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Psurvival

L0
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Neutrinos change their flavor at a rate inversely proportional to their energy
The amplitude and rate of oscillation is affected by the medium

High ω =   Low Energy

Low ω =   High E
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• In a medium, the oscillation frequency and mixing angle are density-
dependent

• At large density
– Oscillation frequency grows proportionally with density, i.e., as ~ N
– Note however that the mixing becomes small as ~ 1/N^2

• Large mixing (with small theta) if there is a resonance where the first two 
terms cancel
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• In a medium, neutrinos can scatter and coherence is destroyed
• However, the effect of “forward scattering” is subtle

• If neutrinos forward scatter (same momentum, thus no change in quantum state), it 
can interfere with free propagation, and that adds a potential to the Hamiltonian, 
changing the probability

Forward scattering on 
background matter changes 

flavor oscillations 

Neutrino Matter Effect
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|Atot|2 = |Afree +Afwd-scatt|2

⇡ |Afree|2 + 2Re(A⇤
freeAfwd-scatt)
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BBN, CMB, and large-scale structure if we allow them

to be charged under a new gauge interaction mediated

by a MeV-scale boson. In this case, sterile neutrino pro-

duction in the early Universe is suppressed due to the

thermal MSW potential generated by the mediator and

by sterile neutrinos themselves. Our proposed scenario

leads to a small fractional number of extra relativistic

degrees of freedom in the early Universe, which may be

experimentally testable in the future. If the considered

boson also couples to DM, it could simultaneously ex-

plain observed departures of small-scale structures from

the predictions of cold DM simulations.
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Appendix A: Thermal Corrections to Self-Energy

Here, we derive the dispersion relation for sterile neu-

trinos coupled to a U(1)⇤ gauge force in the regime of

nonzero temperature and density. Our approach closely

follows [19, 20, 51, 52].

From considerations of Lorentz invariance, the sterile

neutrino self energy at one-loop can be expressed as

⇥(k) = (m� a/k � b/u)PL . (8)

Here, PL = (1 � �5
)/2 is a chirality projector, m is the

sterile neutrino mass, p is its 4-momentum and u is the

4-momentum of the heat bath. We work in the rest frame

of the heat bath, so we take u = (1, 0, 0, 0).

This thermal self-energy modifies the dispersion rela-

tion to

det(/k � ⇥(k)) = 0 , (9)

which, in the ultrarelativistic regime, k0 ⇤ |k|, gives

k0 = |k|+ m2

2|k| � b (10)

to linear order in the coe⇧cients a and b. Note that the

usual dispersion relation for an ultrarelativistic neutrino,

k0 = |k|+ m2

2|k| , is modified by an e⇤ective potential

Ve� ⇥ �b . (11)

The coe⇧cient b can then be obtained according to the

relation

b =
1

2k2

�
[(k0)2 � k2

]tr /u⇥(k)� k0tr /k⇥(k)
⇥
. (12)

So, the remaining job is to calculate ⇥(k).
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Figure 3. Bubble and tadpole contributions to the sterile neu-
trino self-energy, which create an e�ective “matter” potential.

We assume a Lagrangian Lint = e⇤ ¯f�µPLfA⇤
µ, where

e⇤ is the U(1)⇤ gauge coupling. At lowest order, ⇥(k)
receives contributions from the bubble and tadpole dia-

grams shown in Fig. 3. In the real time formalism, these

diagrams are calculated using the unitary gauge thermal

propagators for the fermion,

S(p) = (/p+m)

⇤
1

p2 �m2
+ i�f (p)

⌅
, (13)

and the gauge boson

Dµ⇥
(p) = (�gµ⇥ + pµp⇥/M2

)

⇤
1

p2 �M2
+ i�b(p)

⌅
.

(14)

The thermal parts are given by

�f (p) = 2⇧⇥(p2 �m2
)⇤f (p) , (15)

�b(p) = 2⇧⇥(p2 �M2
)⇤b(p) , (16)

respectively, with the distribution functions

⇤f (p) = [e|p·u|/Ts
+ 1]

�1 , (17)

⇤b(p) = [e|p·u|/Ts � 1]
�1 . (18)

The form of S(p) and Dµ⇥
(p) can be understood from

the fact that at finite temperature and density, there are

not only virtual ⌅s and A⇤
in the medium, but also real

particles that have been thermally excited.

The diagrams in Fig. 3 are given by

⇥bubble(k) = �ie2⇤

⇧
d4p

(2⇧)4
�µ PL iS(p+ k) �⇥ iDµ⇥(p) ,

(19)

⇥tadpole(k) = ie2⇤�
µ PL iDµ⇥(0)

⇧
d4p

(2⇧)4
tr

⇤
�⇥ PL iS(p)

⌅
.

