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3-neutrino mixing

Charged current weak interactions

. Y 70 Vb 6) W (x) + hec.

C=e,u,t
Mismatch between the interaction and mass eigenstates
3
Vpr(X) = Z Uy v (x)
J=1
U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix

The standard parameterisation (adopted by the PDG)

1 0 0 \( cos 6, 0 sin 6’136_i5\ (cos6, sinf, Oyl O 0 )
U=|0 costy; sinby 0 1 0 —sin®,, cosO, 0[]0 =
\O —sin 623 COS 623) \_Sin 013816 0 COS 813 ) \ 0 0 1) kO 0 ei%)
Atmospheric angle 05, Reactor angle 0,5 Solar angle 6,  Majorana phases
Dirac phase 0 Q> and az;

(if v are Majorana)
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Global fit to neutrino oscillation data

sin? 0, = 0.303 (4.5%) [b.f.v. (relative 10)]
sin @, = 0.0223 (3%)

sin” 6,; = 0.455 (6.7%) or 0.569 (5.5%)
olr =1.25 (16%) or 1.52 (9%)
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Capozzi et al., 2107.00532; see also Esteban et al., 2007.14792 and de Salas et al.,, 2006.11237
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Global fit to neutrino oscillation data

sin’ 0,, = 0.303 (4.5%) [b.f.v. (relative 10)]
sin” @, = 0.0223 (3%)

sin® 6,; = 0.455 (6.7%) or 0.569 (5.5%)
6/ =1.25 (16%) or 1.52 (9%)

— What are the data telling us?
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Capozzi et al., 2107.00532; see also Esteban et al., 2007.14792 and de Salas et al.,, 2006.11237
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Flavour puzzle

2 large and 1 small (but non-zero) mixing angles -> very different from quarks

s \
‘0 '

|Uckm|? = “ @
® .

@
- 4

Images: Phill Litchfield
(st 833, 535) ~ (0.3, 0.5, 0.022) vs (0.05, 1.8 X 1077, 1.4 x 107°)

|Upmns|? =

» Why are these mixing patterns so different?

> Is there any symmetry behind them or they follow anarchy?
These questions are integral part of the flavour puzzle:

» Why are there of fermions?

» What is the ?

» What governs the ?
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Tri-bimaximal (TBM) mixing

Harrison, Perkins, Scott, hep-ph/0202074
2 1
\ﬂ \ﬂ 0
_ 1 1 1
Urpm = ‘\E \E ~\V3z
_ /L J1 1
6 3 2

1 0 0 Y[ cost; O sind.e ) cosf, sind, 0
U=|0 cosb,; sinb, 0 1 0 —sinf,, cosf,, O
(0 —sinbh; cosbh; || —sind ;e 0  cosd, 0 0o 1

) 1 ) ) 1

sin“ 0, = — sin“6;; =0 sin“ 0, = —

2 3

allowed at 20 excluded at many o allowed at 20
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Flavour symmetry

At high energies, the theory is invariant under

L€
px) = p(g)px), gEG eg. ¢=|L,
A A I
( representation of Gf> C flavour symmetry group )
At low energies, flavour symmetry has to be broken
Clever way of breaking:
G, C Gy residual symmetries , C Gy
p(g)"MM]p(g,) = M,M] p(gy)T M,p(g,) =M
UMMU, = diag <m mf, mz) U'M U, = diag (ml, m, m3)
Ulp(g)U, = p(g,) " USp(g)U, = p(g,) "

~ U=U'U, —
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Non-Abelian discrete symmetries

Images: WIKIPEDIA

S, (6) A, (12) S, (24) As (60)

Generated by two elements S and T

(S, T|S$*=@ST)’=T"=1), N=2,3,4,5
Another convenient presentation for S,

(S, T, U| §* = = (ST)* = (SU)* = (TU)* = (STU)* = 1)

A, S;, and A admit a 3-dimensional irrep (unification of families)

Reviews: Altarelli, Feruglio, 1002.0211; Ishimori et al., 1003.3552; King, Luhn, 1301.1340;
Petcov, 1711.10806; Feruglio, Romanino, 1912.06028
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TBM mixing from S4

Example
(1 0 0)
p(Ir)=10 w O
0 0 w?)
U, =I

=5y
— 7T — 7S5 U
s L /-1 2 2 10 0
,0(5)=§(2 —1 2) ,O(U)=<() 0 1> w =
. 2 2 -1 010 y

