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HVP contribution to (g — 2),,

Contribution Value x10'
QED 116584 718.931(104
Electroweak 153.6(1.0
HVP (ete~, LO + NLO + NNLO) 6845(40
HLbL (phenomenology + lattice + NLO) 92(1
Total SM Value 116591810(4
Experiment 116592061(4
Difference: Aa,, := &% — a;" 251(5

HVP dominant source of theory uncertainty
rel. size ~ 0.6% = RC in eTe~ — 77~ must be under control

RC evaluation based on models so far
A dispersive approach could lead to model-independent results
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Radiative correctionsto ete™ — ntn~
Initial State Radiation:

€ T e T

can be calculated in QED in terms of F"(s)
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Radiative correctionsto etfe™ — ntn—

Final State Radiation:

requires hadronic matrix elements beyond F.”(s)
known in ChPT to one loop Kubis, MeiBner (01)
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Interference terms:

also require hadronic matrix elements beyond F"(s)
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Radiative correctionsto ete™ — ntn—

Interference terms:

—_—

€ ™ € ™

et

also require hadronic matrix elements beyond F"(s)
other than in the 17-exchange approximation;

do not contribute to the total cross section because C-odd
but to the forward-backward asymmetry
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Dispersive approach to FSR

Disc Wi =

Neglecting intermediate states beyond 27, unitarity reads

f V,a 4
DiscFy*(s) _ (2n) / db2FY(s) x T (s, 1)
2i 2
4
+ (2721-) /d‘DzFX’a(S) x Trix(s,1)

+ @/dd&ﬁ!”(s, t)TQ;(S,{t:})
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Dispersive approach to FSR

Disc Wi =

Neglecting intermediate states beyond 27, unitarity reads

f V,a 4
DiscFy*(s) _ (2n) / db2FY(s) x T (s, 1)
2i 2
4
+ (2721-) /d‘DzFX’a(S) x Trix(s,1)

+ @/dd&ﬁ!”(s, t)TQ;(S,{t:})

= need T, as well as T7; and FY"" as input
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Dispersive approach to FSR

Disc Wi =

Neglecting intermediate states beyond 27, unitarity reads

f V,a 4
DiscFy*(s) _ (2n) / db2FY(s) x T (s, 1)
2i 2
4
+ (2721-) /d‘DzFX’a(S) x Trix(s,1)

4
+ BL [ aoortas 0T s, (1)
= need T, as well as T7; and FY"" as input

The DR for Fﬂv’“(s) takes the form of an integral equation
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Outline

lllustration of the approach: the forward-backward asymmetry
inete” — ™
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Forward-backward asymmetry

dog Tl 2

3
(1= 2)|F{(s)

dz  4s
do do
do(zy—de(_z
heol?) = S0
T2+ FZ(=z

do

do o dUo
dz B

Coodd g |:§Soft(m§/a A) + 5virt<m§)} + =
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Calculation of 4; in the 17-exchange approximation

» cut the diagrams in the t (or u) channel

» represent the subamplitude ete~ — w7~ dispersively

Fls) 1 1 > s JImFY(s) 1
s S—m2 T Jae s’ s—¢
> Wh|Ch Ieads tO GC, Hoferichter, Monnard, Ruiz de Elvira (22)
= 1 ImF) (s =
dvirt = 5virt(m m ) d /# [5V|rt(s m ) + 5virt(m»2ya S/)]
4M2
1 ImFV(s) ImFY(s") -

+ ; d ! d " wrt(s S )

amz s’ am2 s
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Calculation of 4; in the 17-exchange approximation
GC, Hoferichter, Monnard, Ruiz de Elvira (22)

= ReFY(s)
§Vil't = - 2 > vV 2
2(2s(1 — z%)|F/ (s)

a
T
x Re [m(mﬁ —1) (co(mg, t, M2, s m2, M2)+Co(m?, t, M2, s, m2, Ms;))
— 4t<sCo(m§, s,mg, m3,s',s") — tCo(M2, s, M2, M2, S, s”))
+4(M2—1) ((M;’; — 12+ M+ (s +5" — u))
x Do(mZ, m3, M2, M2, s,t,s',m2, ", M3) — (t u)}

+ (Re — Im)
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N U m erlcal an aIySIS GC, Hoferichter, Monnard, Ruiz de Elvira (22)
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GVMD describes well preliminary CMDS3 data Ignatov, Lee (22)
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N U m erlcal an aIySIS GC, Hoferichter, Monnard, Ruiz de Elvira (22)
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Dispersive approach to radiative corrections to == scattering
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7w scattering amplitude in the isospin limit