(20)
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Pantaleone (1992)



• In a medium, neutrinos can scatter and coherence is destroyed
• However, the effect of “forward scattering” is subtle

• If neutrinos forward scatter (same momentum, thus no change in quantum state), it 
can interfere with free propagation, and that adds a potential to the Hamiltonian, 
changing the probability

Forward scattering on 
background matter changes 

flavor oscillations 

Neutrino Matter Effect

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 12

|Atot|2 = |Afree +Afwd-scatt|2

⇡ |Afree|2 + 2Re(A⇤
freeAfwd-scatt)
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BBN, CMB, and large-scale structure if we allow them

to be charged under a new gauge interaction mediated

by a MeV-scale boson. In this case, sterile neutrino pro-

duction in the early Universe is suppressed due to the

thermal MSW potential generated by the mediator and

by sterile neutrinos themselves. Our proposed scenario

leads to a small fractional number of extra relativistic

degrees of freedom in the early Universe, which may be

experimentally testable in the future. If the considered

boson also couples to DM, it could simultaneously ex-

plain observed departures of small-scale structures from

the predictions of cold DM simulations.
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Appendix A: Thermal Corrections to Self-Energy

Here, we derive the dispersion relation for sterile neu-

trinos coupled to a U(1)⇤ gauge force in the regime of

nonzero temperature and density. Our approach closely

follows [19, 20, 51, 52].

From considerations of Lorentz invariance, the sterile

neutrino self energy at one-loop can be expressed as

⇥(k) = (m� a/k � b/u)PL . (8)

Here, PL = (1 � �5
)/2 is a chirality projector, m is the

sterile neutrino mass, p is its 4-momentum and u is the

4-momentum of the heat bath. We work in the rest frame

of the heat bath, so we take u = (1, 0, 0, 0).

This thermal self-energy modifies the dispersion rela-

tion to

det(/k � ⇥(k)) = 0 , (9)

which, in the ultrarelativistic regime, k0 ⇤ |k|, gives

k0 = |k|+ m2

2|k| � b (10)

to linear order in the coe⇧cients a and b. Note that the

usual dispersion relation for an ultrarelativistic neutrino,

k0 = |k|+ m2

2|k| , is modified by an e⇤ective potential

Ve� ⇥ �b . (11)

The coe⇧cient b can then be obtained according to the

relation

b =
1

2k2

�
[(k0)2 � k2

]tr /u⇥(k)� k0tr /k⇥(k)
⇥
. (12)

So, the remaining job is to calculate ⇥(k).

�s �s

A�

A�

�s �s

f

�s

Figure 3. Bubble and tadpole contributions to the sterile neu-
trino self-energy, which create an e�ective “matter” potential.

We assume a Lagrangian Lint = e⇤ ¯f�µPLfA⇤
µ, where

e⇤ is the U(1)⇤ gauge coupling. At lowest order, ⇥(k)
receives contributions from the bubble and tadpole dia-

grams shown in Fig. 3. In the real time formalism, these

diagrams are calculated using the unitary gauge thermal

propagators for the fermion,

S(p) = (/p+m)

⇤
1

p2 �m2
+ i�f (p)

⌅
, (13)

and the gauge boson

Dµ⇥
(p) = (�gµ⇥ + pµp⇥/M2

)

⇤
1

p2 �M2
+ i�b(p)

⌅
.

(14)

The thermal parts are given by

�f (p) = 2⇧⇥(p2 �m2
)⇤f (p) , (15)

�b(p) = 2⇧⇥(p2 �M2
)⇤b(p) , (16)

respectively, with the distribution functions

⇤f (p) = [e|p·u|/Ts
+ 1]

�1 , (17)

⇤b(p) = [e|p·u|/Ts � 1]
�1 . (18)

The form of S(p) and Dµ⇥
(p) can be understood from

the fact that at finite temperature and density, there are

not only virtual ⌅s and A⇤
in the medium, but also real

particles that have been thermally excited.

The diagrams in Fig. 3 are given by

⇥bubble(k) = �ie2⇤

⇧
d4p

(2⇧)4
�µ PL iS(p+ k) �⇥ iDµ⇥(p) ,

(19)

⇥tadpole(k) = ie2⇤�
µ PL iDµ⇥(0)

⇧
d4p

(2⇧)4
tr

⇤
�⇥ PL iS(p)

⌅
.

(20)
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Pantaleone (1992)Can we just add to the MSW potential an extra potential like                    
            ?



