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads
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up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
b

(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,
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(2) for the process f�f+
! F�F+ both in
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i and �i are the coefficients of the expansion of
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(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
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following, these are simply indicated as Zj , with j =
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and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
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The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
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(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,
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where the �i (i 2 {cusp; cusp,M;h; }) coefficients up to
O(↵2) are extracted in analogy to the QCD case [46, 53,
79]. We compute the analytic expression of the two-loop
amplitude M

(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
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where �i,�0
i and �i are the coefficients of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
be calculated using ZIR and the lower order contributions,
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(0), . . . ,M(n�1). In particular, the IR pole structures
at one and two loops are found to be,
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All functions M
(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.

Results – The analytic results of the interference contri-
butions M

(1) and M
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following, these are simply indicated as Zj , with j =
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and their expressions can be obtained (either directly
or after abelianization) from [57, 76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization con-
stants, given in Eq. (12), the UV renormalized two-loop
amplitude reads

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2)

�
, (13)

up to second order corrections in ↵. The n-loop coeffi-
cients A

(n) are given in terms of the ones appearing in
the bare amplitude as

A
(0) = A

(0)
b , (14a)

A
(1) = A

(1)
b +

⇣
�Z(1)

↵ + �Z(1)
F

⌘
A

(0)
b , (14b)

A
(2) = A

(2)
b +

⇣
2�Z(1)

↵ + �Z(1)
F

⌘
A

(1)
b

+
⇣
�Z(2)

↵ + �Z(2)
F + �Z(2)

f + �Z(1)
F �Z(1)

↵

⌘
A

(0)
b

+ �Z(1)
M A

(1,mass CT)
b . (14c)

The last term in Eq. (14c) contains the extra contribution
of one-loop diagrams having an insertion of the mass
counter-term in the massive propagators in all possible
ways, as depicted in Fig. 2.
The bare coupling ↵b and the bare amplitudes A

(n)
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(n = 0, 1, 2), appearing in Eqs. (3) and (4), can be
replaced by the corresponding renormalized quantities
↵ and A

(n), to build the Born term, M
(0), and the

renormalized interference terms, at one loop, M(1), and
at two loops, M(2). The latter two quantities constitute
the main results of this Letter.

Infrared Structure – The IR poles appearing in the two-
loop corrections after UV renormalization can indepen-
dently be obtained starting from the tree-level and the
one-loop amplitudes, by following the same procedure em-
ployed to study the infrared structure of QCD amplitudes
[46, 53].

The structure of the IR poles is governed by an anoma-
lous dimension � that has the following structure,
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where the �i (i 2 {cusp; cusp,M;h; }) coefficients up to
O(↵2) are extracted in analogy to the QCD case [46, 53,
79]. We compute the analytic expression of the two-loop
amplitude M

(2) for the process f�f+
! F�F+ both in

the non-physical region s < 0, t < 0 as well as directly
in the production region. In this physical region, the
imaginary part of the anomalous dimension in Eq. (15) is
computed by adding an infinitesimal positive imaginary
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where �i,�0
i and �i are the coefficients of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,
respectively. The IR poles of the nth-order term M

(n) can
be calculated using ZIR and the lower order contributions,
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(0), . . . ,M(n�1). In particular, the IR pole structures
at one and two loops are found to be,
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All functions M
(n) in the r.h.s. of Eqs. (17) must be

evaluated in d = 4 � 2✏ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of ↵/(4⇡).

The IR poles structure in Eqs. (17), reconstructed
starting from the tree-level and one-loop amplitudes, is
in perfect agreement with the one obtained starting from
Eq. (14c) and directly calculating the two-loop diagrams.
This provides a non trivial test of the complete two-loop
calculation.

Results – The analytic results of the interference contri-
butions M
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The analytical expression of M(1) is computed both in
the non-physical region, and in the pair production region,
s > 4M2, t < 0. The latter is required to predict the
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and by the IR renormalization factor ZIR, defined by

exponentiation of the following expression,
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where �i,�0
i and �i are the coefficient of the expansion of

�, its derivative w.r.t. lnµ, and the QED beta function,

respectively. We hereby present the coefficients appearing
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The cusp anomalous dimensions for massless leptons have

the coefficients [5],
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massive leptons are [5],

� 0 =� 3 ,

� 1 =�
3

2
+ 2⇡2

� 24⇣3 + nl

✓
130

27
+

2

3
⇡2

◆
,

�h
0 =� 2 ,

�h
1 =

40

9
nl . (15)

The QED beta function has the expansion
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in which the only needed coefficient for the present calcu-
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FIG. 1: Three-dimensional plots of the coefficients (finite

part) appearing in the decomposition of the renormalized

one-loop amplitude in Eq. (25a).

Here, ⌘ = s/(4M2)� 1, � = �(t�M2)/s.

with the relevant coefficients,
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Lastly, the expansion of the renormalization factor ZIR
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Furthermore, in order to implement the inverse decou-

pling transformation for the massive leptons, in such a

way that one works with nl+nh active leptons, one needs

to include an additional term proportional to nh in ZIR
2 :

ZIR
2 ! ZIR

2 + �ZIR
2 , (22)

where,

�ZIR
2 ⌘�

2

3
nh


�0
0

2✏2
Lµ +

�0
0

4✏

✓
L2
µ +

⇡2

6

◆
+

�0

✏
Lµ

#
.

Amplitudes – The Born term is shown in Eq.(3) of the

Letter, reading as,
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the whole computation. The interferences of one- and
two-loop bare amplitudes with the Born amplitude read

M
(n)
b =

1

4

X

spins

2Re(A(0)⇤
b A

(n)
b ) , for n = 1, 2 . (4)