Phenomenological representation of A(s, t, u) below ~ 1 GeV
A(S) t, U) = A(S’ t, U)SP + A(Sv t, U)d

where Agp is the unitarity contribution of S and P waves

and (with /S, ~ 2 GeV)
Wo(s) — 38\/2 L sls —W4M£) 4; o i hzgg&, 5
Wi = 2L e
We(s) — :I%\/I;r L s(s —W4M§) /4;; ds’ G Eﬂ,ﬁgg, )
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7w scattering amplitude in the isospin limit

Phenomenological representation of A(s, t, u) below ~ 1 GeV
A(S) t, U) = A(Sa t, U)SP + A(37 t, U)d

where Agp is the unitarity contribution of S and P waves

As. 1, u)sp—?’z?f{wo(s)— W2(s)+g(s —a (t)+gW2(t)+(t o u)}

where tg’(s) are partial wave projections of isospin amplitudes

TO(s, t,u) = 3A(s, t,u) + A(t,u,s) + A(u, s, 1)
T'(s, t,u) = A(t,u,s) — A(u, s, t)
T2(s, t,u) = A(t,u,s)+ A(u, s, t)
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7w scattering amplitude in the isospin limit

Phenomenological representation of A(s, t, u) below ~ 1 GeV
A(S) t, U) = A(S’ t, U)SP + A(Sv t, U)d
where Agp is the unitarity contribution of S and P waves

As. 1, u)sp—?’zef{wo(s)— W2(s)+g(s —a (t)+gW2(t)+(t o u)}

Ay = effect of higher waves and higher energies
For /s < 1 GeV small and smooth contribution = polynomial
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7w scattering amplitude away from the isospin limit

We need to consider three different effects: GC, Gasser, Rusetsky (09)

1. strong isospin breaking: effects proportional to (my, — my)
2. effects proportional to M+ — M_o
3. effects due to photon exchanges

Each of them can be considered separately from the other two
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7w scattering amplitude away from the isospin limit

We need to consider three different effects: GC, Gasser, Rusetsky (09)

1. strong isospin breaking: effects proportional to (my, — my)
2. effects proportional to M.+ — M_o
3. effects due to photon exchanges

Each of them can be considered separately from the other two

At low energy effects 1. are small ~ O((my — my)?)
At higher energies they generate 7%-n as well as p-w mixing

These can be (and are) described phenomenologically
(and 7%-» mixing is not relevant for FY(s))
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7w scattering amplitude away from the isospin limit

We need to consider three different effects: GC, Gasser, Rusetsky (09)

1. strong isospin breaking: effects proportional to (my, — my)
2. effects proportional to M+ — M_o
3. effects due to photon exchanges

Each of them can be considered separately from the other two
At low energy effects 1. are small ~ O((my — my)?)

At higher energies they generate 7%-n as well as p-w mixing

These can be (and are) described phenomenologically
(and 7%-» mixing is not relevant for FY(s))

The rest of the talk concerns the other two
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Roy equations away from the isospin limit
First we need to switch from the isospin to the charge basis

T°(s,t,u) = %To(s, t,u)+%T‘(s, t, u)+%T2(s, t,u)
1
T*(s,t,u) = %TO(S,LU)—gTz(S,Z‘,U)
2
T'(s,t,u) = %To(s,t,u)+§T2(s,t,u)
where

T =T(rtr = atr), T = T(rxtn — 71'071'0)7 TN = T(7r07ro—> 7r071'0)
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Roy equations away from the isospin limit

First we need to switch from the isospin to the charge basis

T°(s,t,u) = %To(s, t,u) + %T‘(s, t,u) + %Tz(s, t,u)
T*(s,t,u) = %TO(S, tu)— %Tz(s, tu)
T'(s,t,u) = %To(s, t,u) + %Tz(s, t, u)

where

T =T(rtr = atr), T = T(rxtn — 71'071'0)7 TN = T(7r07ro—> 7r071'0)

and with crossed channels

TH(s,t,u):=T(rtn" = nt7t) = Tt u,s)
TH(s,t,u) = T(rt7® = 777%) = T*(t,u,s).
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Roy equations away from the isospin limit
First we need to switch from the isospin to the charge basis

T°(s,t,u) = %To(s, t,u) + %T‘(s, t,u) + %Tz(s, t,u)
1

T*(s,t,u) = %TO(S, tu)— §T2(S, tu)
2

T'(s,t,u) = %To(s, t,u) + §T2(s, t, u)

~

Then adapt (elastic) unitarity relations

ths(s)  —txs(s) )