~

diagonalised by U, = Urgpm

Uppns = UZUU = Urgm

In concrete models, flavour symmetry breaking occurs spontaneously when
flavons (scalar fields not charged under the SM) acquire VEVs

1
(§€) x| O
0

Arsenii Titov (IFIC, Valencia)

preserves 1’

and

(¢*)

preserves S and U
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Reconciling TBM mixing with data

Break 7 charged lepton corrections

Ue free and UI/ — UTBM

Different ansatzes: U] = U, <9§, 6e> Ul =U, <(9§, 5€> U, (Qlfl, 5,51),

[ cos®® 0 sin@%e )
Uis (He, 66) = 0 1 0 0°¢ and ¢ are free parameters

| —sin@%® 0  cos@®

Example: U = Uy, (6’6, 56)

1 . -
sin @;; = — sin §° neutrino mixing sum rules

\/5 Marzocca, Petcov, Romanino, Sevilla, 1302.0423
: Petcov, 1405.6006
1 —2sin” 6,

sin® @, = _ ~ 0.489  Girardi, Petcov, AT, 1410.8056, 1504.00658
2(1 — sin? 65) L
Girardi, Petcov, Stuart, AT, 1509.02502
. LT . ]
(1 -2sin*6;5)7 | 1 ., 2\ 1-3sin*6,;
COSO = — , —+ | sin“ 0}, — — - ~ —0.156 = o6/r = 1.45
sin20,,sin6f;; | 3 3) 1—2sin26;,
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Reconciling TBM mixing with data

Break U: G, = ZZS (instead of Zg X 7))

Upmns = UrgmUi3(6°,6°) =

1

( )
x /1 %
3
x /1 %
3
1
3

% \/7 %
\ )

1

Sin2 812 —

Break S and U, preserving SU:

3 <1 — Sin2913) g E

trimaximal mixing 2 (TM2)
Grimus, Lavoura, 0809.0226

(1 —2sin®6,3) cot 26,5

COSO =
sin 913\/ 2 — 3sin26,,
G,=272"
2w x

Upmns = UrgmUaxs(67,0%) = | — % % %
] ox %
6
1 —3sin%6 1
3(1—sin26;;) 3
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COSO = —

trimaximal mixing 1 (TM1)
Albright, Rodejohann, 0812.0436

(1 —5sin®6;5) cot 20,5

24/ 2 sin 913\/1 -3 Sin2 913
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Flavour models with CP

S, X CP G,=Zyand G, =7, X CP
a a )
Case I IT 1AY \Y
sin® 13 % sin? 6 % sin® 6 % sin® # % sin® 6
2 1 1 20 20
sin” 012 2-+-cos 20 2-+-cos 26 2—(|:—(::Sc>s2 [ 2:-2:252 [
2 1 1 /3 sin 26 1 21/6 sin 26
sin” fla3 3 |2 (1~ 3icos20 3 |2 (1 ~ Brcos 0 )
| sin dcp| _ 1 0 _ 1 0 y
TM2 (sin* 0,5 > 1/3) TM1 (sin” 0,5 < 1/3)
Feruglio, Hagedorn, Ziegler, 1211.5560
As X CP G, = Zs G, =7, G,=Z,x7Z, G,=Z,xCP
a Y~ )
Case IT I11 1A% \Y VIl-a VII-b
, , , , . P 2
Sin2 013 3—T<,0 Sin2 ) % SiIlQ 0 % sin2 0 1—%1129 (cos 94 :;;m 0)
sinZ ¢ 2 cos® 6 4—2¢ 4—2¢ 1 (¢ cos O+-sin 6)2
/12 3+2p+cos 26 5—2p+cos 260 5—2p+-cos 26 2-+s1n 20 42 —(cos@—psin §)?
. 9 P 1 1 V3—psin 26 1 1 (p? cos H—sin 0)> @2 (cos O+ sin 6)2
Sl 023 2 2 3¢p—2+pcos20 2 2 4p2—(cosf@—psinh)? | 4¢p?—(cosf@—psinh)?
| sin dcp| 1 0 1 1 ) 0

Arsenii Titov (IFIC, Valencia)

(p=<1+\/§>/2

Li, Ding, 1503.03711
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Compatibility with global data