Analytic Evaluation – The analytic evaluation of M(1)
b

and M
(2)
b is completely automated, within an in-house

software, which can be applied to generic one- and two-
loop amplitudes. The Mathematica package Fey-

nArts [63] is used to generate Feynman diagrams con-
tributing to the one- and two-loop corrections to the
scattering amplitudes as well as the counter-term dia-
grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
term diagrams at two loops. Representative one- and
two-loop diagrams are shown in the second and third
row of Fig. 1, respectively. The spin sums and the alge-
braic manipulation to simplify the Dirac-� algebra are
carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,

M
(n)
b = (S✏)

n

Z nY

i=1

ddki
(2⇡)d

X

G

NGQ
�2G D�

, (5)

where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M

(n)
b

are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),

M
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b = C(n)

· I(n) , (6)

where C(n) is a vector of coefficients, depending on ✏ and
the kinematic variables, s, t,M2. In particular, M(1)

b and
M

(2)
b are conveniently expressed, in terms of 12 and 264

MIs, respectively, analytically computed: two- and three-
point functions have been known since long [69–71], while
planar and non-planar four-point integrals were computed
in [72, 73], using the differential equation method via Mag-
nus exponential, and independently in [55, 56, 74]. The
analytic expressions of M

(n)
b can be written as a Lau-

rent series around d = 4 space-time dimensions (✏ = 0),

with coefficients that contain Generalized Polylogarithms
(GPLs) [75], defined as iterated integrals, through the
recursive formula
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with G(w1; t) ⌘ log(1� t/w1). The arguments wi are
known as letters, and their number, corresponding to
the number of nested integrations, is called weight. The
two-loop interference term contains 4063 GPLs with up
to weight four, whose arguments are written in terms
of 18 letters, wi = wi(x, y, z), which depend on the
Mandelstam variables through the relations, �t/M2 = x ,
�s/M2 = (1 � y)2/y , �(u � M2)/(t � M2) = z2/y
(see [72, 73] for more details).

Renormalization – The one- and two-loop diagrams con-
tributing to M

(1)
b and M

(2)
b contain infrared (IR) and

ultraviolet (UV) divergences. To remove the UV diver-
gences, the bare lepton fields ( `, with ` = f, F , for
massless and massive leptons, respectively) and photon
field (Aµ), as well as the bare mass of the massive lepton
are renormalized as follows,
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Z2  , Aµ
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µ, Mb = ZMM , (8)

where, to simplify the notation, the label ` in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint = eb  ̄b /Ab  b = eZ1  ̄ /A , (9)

can then be entirely fixed using the QED Ward identity,
that implies Z1 = Z2. In particular, this leads to a
simple relation between the renormalized charge and the
bare charge (obtained by applying Eq. (8) to the bare
interaction term and comparing the two renormalized
expressions) eZ1 = eb Z2

p
Z3, therefore, one has e =

eb
p
Z3. The lepton wave functions and the mass of the

massive lepton are renormalized in the on-shell scheme,
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M . The
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with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
their renormalized counterparts. Let us observe that
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carried out by means of the FeynCalc [64–66] package.
Each n-loop graph G (interfered with the Born amplitude)
corresponds to an integrand written in terms of scalar
products between external, p⌫i , and internal, k⌫i , momenta.
Therefore, Eq.(4) can be generically written as,

M
(n)
b = (S✏)

n

Z nY

i=1

ddki
(2⇡)d

X

G

NGQ
�2G D�

, (5)

where: NG = NG(pi, ki) indicates the numerator, and
D� = D�(pi, ki,M) are the denominators corresponding
to the internal lines of G.

Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified
by means of the IBP identities [32, 33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files
for the automated generation of the IBP relations. After
the decomposition phase, the interference terms M

(n)
b

are written as linear combination of a set of independent
integrals, say I(n), called master integrals (MIs),

M
(n)
b = C(n)

· I(n) , (6)

where C(n) is a vector of coefficients, depending on ✏ and
the kinematic variables, s, t,M2. In particular, M(1)

b and
M

(2)
b are conveniently expressed, in terms of 12 and 264

MIs, respectively, analytically computed: two- and three-
point functions have been known since long [69–71], while
planar and non-planar four-point integrals were computed
in [72, 73], using the differential equation method via Mag-
nus exponential, and independently in [55, 56, 74]. The
analytic expressions of M

(n)
b can be written as a Lau-

rent series around d = 4 space-time dimensions (✏ = 0),

with coefficients that contain Generalized Polylogarithms
(GPLs) [75], defined as iterated integrals, through the
recursive formula

G(wn, . . . , w1; ⌧) ⌘

Z ⌧

0

dt

t� wn
G(wn�1, . . . , w1; t) , (7)

with G(w1; t) ⌘ log(1� t/w1). The arguments wi are
known as letters, and their number, corresponding to
the number of nested integrations, is called weight. The
two-loop interference term contains 4063 GPLs with up
to weight four, whose arguments are written in terms
of 18 letters, wi = wi(x, y, z), which depend on the
Mandelstam variables through the relations, �t/M2 = x ,
�s/M2 = (1 � y)2/y , �(u � M2)/(t � M2) = z2/y
(see [72, 73] for more details).