ImTs(s) = Ts(s)p(s)Ts(s), with TS:(—tX,s(s) te,5(8)

oo(s)0(s —4M3) 0
os) = ( 0 20(s)d(s — 4M2) )

oo(8) = /1 —4M3,/s, o(s) =y/1—4M2/s
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Roy equations away from the isospin limit
First we need to switch from the isospin to the charge basis

T°(s,t,u) = %To(s, t,u) + %T‘(s, t,u) + %Tz(s, t,u)
1

T*(s,t,u) = %TO(S, tu)— §T2(S, tu)
2

T'(s,t,u) = %To(s, t,u) + §T2(s, t, u)

~

Then adapt (elastic) unitarity relations

Imtys(s) = 00(S)|tn,s(S)I? + 20(5) [t s(S)I?
Imt, 5(S) = 00(S)th,s(S)t s(S) +20(8)tx,s(S)t; 5(S)
Imt;s(S) = oo(S)|t,s(S)|? + 20(8)|tes(5)[* -

where

oo(s) = /1 —4M3 /s, o(s)=/1—4M2/s
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Roy equations away from the isospin limit

This leads to the following Roy egs.

Too(s, t,u) = 32 (W,?f)s(s) + WIS H(set)+(se u))

Wo(s) — als  s(s—4M?3) /32 ” Imt%%(s’)
’ 4M?, ™ ae, (8 —4MZ)(s —9)
Wi(s) — s(s — 4M2,) /52 o Imt,f,g(s’)
nS ™ e (8 —A4MZ)(s' —s)’
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Roy equations away from the isospin limit

This leads to the following Roy egs.
T& (s.tu) = 32m |WE(s) + WES(1) + W5 (1) + W(u) + W5 (u)

(s~ U)W;5 (1) + (s — W7 (u)]

atts S(S _ 4M2) S2 |mt++(S')

++ _ ™ / S
Ws'lo) = Zme T = / v % (5 —anB)(5 —5)

_ a:~s s(s—4aM2) [* Imt; 5 (s')
Wes (&) = Zme *— = / w ST —ane) e )
Woo (S) _ S(S - 4M72r) / s Imtgf)s( )

¢S m we, S —4MR)(s )

B s [% 3Imt; 5 (s')
Wir®) = 2, a9

Via crossing this provides also a representation for T¢
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Roy equations away from the isospin limit

This leads to the following Roy egs.
Tap(s.tu) = 327 [ W g(s)+ W(s) + WL°(H) + Wi°(u)

+ (H(s = u) + A2) WE(D)+ (u(s — 1) + A2) WE ()]

a;~s N s(s — 4M?) /52 gs' Imt 5 (s')
4M2 T me  S'(S —4ME)(s' —s)
Wi(e) — SEHE) [* g M)

S\ T me,  S(s' —4M2)(s' - s)

W2o(s) a’s s(s — 4M?) /SZdS, Imtsto(s’)
S 4 M2 T sie S(s —4M2)(s - s)

Wi = | [Cas ImE)
P ™ Jair )\(S’,M?T,Mfro)(s’—s)’

Aﬂ_ = M72|_ — M,.zro Mﬂ" = (Mﬂ' + Mﬂ'o)/2
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Roy egs. and M? — M?, effects

» Input for Roy egs.:
Imt/(s) above /87 ~ 1.15 GeV and scattering lengths

» numerical solutions = partial waves for 4M2 < s < sy
» assume: input above s; does not change for A; # 0

» starting point: solutions in the isospin limit;
reevaluating the dispersive integrals with the thresholds
= calculation of the desired effects

» the procedure can be iterated

> the effect on FY(s) is small (the 7%7° only appears in the
t-channel of the 77 amplitude in the unitarity relation)
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Roy egs. and photon-exchange effects

Photon-exchange diagrams are O(«) effects not included in the
Roy egs.

Ta(t,s,u) = ™ o 4ms; YEV(t2
at at

Tg(sa ta U) = TB(t, S, U) + TB(Sa ta U)
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Roy egs. and photon-exchange effects

Photon-exchange diagrams are O(«) effects not included in the
Roy egs.