[ 2 Cwi2n 17 Ten? Cwi2a 17 Tew? w2 17
2(60) sin” @,,(0) — sin“ 0,, N sin“ 0,;(0) — sin” 0,5 N sin“ 6,5(0) — sin” Gy,
d B o(sin? 6;,) o(sin? 0,5) o(sin? 6,5)
1-parameter models compatible with global data at 3¢
Model | 6yt 635 Model|Case [Ref.]| Group |[sin?6fis sin®fa3 dcp | XZin
17.0°  (16.3°,17.7°) 1.1 | VII-b [25] | As x CP | 0.331 0.523 180° | 5.37
169.9° (169.4°,170.4°) || 1.2 IIT[25] | As xCP | 0.283 0.593 180° | 5.97
15.0°  (14.3°,15.7°) 1.3 IV[24] | S4xCP | 0318 1/2  +90° |7.28
165.0° (164.3°,165.7°) 1.4 IT [24] Sy xCP | 0.341 0.606 180° |8.91
169.5°  (169.0°, 170.0°) 1.5 IV [25] | AsxCP | 028 1/2 +90° |11.3
10.1° (9.6°,10.6°) Blennow, Ghosh, Ohlsson, AT, 2004.00017
169.9° (169.4°,170.4°) [24] Feruglio, Hagedorn, Ziegler, 1211.5560

Arsenii Titov (IFIC, Valencia)

[25] Li, Ding, 1503.03711
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Potential of future LBL experiments

dcp (true) [°]
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dcp (true) [°]

dcp (true) [°]

180_ MOdel 12 180 LI I B |I\{|(|)|d|e|| :|I-|3| [T T o7 ™)
: \ _E ]
00F : 00 q- :
i 1 3 i ]
Uy 1 E O 7]
i i a B i
A 1 < i ]
. ()
| A 5
_ _ 1 | L1 1 1 | 1 1 1 I 1 1 1 | L1 1 1 | 1
1805040 045 050 0.55 0.60 1807540 045 050 055 0.60
sin® 63 (true) sin” 6,3 (true)
Model 1.5
180 T | L | LI | LI | LI I_
] 1 ESSnuSB
] B T2HK
90 . m DUNE
i = ESSnuSB 4+ atm proxy
oL _' = | BL combined
_903_ _f L] < 30 — 30
i ! 30 — bo ---- bo
. ] *  Present best-fit point
_180 PR AT R U A NN AT N Y Y Y Y W A
0.40 0.45 0.50 0.55 0.60
sin® 63 (true)
Blennow, Ghosh, Ohlsson, AT, 2005.12277
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Challenges

» Many symmetry groups, many models, which one is correct (if any)?

»  Symmetry breaking typically relies on numerous flavons

» Elaborated potentials to get desirable vacuum alignment

» Higher-dimensional operators can spoil leading-order predictions

» Mainly mixing, and not masses

» What is the origin of discrete flavour symmetries?

Arsenii Titov (IFIC, Valencia)

&«
i

NOW 2022, Ostuni, 5 September 2022

15



Modular invariance

Images: Takuya H. Tatsuishi

t Compactification 4
10D 4D
— @ x@*x@&
> _l >
Wlth identification W
2
@ /{/{ t=—, Im()>0
@
modulus
Lattice left invariant by modular transformations

atr+ b
T— YT = a,b,c,d e 7 ad — bc =1

ct+d

Proposal to apply modular invariance to flavour physics: Feruglio, 1706.08749
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Modular symmetry

Modular group
F=(ST|S*=
s 1

T—> ——
T

duality

s=(1 %)

Infinite normal subgroups of SL(2,7),

a b
d> e SL12,7), (c

e {

(ST)’ =1) = PSL(2,Z)

T
o717+ 1

discrete shift symmetry

= (0 1)

Im(7)
Fundamental
// domain
IT
= e’
- p— 1 Re(®)

a b

N=2,3,4,...

NHE

Principal congruence subgroups of the modular group

I'Q)=1rQ)/{I1,-1) ['(N)

[y =T/T(N)
['y= S,

Finite modular groups
[ =8,

Arsenii Titov (IFIC, Valencia)

I's = Ay

=T(N), N>?2

['s = As
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Modular-invariant SUSY theories

A =1 rigid SUSY matter action
S = Jd“x d’0d%0 K(z,7,y, ) + [d4x d%0 W(r,y) + Jd“x d’0 W(z,w)

Ferrara, Lust, Shapere, Theisen, PLB 225 (1989) 363

Ferrara, Lust, Theisen, PLB 233 (1989) 147
.

at+ b
T —
< e N { W(z,y) — Wiz, y) B
—kl- ~ K(Ta fs Y, W) — K(Ta f? Y, '/_/) +fK(Ta W) +fK(f9 l/_j)
Lz,//i — (CT + d) P 7)w;
A Feruglio, 1706.08749