Renormalization – The one- and two-loop diagrams con-
tributing to M

(1)
b and M

(2)
b contain infrared (IR) and

ultraviolet (UV) divergences. To remove the UV diver-
gences, the bare lepton fields ( `, with ` = f, F , for
massless and massive leptons, respectively) and photon
field (Aµ), as well as the bare mass of the massive lepton
are renormalized as follows,

 b =
p

Z2  , Aµ
b =

p
Z3 A

µ, Mb = ZMM , (8)

where, to simplify the notation, the label ` in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint = eb  ̄b /Ab  b = eZ1  ̄ /A , (9)

can then be entirely fixed using the QED Ward identity,
that implies Z1 = Z2. In particular, this leads to a
simple relation between the renormalized charge and the
bare charge (obtained by applying Eq. (8) to the bare
interaction term and comparing the two renormalized
expressions) eZ1 = eb Z2

p
Z3, therefore, one has e =

eb
p
Z3. The lepton wave functions and the mass of the

massive lepton are renormalized in the on-shell scheme,
namely, Z2,f = ZOS

2,f , Z2,F = ZOS

2,F , ZM = ZOS

M . The
coupling constant is renormalized in the MS scheme at
the scale µ2,

↵b S✏ = ↵(µ2)µ2✏ ZMS
↵ , (10)

with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)
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tributing to the one- and two-loop corrections to the
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grams required for the renormalization: 6 diagrams and
3 counter-term diagrams at one loop; 69 diagrams (12 of
which vanish because of Furry’s theorem) and 55 counter-
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carried out by means of the FeynCalc [64–66] package.
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the integrand decomposition can be further simplified
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massive lepton are renormalized in the on-shell scheme,
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2,f , Z2,F = ZOS

2,F , ZM = ZOS

M . The
coupling constant is renormalized in the MS scheme at
the scale µ2,

↵b S✏ = ↵(µ2)µ2✏ ZMS
↵ , (10)

with ZMS
↵ = 1/ZMS

3 . The renormalized amplitude is ob-
tained by multiplying the bare amplitude with a factorp
Z2,` for any external lepton `, hence,

A = Z2,f Z2,F Âb , (11)

where Âb = Ab (↵b = ↵b(↵),Mb = Mb(M)), namely
expressing the bare coupling and mass in terms of
their renormalized counterparts. Let us observe that
A depends on four renormalization constants, namely
ZMS
↵ , ZOS

2,f , Z
OS

2,F , Z
OS

M . To simplify the notation in the

We have obtained complete agreement between the predicted IR poles and the 2-Loop UV renormalized amplitude
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Towards Complete NNLO cross-section

(a) (b)

Figure 2: Left: NNLO reducible photon vacuum polarisation contribution. Right: QED
NNLO irreducible vacuum polarisation contribution.

(a) (b) (c) (d)

Figure 3: NLO virtual photonic corrections.

(a) (b)

Figure 4: Factorisable NNLO contribution with vacuum polarisation insertion on the tree-
level photon propagator of one-loop photonic correction diagrams.
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virt, the virtual two-loop contribution, consists of several classes, both factorisable
and non-factorisable:

1. the squared absolute value of the leading-order (LO) amplitude A0 with one-loop
photon vacuum polarisation (VP) due to leptons (figure 1 (b));

2. interference between LO diagram and two-loop diagrams with iterated photon
VP �↵

LO as well as two-loop irreducible VP �↵
NLO (figure 2).

The sum of the two contributions in items 1 and 2 is factorisable, i.e. it is equal
to

h
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2, where t is the space-like four momentum
of the virtual photon flowing in figure 1 (a);
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Figure 5: NNLO irreducible vertex diagrams. Vertex correction along the electron line
(left) and along the muon line (right).

(a) (b) (c) (d)

Figure 6: NNLO Box diagrams. Direct diagrams (a)-(b) and crossed diagrams (c)-(d).

(a) (b) (c) (d)

Figure 7: NNLO real photon radiation diagrams. Radiation from the electron line (a)-(b)
and from the muon line (c)-(d).

3. interference between the one-loop diagram of figure 1 (b) and one-loop virtual
photonic corrections (figure 3). If the amplitude for the latter is indicated as
A1L, this contribution is factorisable and simply equal to 2�↵

LO(t) Re(A†
0A1L);

4. interference between LO diagram and two-loop factorisable contributions where
the one-loop diagrams with photonic corrections include a VP insertion in the
non-loop photon propagator. Only the two diagrams of figure 4 belong to this
class, which exhibits IR divergences. Also for this case the function �↵

LO(t) can
be factored out;

5. interference between LO diagram and two-loop irreducible contributions where
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Towards Complete NNLO cross-section [VV]
[Broggio, Engel, Ferroglia, MKM, Mastrolia, Passera, Rocco, Ronca, Signer, Torres Bobadilla, Ulrich, Zoller (In Progress)]

The complete two loop virtual amplitude is available with massless electron.

Leading electron mass effects are restored through massification

The two loop virtual correction can be divided as  

Correction on the electron line [electronic] 

Correction on the muon line [muonic] 

Diagrams with closed fermionic loop [VP]

Diagrams with no fermionic loops

Mixed corrections [mixed]

Known using massive vertex formfactor

Known using massive vertex formfactor

Employed the idea of Massification

VP contribution computed exactly with electron mass

Massification

[Mitov, Moch (2006)]
[Penin (2006)]
[Becher, Melnikov (2007)]

[Engel, Gnendiger, Signer, Ulrich (2018)]
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Towards Complete NNLO cross-section [VV]
[Broggio, Engel, Ferroglia, MKM, Mastrolia, Passera, Rocco, Ronca, Signer, Torres Bobadilla, Ulrich, Zoller (In Progress)]

Known using massive vertex formfactor

Known using massive vertex formfactor

Employed the idea of Massification

VP contribution computed exactly with electron mass VP contribution has been checked independently
[Fael, Passera (2019)]
[Fael (2018)]

Vertex corrections has been checked independently

Carloni Calame, Chiesa, Hasan, Montagna, Nicrosini, Piccinini (2020)