Ta(t,s,u) = ™ :47ras;uF7rV(t)2
ﬂ'+ ’/T+

Tg(s, ta U) = TB(t, S, U) + TB(Sa ta U)

» Adding such a contribution to the T¢ amplitude upsets the
unitarity relations for all amplitudes

> we are interested in corrections only up to O(«)
= set up an iterative scheme
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Roy egs. and photon-exchange effects: 1. iteration

T5(s.t,u) == §:>-< + ; + % + flipped diags.
TX(s,t, u) == §:>.<

“Triangle diagrams” = topology of box diagrams
=- double-spectral representation
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Roy egs. and photon-exchange effects: 1. iteration

T5(s.t,u) == §:>-< + ; + % + flipped diags.
TA(s.t,u) == %:>.<

“Triangle diagrams” = topology of box diagrams
=- double-spectral representation

Starting point for further iterations:
Ti(s,t,u) = T§(s, t,u)+ TE(s, t,u) + TS(s, t,u)

Ti(s tu) = To(s,t,u) +Tp(s:t,u)
T(s,t,u) = Tg(s.t,u)
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Roy egs. and photon-exchange effects: 2. iteration

Diagrams have to be cut in all possible ways:
= contributions from subamplitudes with real photons
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Roy egs. and photon-exchange effects: 2. iteration

Diagrams have to be cut in all possible ways:
= contributions from subamplitudes with real photons

Expression after further iterations:

To(s,tu) = Tg(s t,u)+ TE(s, t,u)+ TE(s, t,u) + > RE(s. t,u)
k=2
T(s,tu) = T§(s,tu) +Th(s, t,u) + Y Ri(s,t,u)

k=2
Ti(s t,u) = Tg(s t,u) +Y_ Rils,t,u)
k=2
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Roy egs. and photon-exchange effects: comments

> starting from the 2. iteration the evaluation of the A, _ , is
done as follows:
1. project the R, amplitudes onto partial waves
2. insert these into the unitarity relations combined with the
projections of T}
3. add the contribution of subdiagrams with real photons
4. solve the corresponding dispersion relation

» subtraction constants can be fixed by matching to ChPT
> iteration number k corresponds to chiral O(p?)

> ChPT mm amplitude with RC known to one 100p «nech. Nenme (02)
= subtraction constants for all R,, k > 2 can be set to zero
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Dispersive treatment of FSR in ete™ — 77—

: V,a 4
DiscFy*(s) _ (2r) / dbzFY(s) x T (s, 1)
2i 2
4
+ (272r) /d%FX""(S)XTQ}(SJ)
(2

_|_

721')4 /dq)s,:;/ﬂ(s’ HTi (s, {ti})

Long digression = T

Approximation: only 27 intermediate states for £ and T,

DS S v

All subamplitudes known = EY7 and T2, v
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Having evaluated all the following diagrams J. Monnard, PhD thesis 2021
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Conclusions

Evaluation of F/

Having evaluated all the following diagrams

J. Monnard, PhD thesis 2021

R R

0.04

the results for o(ete~ — w7~ (7)) look as follows: Preliminary!
a%la,
—— Dispersive, triangle only
— FxsQED
0z 0a 06 08 10°(@V)

-0.02

Red curve corresponds to Hoefer, Gluza, Jegerlehner (02) and Campanario et al. (19) (?)
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Evaluation of F/

Having evaluated all the following diagrams J. Monnard, PhD thesis 2021
the results for o(ete~ — w7~ (7)) look as follows: Preliminary!
a®la,
0.06
0.04
—— Dispersive, all contributions
— FxsQED
0.02-
0z od 08 ——— 5@

Red curve corresponds to Hoefer, Gluza, Jegerlehner (02) and Campanario et al. (19) (?)
-0.02-
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HVP
Impact on a,

Ideally: use calculated RC in the data analysis (future?).

QU|Ck eS'[Imate Of the ImpaC’[ thanks to M. Hoferichter and P. Stoffer

1. remove RC from the measured o(ete™ — 7~ (7))
2. fit with the dispersive representation for FY(s)
3. insert back the RC

The impact on a;;*" is evaluated by comparing to the result
obtained by removing RC with n(s) calculated in sSQED

102+05+5 FsQED
10287 = ¢ 105+05+(?) triangle
13.2+0.5 full
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Conclusions and outlook

» We have developed a dispersive formalism for evaluating
RC to the 7 scattering amplitude and F.Y(s)

work in progress GC, J. Monnard, J. Ruiz de Elvira

» approximation: include only up to 2= intermediate states
= finite system of equations (humerical solutions)

> preliminary evaluation of the corrections to F(s) and ai""
shows no unexpectedly large effects . monnard, Phb thesis, 2021

» other than in the forward-backward asymmetry

(if compared to naive sQED) Ignatov, Lee (22), GC, Hoferichter, Monnard, Ruiz de Elvira (22)

> final goal: ready-to-use code which can be implemented in
MC and used in data analysis

» we plan to apply the same approach to 7 — nrv,

M. Cottini, work in progress
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