Cunitary representation of FN)

W(r,y) = Z Z Z 8i...is <Yi1...in,s(7) l//zll//z)

no {ip....l,} s

1.s

kY= kll+ coo +kln

Y@ Lt dpre) T
y @p; & ... i

Yukawa couplings are modular forms!
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Feruglio’s modular A4 model

[y A, (evel N =3) Feruglio, 1706.08749

3 independent modular forms Y,(7) of weight k = 2 form a triplet of A,

v, A L) (L)
Y(2) = |V, | = (ct+d)?p()| Vs L=|L,| - (ct+d)py|L,
s, 3, L) L)

S (2v, -v; =Y,
1 \Y
WVDX(Y(T)LL)IHMHM = My(r)=X” -Y, 2Y, -V,

\

. 2
M , depends on 3 real parameters: Re(r) , Im(7) and the overall scale v;,/A

(r) = 0.0111 + 0.9946 i

sin®@;, = 0.295  sin®0,; = 0.0447  sin*6,; = 0.651
Slm =155 ay/m = 0.22 ay/m = 1.80
m; = 0.0500evV m, = 0.0507 eV my = 0.0007 eV (10)

Arsenii Titov (IFIC, Valencia) NOW 2022, Ostuni, 5 September 2022
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Minimal modular S4 model (with CP)

Novichkov, Penedo, Petcov, AT, 1905.11970

F4 = S4 (Ievel N — 4)

5 independent modular forms of weight k£ = 2 form a doublet and a triplet of A,

W=a (EfL Y3(,2))1 H,+p (EZCL Y3(4)>1Hd +y <E§L Y3<f‘>>1Hd

+g (N"L Y2(2)>1 H, +g (NCL Y3<,2>)1 H,+ A (N°N),

Solutions A and A*®

Input parameters Observables Predictions
ReT +0.0992 Me /My, 0.0048 my [eV] 0.012
ImT 1.0160 my,/myr 0.0576 mo [eV] 0.015
B/a 9.348 r 0.0298 ms [eV] 0.051
v/ 0.0022 sin® 619 0.305 5/ +1.64
d/g —0.0209 sin® A3 0.0214 o1 /T +0.35

_ _v:ic_r _[I\_Ie_V_] | _5_3._61 N sin? fg3 0.486 asy/m +1.25
v2g3/A [eV] | 0.0135 _ _(5_77;2_[10_—5 :3\_/'2_] | o7as || _|7_n;e|_ [_e\_/]_ | 0.012 |
|Am?| [1073 eV?] | 2457 || 3. m; [eV] | 0.078
- Ne | 101 || Ordering | NO

7 (4) parameters vs 12 (9) observables
Arsenii Titov (IFIC, Valencia)

Im 7

2.0
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o C

D¥*e

C*e

_%

00175
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Modular vs conventional discrete

Advantages
v/ Numerous scalar fields (flavons) — (single) modulus

v/ Complicated scalar potential = moduli space
v Yukawa couplings = modular forms (known functions of 7)

V' Ay, S, As arise as quotient groups of the modular group

v/ Both mixing parameters and masses are predicted/constrained

Challenges
> What determines the level, weights and representations, (N, k;, pi) tuple?
» Kinetic terms are not constrained in the bottom-up approach

> Dynamical selection of the vacuum (7)

» Extension to the quark sector

> Is SUSY necessary?
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Conclusions

» We are still far from the Theory of Flavour
» Symmetries remain the best tool to approach the flavour puzzle

» Many viable models based on non-Abelian discrete symmetries broken to
residual symmetries of the charged lepton and neutrino mass matrices

» The number of viable models will be reduced by future, more precise

measurements of the neutrino mixing parameters, including Ocp
(DUNE, T2HK, ESSnuSB, JUNO are instrumental in this respect)

» Modular invariance has a number of advantages over conventional
discrete flavour symmetries

» More effort is needed towards deciphering the nature of flavour

Arsenii Titov (IFIC, Valencia) NOW 2022, Ostuni, 5 September 2022 22



Backup slides
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Discrete symmetry and CP

Generalised CP (GCP) transformation

p(x) = ifqo*(xp) x=(6X) xp=(f—X)

( unitary matrix )

Consistency condition (X is constrained by Gf)