Massification

[Mitov, Moch (2006)]
[Penin (2006)]
[Becher, Melnikov (2007)]

[Engel, Gnendiger, Signer, Ulrich (2018)]
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Towards Complete NNLO cross-section [RV+RR]

Computed via OpenLoops assisted with next-to-soft stabilization 

One Loop generalization of the LBK theorem helped to obtain the soft expansion to NLP

Dedicated comparison with the MESMER from Pavia group  for the Real-virtual and double Real contribution

All components have been implemented within the McMule Framework for their efficient and stable evaluation
Banerjee, Coutinho, Engel, Gurgone, Hagelstein, Kollatzsch, Naterop, Rocco, Schalch, Sharkovska, Signer, Ulrich 

Budassi, Carloni Calame, Chiesa, Del Pio, Hasan, Montagna, Nicrosini, Piccinini (2021) 

[Engel, Signer, Ulrich (2021)] 

Buccioni, Pozzorini, Zoller 

[Banerjee, Engel, Schalch, Signer, Ulrich (2021)]
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Towards Complete NNLO cross-section
[Broggio, Engel, Ferroglia, MKM, Mastrolia, Passera, Rocco, Ronca, Signer, Torres Bobadilla, Ulrich, Zoller (In Progress)]

88 Chapter 7. Results

fermions. Since the electron mass is small this results in CPS that hamper the reliability of the
phase-space integration. To address this issue we use a dedicated tuning of the phase-space para-
metrisation (Chapter 4) to help the vegas integration [109] find and deal with these problematic
regions.

The following comparisons have been conducted to verify the correctness of the calculation
to the extent possible. In case of the fermionic corrections, we have compared with the dispers-
ive calculation of [44]. Perfect agreement was obtained for the leptonic contributions where the
only uncertainty is due to the precision of the numerical integration. In case of the hadronic
corrections a deviation of ⇠ 1% in the NNLO coefficient was observed consistent with the expec-
ted uncertainty of the HVP. Furthermore, we have verified the calculation of the complete set of
electronic corrections that we have published in [5] with the MESMER result of [54]. In the case
of the mixed corrections, such a full check is currently not possible since no other calculation ex-
ists. Instead, we have performed a dedicated comparison with the MESMER collaboration [146]
for the radiative process at NLO. A small photon energy cut of ⇠ > 10�6 was used to test the
real-virtual contribution in the soft region. Perfect agreement was found both at the integrated
as well as at the differential level.

In the following, we present fully differential NNLO predictions for observables tailored to
the MUonE experiment. With the momenta of the particles labelled as in (7.1) we define the
invariants te = (p1 � p3)2 and tµ = (p2 � p4)2. In the elastic case we have te = tµ. The energy
of the outgoing electron and muon are denoted by Ee and Eµ, respectively. Additionally, we use
✓e and ✓µ as the corresponding scattering angles relative to the beam axis. We further assume a
150 GeV muon beam, consistent with the M2 beam line at CERN North Area [147], incident on
an electron at rest.

As mentioned in the introduction, the total cross section for µ-e scattering is ill-defined due
to the behaviour d�/dt ⇠ t

2 in (1.33) with tmin  t  0. We therefore have to apply a cut on
the maximal value of t or equivalently on the minimal energy of the outgoing electron. In all of
the results below we choose Ee > 1 GeV. To model the geometry of the detector we require in
addition that ✓µ > 0.3 mrad.

The MUonE experiment aims at measuring the elastic scattering of muons and electrons. The
elasticity requirement is needed in order to be able to reconstruct the momentum flowing through
the HVP for a given event. To implement this in the calculation we use the condition (1.27) and
apply the elasticity cut

0.9 <
✓µ

✓el
µ

< 1.1 . (7.2)

In the following, we present results with and without this additional cut, in order to analyse its
impact on the radiative corrections. We therefore consider the two scenarios

• S1: Ee > 1 GeV, ✓µ > 0.3 mrad,

• S2: Ee > 1 GeV, ✓µ > 0.3 mrad, 0.9 < ✓µ/✓
el
µ < 1.1.

All of the presented results use the input parameters [148]

↵ = 1/137.035999084, me = 0.510998950 MeV,

mµ = 105.658375 MeV, m⌧ = 1776.86 MeV .
(7.3)

Furthermore, we rely on alphaQED [96–98] for the HVP. In particular, we use the most recent
version alphaQEDc19.

As explained in Section 2.4.2, a crucial feature of the FKS` subtraction scheme is the exact
cancellation of the ⇠c dependence among the individual pieces in (2.109). This serves as a
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�/µb �K
(i)

/%
S1 S2 S1 S2

�
(0) 121.42288 121.42288

�
(1)
e -0.73604(5) -5.28211(5) -0.60618(5) -4.35018(4)

�
(1)
eµ -0.23986 -0.18200 -0.19754 -0.14989

�
(1)
µ -0.03514 -0.16824 -0.02894 -0.13856

�
(1)
VP 1.57105 1.57105 1.29386 1.29386

�
(1)
had 0.01597 0.01597 0.01315 0.01315

�
(2)
e 0.00159(2) 0.07426(1) 0.00131(2) 0.06327(1)

�
(2)
eµ 0.0011 0.02066 0.00091 0.01761

�
(2)
µ -0.00006 0.000005 -0.00004 0.000004

�
(2)
VP -0.01358 -0.07341 -0.01113 -0.06255

�2 117.38309(5) 121.97194(6)

Table 7.1: The integrated cross section for S1 and S2 at LO, NLO, and NNLO. The results are
split into purely electronic and muonic, mixed, and VP corrections. All three leptons as well as
the hadronic contribution are included in the VP. Furthermore, the hadronic correction at NLO,
�

(1)
had, is also given separately. Where no error is given, all digits are significant compared to the

precision of the numerical integration.

strong check for the correctness of the implementation as well as the numerical stability of
the integration. We have found perfect ⇠c independence for all contributions at NLO and at
NNLO. This is shown in Figure 7.1 for the most delicate photonic NNLO corrections in scenario
S1. The larger Monte Carlo error for smaller ⇠c is due to the cancellation between the three
different contributions behaving as ⇠ log2

⇠c. The smaller values are thus only used to check
the ⇠c independence. For actual predictions one typically chooses ⇠c & 0.1. The observed ⇠c

independence thus implies that a reliable sampling of the CPS is ensured by the dedicated
tuning of the phase-space parametrisation. This is analogous to the discussion of Section 4.3.
Furthermore, it also strongly suggests that the numerical instabilities encountered in the real-
virtual corrections are under good control due to the next-to-soft stabilisation.

The order-by-order contributions, �
(i), to the integrated cross section, �2 = �

(0) +�
(1) +�

(2),
for both scenarios are presented in Table 7.1. Electronic, muonic, mixed, and VP corrections are
given separately and are denoted by �

(i)
e , �

(i)
eµ , �

(i)
µ , and �

(i)
VP, respectively. All three leptons as

well as the hadronic contribution are included in the VP. Furthermore, the hadronic correction at
NLO, �

(1)
had, is also given separately. Additionally, we show the corresponding K factors defined

as

K
(i) = 1 + �K

(i) =
�i

�i�1
. (7.4)

Before discussing these results, we comment on the behaviour of these corrections when going
from negatively charged muons in (7.1) to positive ones. The two processes are related via the
crossing relation p2 $ �p4. Alternatively, one can also replace Qµ ! �Qµ in the gauge invariant
split (1.40). This, in turn, implies that the purely electronic and muonic corrections are the same
for positively and negatively charged muons, while the NLO mixed contribution, �

(1)
eµ , changes

sign. Only the mixed NNLO correction, �
(2)
eµ , has no definite behaviour under this transformation

since it includes multiple gauge invariant subsets.
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�/µb �/µb �K(i)% �K(i)%
S1 S2 S1 S2

�(0) 106.44356 106.44356

�(1)
e -0.61211 -4.66041 -0.57505 -4.37830

�(1)
eµ -0.21404 -0.16016 -0.20108 -0.15047

�(1)
µ -0.02842 -0.16133 -0.02670 -0.15156

�(1)
had 0.01597 0.01597 0.01500 0.01500

�(1)
vp 1.57105 1.57105 1.47594 1.47594

�1 107.16003 103.03269

�(2)
e 0.00089 0.06594 0.00083 0.06400

�(2)
eµ 0.00094 0.01925 0.00088 0.01869

�(2)
µ -0.00005 0.00001 -0.00004 0.00001

�(2)
vp -0.01393 -0.07376 -0.01300 -0.0715

�2 107.14788 103.10397
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Differential distribution for
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[Broggio, Engel, Ferroglia, MKM, Mastrolia, Passera, Rocco, Ronca, Signer, Torres Bobadilla, Ulrich, Zoller (In Progress)]
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MUonE : Dominant Three-Loop Corrections

Chapter 8

Outlook towards N3LO

The results presented in the previous chapter show that a N3LO computation of the electron-line
corrections is needed to reach the 10 ppm target precision of the MUonE experiment. At this
perturbative order the cross section has the four contributions

�
(3) =

Z
d�nM

(3)
n +

Z
d�n+1M

(2)
n+1 +

Z
d�n+2M

(1)
n+2 +

Z
d�n+3M

(0)
n+3 (8.1)

given by virtual-virtual-virtual, real-virtual-virtual, real-real-virtual, and real-real-real correc-
tions. Some sample diagrams are shown in Figure 8.1. The all-order FKS` subtraction scheme,
presented in Section 2.4.2, can be used to subtract the soft divergences arising in the phase-space
integration. In complete analogy to the NNLO master formula (2.109), we find at N3LO the four
separately finite contributions

�
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Figure 8.1: Examples of electron-line corrections at N3LO. This includes virtual-virtual-virtual,
real-virtual-virtual, real-real-virtual, and real-real-real contributions.

97

Openloop can be used

Next-To-Soft Stabilization will be useful

Massive vector form factors to three loops computed very recently [Fael, Lange, Schönwald, Steinhauser (2022)] 

Dedicated N3LO kick-off workshop, Aug 2022 at IPPP, Durham to investigate the feasibility 
Y. Ulrich, https://conference.ippp.dur.ac.uk/event/1104 

Main Bottleneck

Subtraction scheme is ready: FKS3

2-Loop 5 point process

[Buccioni, Pozzorini, Zoller (2017)] 

[Engel, Signer, Ulrich (2021) ]

[Engel, Signer, Ulrich (2019)] 

[Banerjee, Engel, Schalch, Signer, Ulrich (2021)]
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Krause ’96; Keshavarzi, Nomura, Teubner 2019; WP20

 aμ
HVP(NLO) = - 98.3 (7) x 10-11

HVP NLO contributions to aμ at MUonE

LO

Nesterenko 2112.05009. Balzani, Laporta, MP 2112.05704
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Ri(u) are rational functions

Normally incorporated in aμHVP(LO). 
MUonE will naturally include it!