Xp*@)X~'=p(g) &8 €G

Feruglio, Hagedorn, Ziegler, 1211.5560
Holthausen, Lindner, Schmidt, 1211.6953

If G, > Z, and G, = Z, X CP, the mixing matrix is defined up to a real rotation
Upnins = Usixed R (0) R;(0) = U;(0,0) 0 is a free real angle

> 1 free parameter => higher predictive power

> Predictions for the Majorana phases

Arsenii Titov (IFIC, Valencia) NOW 2022, Ostuni, 5 September 2022 24



JUNO potential

Blennow, Ghosh, Ohlsson, AT, 2005.12277

JUNO

25_Illlrllllﬁllllllllll ||||||||||||I||||'|_

C , | I

- : L]
20 | | L1

C , | 1

S I Vo]
ey o
éf S B 1]
10| S Model 1.1 i -

B i\ /! |=== Model 1.2 -

= |—— Model 1.3 V1
S\ | |=== Model 1.4 o

i V) |—— Model 1.5 -
O_I||||||||||||||||||||||||||||||||||||||_

0.28 0.30 0.32 0.34

sin® 615 (true)
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Modular forms

Holomorphic functions transforming under I'(V) as

f(rt) = (ct+d)) f). 7€ )

k is weight N is level
non-negative even integer natural number

Modular forms of weight k and level N form a linear space ./, (T(N)) of finite

T
dimension. We can choose a basis in this space s.t. F(7) = (fl(’c) , (1), )

transforms as
F(yr) = (cr+d)k (), yerl

4 Yy represents

IS a unitar ,
P _ y the equivalence
representation of Iy

\_ . \_ classof yinl'y Y

Feruglio, 1706.08749

~




Dimension of linear space of modular forms

N | g | dw(I'(N)) | pn | Ty

2 10 k41 6 | 53

310 2k +1 12 | Ay

4 10 4k + 1 24 | Sy

510 10k+1 60 | As

6 |1 12k 72

713 288—2 | 168

k(this presentation) = 2 k(this table)

Feruglio, 1706.08749
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Modular forms of level 2 and weight 2
LevelN=2 (I, ~S;: $*=(ST)’=T"=1)

1.2 3 4

S /\(up to multiplicative factors)
T Q T+ 1

Seed functions: ;7<5>, 77( 5 ) n (27)

r N O

n(r) = q1/24H (1-¢") ., gq=e*™, isthe Dedekind eta function
n=1

ne+1)=e"n(x)  n(=1/7) =/=izn()

Kobayashi, Tanaka, Tatsuishi, 1803.10391
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Modular forms of level 2 and weight 2
LevelN=2 (I, ~S;: $*=(ST)’=T"=1)

1.2 3 4

3 d 3
Y(a;,a,,ay|7) = ; aialog n(7), ; a, =0
Y,(—=1/7) = % p(S) Y, (1) Y,(t+1)=p(T) Y, (2)

)

1]1-1 3

p<S>=5( v3 p<T>=<(1) _01)
\/5 1}

YI(T) Y(lala_zlf)
Yz(T) — = C
Yy(7) Y(v/3, —1/3,0]7)
S, doublet of weight 2 modular forms
Kobayashi, Tanaka, Tatsuishi, 1803.10391
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Modular forms of level 3 and weight 2
Level N=3 ([3~A,: S*=(ST)°’ =1 =1)

1.8 5 7

S / \]up to multiplicative factors)

m T4+ 2

(5) i(57) 1(5) e

! %/ O

Y,(7) Y(L,1,1, = 3| 7)

Yio) = | (@) | =c|-2 Y(,0?%, ®,0|7) w = e*™3
Y;(7) —2Y(1l,w,w*0|7)

A, triplet of weight 2 modular forms
Feruglio, 1706.08749
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Modular forms of level 4 and weight 2

LevelN=4 ([, ~S,: S*=(TY=T"=1)

1 5 9 13

4

() (%)

] T+%>, 1 (47), 77(%), n Tzl), M=)
r O O S =

Y,(7) Y(l,l,a),a)z, a),a)zlr)
Yz(T) — =C
Y5(7) Y(1,1,0%, 0w, 0?, »|71)

Y;(z)) Y(1,-1,-1,-1,1,1|7)
Yi(0) = | Y@ | =c| Y1, -1, - 0? — 0,0, 0|7
Ys(T)) Y(1, -1, — 0w, — 0%, 0,0’ | 1)

S, doublet and triplet (3) of weight 2 modular forms
Penedo, Petcov, 1806.11040
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