See Balzani & Nesterenko’s talks

 Just like at LO,

   the NLO space-like kernel is ready for MUonE:

subtracted dispersion relation satisfied by ⇧h(q2),

⇧h(q2)

q2
=
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⇡
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s� q2
, q2 < 0, (9)

we obtain the space-like expression
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The function K(2)(z), real for any z � 0, has

a cut along the negative real axis z < 0 with the
imaginary part

ImK(2)(z + i✏) = ⇡ ✓(�z)

"
z2

2
� z +

z � 2z2 + z3/2p
z(z � 4)

#

= ⇡ ✓(�z)F (2)(1/y(z)), (11)

where
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The i✏ prescription, with ✏ > 0, indicates that, in
correspondence of the cut, the function ImK(2)(z)
is evaluated approaching the real axis from above.

If in Eq. (10) one uses the explicit expression for
ImK(2)(t/m2) of Eq. (11) and changes the integra-
tion variable from t to x = 1 + 1/y via the substi-
tution

t(x) =
m2x2

x� 1
, (13)

obtained from Eq. (6), one finds [41]
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where the space-like kernel is remarkably simple,

(2)(x) = 1� x (15)

and �↵h(t) = �⇧h(t) is the (five-flavor) hadronic
contribution to the running of the electromagnetic
coupling in the space-like region, ↵(t) = ↵/(1 �

�↵(t)).
Equation (14) (or forms equivalent to it) is used

in lattice QCD calculations of aHVP

µ (LO) (see e.g.
[42] and a discussion in [7]) and forms the basis for
the MUonE proposal to determine aHVP

µ (LO) via
muon-electron scattering data [33–36].

We close this Section noting that, in Fig. 1, a
virtual photon can be emitted and reabsorbed by
the HVP insertion of the LO diagram. These irre-
ducible hadronic contributions, although of higher

4a 4b

e, ⌧

4c 4d

Figure 2: Sample O(↵3) diagrams contributing to the HVP
corrections to the muon g-2.

order in ↵, are normally incorporated into the time-
like determination of aHVP

µ (LO) via the inclusion of
final-state radiation corrections in the R-ratio (see
e.g. [7, 8]).1 For a comparison, also space-like eval-
uations of aHVP

µ (LO) should therefore incorporate
these higher-order corrections, including them in
�↵h(t) in Eq. (14). In this respect, the fully inclu-
sive measurement of �↵h(t) expected from MUonE
is ideal [43].

3. The HVP contribution at NLO

The hadronic vacuum polarization contribution
to the muon g-2 at NLO, aHVP

µ (NLO) has been
studied as early as in Ref. [44]. It is due toO(↵3) di-
agrams that can be classified as follows (see Fig. 2).
Class (4a) comprises diagrams with one single HVP
insertion in one of the photon lines of the two-loop
QED diagrams contributing to the muon g-2, with-
out any VP insertion due to electron or tau loops.
Class (4b) contains diagrams with one HVP and
one additional VP due to an electron or tau loop.
Class (4c) consists of the single diagram with two
HVPs. Class (4d) diagrams contain internal radia-
tive corrections to the HVP. As discussed in the
previous Section, this contribution is not consid-
ered as part of aHVP

µ (NLO), although of the same
order in ↵, because it is already incorporated into
aHVP

µ (LO). Analogously, the O(↵4) contributions
obtained by adding to the diagrams of classes (4a),

1Note that, consistently, the lower limit of integration
in Eq. (4) has been chosen to be s0 = m

2
⇡0 , the threshold of

the ⇡
0
� cross section.
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 Just like at LO,

   the NLO space-like kernel is ready for MUonE:

[Nesterenko (2021)] 
[Balzani, Laporta, Passera (2021)] 

LO Kernel

NLO Kernel

LO
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Timelike Region

[Krause (1996)],

[Keshavarzi, Nomura, Teubner (2019)] 

HVP NLO contribution to Muon g-2 with MUonE
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HVP NNLO contribution to Muon g-2 with MUonE
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Figure 6: Sample O(↵4) diagrams contributing to the HVP corrections to the muon g-2.

The sum of the NNLO contributions is, therefore,

aHVP

µ (NNLO) = a(6a)µ + a(6b)µ + a(6bll)µ + a(6c)µ + a(6d)µ .
(28)

It is positive and of O(10�10) [16].

4.1. Class (6a)

The contribution of class (6a) can be written in
the time-like form [16]

a(6a)µ =
↵3

⇡4

Z 1

s0

ds

s
K(6a)(s/m2) Im⇧h(s). (29)

The sixth-order function K(6a)(z) is not known in
exact form, but an approximate series expansion in
the parameter r = m2/s, with terms up to fourth
order, was computed in [16]. This expansion con-
tains powers rn of degree n = 1, 2, 3, 4, multiplied
by constants, ln r, (ln r)2 and (ln r)3 terms. Follow-
ing a procedure similar to that described at NLO,
we exploited generating integral representations to
fit all the rn, rnln r, rn(ln r)2, and rn(ln r)3 terms
of the K(6a)(s/m2) expansion,

K(6a)(s/m2) = r

Z
1

0

d⇠


L(6a)(⇠)

⇠ + r
+

P (6a)(⇠)

1 + r⇠

�
(30)

where

L(6a)(⇠) = G(6a)(⇠) +H(6a)(⇠) ln ⇠ + J (6a)(⇠) ln2⇠
(31)

and

G(6a)(⇠) = g(6a)
0

+ g(6a)
1

⇠ + g(6a)
2

⇠2+ g(6a)
3

⇠3,

H(6a)(⇠) = h(6a)
0

+ h(6a)
1

⇠ + h(6a)
2

⇠2+ h(6a)
3

⇠3,

J (6a)(⇠) = j(6a)
0

+ j(6a)
1

⇠ + j(6a)
2

⇠2+ j(6a)
3

⇠3,

P (6a)(⇠) = p(6a)
0

+ p(6a)
1

⇠ + p(6a)
2

⇠2+ p(6a)
3

⇠3, (32)

obtaining the coe�cients g(6a)i , h(6a)
i , j(6a)i and p(6a)i

(i = 0, 1, 2, 3) reported in Table 1.
Inserting the integral representation of Eq. (30)

in Eq. (29), the integral over s can be performed
using the dispersion relation satisfied by ⇧h(q2).
With simple changes of variables we obtain

a(6a)µ =
⇣↵
⇡

⌘3
Z

1

0

dx ̄(6a)(x)�↵h(t(x)), (33)

where, for 0 < x < xµ = (
p
5� 1)/2 = 0.618 . . .,

̄(6a)(x) =
2� x

x (1� x)
P (6a)

✓
x2

1� x

◆
, (34)

7

LOLOLONLO

The NNLO space-like kernels are available for MUonE

The NLO & NNLO space-like kernels can also be used in lattice QCD computation 

[Balzani, Laporta, Passera (2021)] 

<latexit sha1_base64="kgG7kmmBOM8YMzzj+Wrfta9mNt8="></latexit>

aHVP

µ (NNLO) = 12.4(1)⇥ 10
�11

Timelike Region

[Kurz, Liu, Marquard, Steinhauser (2014) ]
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Conclusion

Two independent MC (MESMER, McMule) at NNLO in progress

Fully analytic evaluation of the two-loop QED amplitude completed

First step towards investigating dominant N3LO corrections

New NLO and NNLO space-like kernels for HVP are ready

Possible new physics searches, etc 

Independent determination of the HVP contribution to the anomalous magnetic moment of Muon compared to dispersive and lattice results 

Massification of the two-loop QED amplitude has been done and combined with Real-Virtual and Real-Real piece

Fully differential fixed-order MC @ NLO ready 

EW NLO corrections known but not required at 10ppm level 
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Scattering Process

10 Chapter 1. Introduction

(q2
< 0) where it is smooth and free of hadronic resonances. Following [35] this measurement

can then directly be used to obtain a completely independent prediction for a
HVP
µ given by the

integral

a
HVP
µ =

↵

⇡

Z 1

0
dx(1 � x)�↵had

�
t(x)

�
(1.23)

with the hadronic contribution to the running of the effective fine-structure constant

�↵had
�
q
2
�

=
↵

1 � Re ⇧had(q2)
(1.24)

and

t(x) =
x

2
M

2

x � 1
< 0 . (1.25)

This, in turn, would yield valuable information to resolve the aforementioned discrepancy between
data-driven and lattice results and would contribute to the further improvement of the theory
precision.

The MUonE approach suffers from the disadvantage of measuring a subleading effect. The
contribution of the leading HVP changes the differential cross section by up to O(10�3), depend-
ing on the scattering angle of the outgoing electron. In order to match the error of the current
value (1.20), the HVP needs to be extracted from µ-e data with a precision below one percent.
Hence, the accuracy of the total experimental and theoretical error should not exceed 10 ppm.
This is only feasible since the most important experimental systematic effects can be measured in
the so-called normalisation region, where hadronic effects are negligible [36]. Nevertheless, this
level of precision still represents a daunting task both on the experimental and the theoretical
side. Figure 1.2 shows a selection of Feynman diagrams that contribute at this level of precision.
The precise theory requirement for the SM prediction is investigated in the following Section 1.3.

A contamination of the signal with BSM physics, as illustrated in Figure 1.2f, can a priori
not be excluded. However, the dedicated studies performed in [37, 38] have shown that these
effects are expected to lie below MUonE’s sensitivity. A crucial point in these analyses is the
aforementioned normalisation of the cross section using the low-signal region to cancel larger
BSM effects. This explains the different conclusion reached in [39] where this cancellation was not
taken into account. While this additional study is therefore not particularly relevant regarding
the determination of the HVP, it raises the question of MUonE’s potential to search for BSM
physics. This idea was investigated in [40, 41] with the conclusion that new parameter space for
light new physics can indeed be explored.

The proposal of MUonE is to scatter the 150 GeV muon beam currently available at the
CERN North Area on a Beryllium fixed target. The scattering angles of the electron and the
muon, ✓e and ✓µ, are measured very precisely, but no further kinematic information is assumed
to be available. From an idealised point of view we thus consider

e
�(p1)µ

±(p2) ! e
�(p3)µ

±(p4) + X(p5) (1.26)

where the initial-state electron is at rest and X stands for any further radiation. The incoming
muon beam consists of either positively or negatively charged muons and is about 80% polarised.
With the energy of the incoming muon set to E2 = 150GeV, the centre-of-mass energy is fixed as
s = m

2 +M
2 +2mE2 ⇡ (400 MeV)2. The HVP, ⇧had(q2), is then extracted from the differential

cross section measured as a function of the squared momentum transfer in the space-like domain
q
2

< 0. This is, however, only a well-defined quantity in the case of elastic events where p5 = 0
and thus q

2 = t = (p1 � p3)2 = (p2 � p4)2. It is therefore important to define the observable
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such that inelastic events are rejected. This can be done, for example, by using the fact that
the electron and muon scattering angles are not independent in the elastic case. While in the
centre-of-mass system (CMS) we trivially have ✓

el
µ
⇤

= ⇡ � ✓
el
e
⇤, in the laboratory (LAB) frame

the two angles are correlated by the elasticity condition [4]

tan ✓
el
µ =

2 tan ✓
el
e

(1 + �2 tan2 ✓el
e )(1 + g⇤µ) � 2

(1.27)

where

g
⇤
µ =

E2m + M
2

E2m + m2
, � =

E2 + m
p

s
. (1.28)

Inelastic contributions can thus be suppressed by rejecting events that do not lie in the vicinity
of this elasticity curve.

Since the suppression is experimentally limited by the finite angular resolution of the de-
tector, inelastic contributions still need to be studied as a background. Without any elasticity
requirement, the following processes are kinematically allowed: photon radiation, the emis-
sion of a neutral pion (X = ⇡

0), and the production of an electron, muon, and pion pair
(X = e

+
e
�
, µ

+
µ
�
, ⇡

+
⇡
�
, ⇡

0
⇡

0). It was shown in [42] that when realistic elastic event selections
are taken into account the contribution from X = ⇡

0 is well below 10�5 and that pion pair
production is kinematically forbidden. Furthermore, in [43] also the effect due to X = µ

+
µ
�

was calculated to be negligible due to the tiny allowed phase space. The production of an elec-
tron pair, on the other hand, was shown to be highly relevant due to the presence of the large
logarithms Lm. The corresponding process thus needs to be incorporated in any Monte Carlo
generator for MUonE. This is obviously also true for photon radiation that obtain additional soft
enhancements due to the elasticity cut restricting hard emission.

1.3 Muon-electron scattering at 10 ppm

This section investigates the theory requirements needed for MUonE’s 10 ppm goal and presents
an overview of the results that have already been obtained in this endeavour. Analogously to
the anomalous magnetic moment, the SM theory prediction for elastic µ-e scattering can be split
into the contributions

� = �QED + �EW + �had . (1.29)

The LO HVP contribution, contributing to �had, is shown in Figure 1.2d and corresponds to
the signal of the experiment. It is a crucial property of µ-e scattering, in this context, that also at
subleading order all hadronic corrections are due to HVP. The more difficult HLbL diagrams only
occur at subsubleading order and are therefore below the sensitivity of the MUonE experiment.
The subleading HVP corrections, such as the one shown in Figure 1.2e, have been calculated
in [44] with a dispersive approach based on (1.21). This prediction depends on time-like data
which spoils the independence of MUonE’s HVP measurement. To avoid this problem, it was
shown in [45] that the hyperspherical method [46, 47] can be used instead which only integrates
over space-like data. This allows for an iterative fit where in a first step only the LO HVP is
extracted with the subleading hadronic corrections switched off. Next, the corresponding data
can be used as an input to the hyperspherical method to predict these missing contributions.

The EW corrections in (1.29) are suppressed by

�EW
�QED

⇠

⇣
s

M
2
Z

⌘2
⇠ 10�5 (1.30)
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Inelastic contributions can thus be suppressed by rejecting events that do not lie in the vicinity
of this elasticity curve.

Since the suppression is experimentally limited by the finite angular resolution of the de-
tector, inelastic contributions still need to be studied as a background. Without any elasticity
requirement, the following processes are kinematically allowed: photon radiation, the emis-
sion of a neutral pion (X = ⇡

0), and the production of an electron, muon, and pion pair
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0). It was shown in [42] that when realistic elastic event selections
are taken into account the contribution from X = ⇡

0 is well below 10�5 and that pion pair
production is kinematically forbidden. Furthermore, in [43] also the effect due to X = µ

+
µ
�

was calculated to be negligible due to the tiny allowed phase space. The production of an elec-
tron pair, on the other hand, was shown to be highly relevant due to the presence of the large
logarithms Lm. The corresponding process thus needs to be incorporated in any Monte Carlo
generator for MUonE. This is obviously also true for photon radiation that obtain additional soft
enhancements due to the elasticity cut restricting hard emission.
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This section investigates the theory requirements needed for MUonE’s 10 ppm goal and presents
an overview of the results that have already been obtained in this endeavour. Analogously to
the anomalous magnetic moment, the SM theory prediction for elastic µ-e scattering can be split
into the contributions

� = �QED + �EW + �had . (1.29)

The LO HVP contribution, contributing to �had, is shown in Figure 1.2d and corresponds to
the signal of the experiment. It is a crucial property of µ-e scattering, in this context, that also at
subleading order all hadronic corrections are due to HVP. The more difficult HLbL diagrams only
occur at subsubleading order and are therefore below the sensitivity of the MUonE experiment.
The subleading HVP corrections, such as the one shown in Figure 1.2e, have been calculated
in [44] with a dispersive approach based on (1.21). This prediction depends on time-like data
which spoils the independence of MUonE’s HVP measurement. To avoid this problem, it was
shown in [45] that the hyperspherical method [46, 47] can be used instead which only integrates
over space-like data. This allows for an iterative fit where in a first step only the LO HVP is
extracted with the subleading hadronic corrections switched off. Next, the corresponding data
can be used as an input to the hyperspherical method to predict these missing contributions.
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The LO HVP contribution, contributing to �had, is shown in Figure 1.2d and corresponds to
the signal of the experiment. It is a crucial property of µ-e scattering, in this context, that also at
subleading order all hadronic corrections are due to HVP. The more difficult HLbL diagrams only
occur at subsubleading order and are therefore below the sensitivity of the MUonE experiment.
The subleading HVP corrections, such as the one shown in Figure 1.2e, have been calculated
in [44] with a dispersive approach based on (1.21). This prediction depends on time-like data
which spoils the independence of MUonE’s HVP measurement. To avoid this problem, it was
shown in [45] that the hyperspherical method [46, 47] can be used instead which only integrates
over space-like data. This allows for an iterative fit where in a first step only the LO HVP is
extracted with the subleading hadronic corrections switched off. Next, the corresponding data
can be used as an input to the hyperspherical method to predict these missing contributions.
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