• In a medium, neutrinos can scatter and coherence is destroyed
• However, the effect of “forward scattering” is subtle

• If neutrinos forward scatter (same momentum, thus no change in quantum state), it 
can interfere with free propagation, and that adds a potential to the Hamiltonian, 
changing the probability

Forward scattering on 
background matter changes 

flavor oscillations 

Neutrino Matter Effect
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|Atot|2 = |Afree +Afwd-scatt|2

⇡ |Afree|2 + 2Re(A⇤
freeAfwd-scatt)
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BBN, CMB, and large-scale structure if we allow them

to be charged under a new gauge interaction mediated

by a MeV-scale boson. In this case, sterile neutrino pro-

duction in the early Universe is suppressed due to the

thermal MSW potential generated by the mediator and

by sterile neutrinos themselves. Our proposed scenario

leads to a small fractional number of extra relativistic

degrees of freedom in the early Universe, which may be

experimentally testable in the future. If the considered

boson also couples to DM, it could simultaneously ex-

plain observed departures of small-scale structures from

the predictions of cold DM simulations.
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Appendix A: Thermal Corrections to Self-Energy

Here, we derive the dispersion relation for sterile neu-

trinos coupled to a U(1)⇤ gauge force in the regime of

nonzero temperature and density. Our approach closely

follows [19, 20, 51, 52].

From considerations of Lorentz invariance, the sterile

neutrino self energy at one-loop can be expressed as

⇥(k) = (m� a/k � b/u)PL . (8)

Here, PL = (1 � �5
)/2 is a chirality projector, m is the

sterile neutrino mass, p is its 4-momentum and u is the

4-momentum of the heat bath. We work in the rest frame

of the heat bath, so we take u = (1, 0, 0, 0).

This thermal self-energy modifies the dispersion rela-

tion to

det(/k � ⇥(k)) = 0 , (9)

which, in the ultrarelativistic regime, k0 ⇤ |k|, gives

k0 = |k|+ m2

2|k| � b (10)

to linear order in the coe⇧cients a and b. Note that the

usual dispersion relation for an ultrarelativistic neutrino,

k0 = |k|+ m2

2|k| , is modified by an e⇤ective potential

Ve� ⇥ �b . (11)

The coe⇧cient b can then be obtained according to the

relation

b =
1

2k2

�
[(k0)2 � k2

]tr /u⇥(k)� k0tr /k⇥(k)
⇥
. (12)

So, the remaining job is to calculate ⇥(k).

�s �s

A�

A�

�s �s

f

�s

Figure 3. Bubble and tadpole contributions to the sterile neu-
trino self-energy, which create an e�ective “matter” potential.

We assume a Lagrangian Lint = e⇤ ¯f�µPLfA⇤
µ, where

e⇤ is the U(1)⇤ gauge coupling. At lowest order, ⇥(k)
receives contributions from the bubble and tadpole dia-

grams shown in Fig. 3. In the real time formalism, these

diagrams are calculated using the unitary gauge thermal

propagators for the fermion,

S(p) = (/p+m)

⇤
1

p2 �m2
+ i�f (p)

⌅
, (13)

and the gauge boson

Dµ⇥
(p) = (�gµ⇥ + pµp⇥/M2

)

⇤
1

p2 �M2
+ i�b(p)

⌅
.

(14)

The thermal parts are given by

�f (p) = 2⇧⇥(p2 �m2
)⇤f (p) , (15)

�b(p) = 2⇧⇥(p2 �M2
)⇤b(p) , (16)

respectively, with the distribution functions

⇤f (p) = [e|p·u|/Ts
+ 1]

�1 , (17)

⇤b(p) = [e|p·u|/Ts � 1]
�1 . (18)

The form of S(p) and Dµ⇥
(p) can be understood from

the fact that at finite temperature and density, there are

not only virtual ⌅s and A⇤
in the medium, but also real

particles that have been thermally excited.

The diagrams in Fig. 3 are given by

⇥bubble(k) = �ie2⇤

⇧
d4p

(2⇧)4
�µ PL iS(p+ k) �⇥ iDµ⇥(p) ,

(19)

⇥tadpole(k) = ie2⇤�
µ PL iDµ⇥(0)

⇧
d4p

(2⇧)4
tr

⇤
�⇥ PL iS(p)

⌅
.

(20)
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Pantaleone (1992)Can we just add to the MSW potential an extra potential like                    
            ?

V-A form of weak interaction means …   



• In a medium, neutrinos can scatter and coherence is destroyed
• However, the effect of “forward scattering” is subtle

• If neutrinos forward scatter (same momentum, thus no change in quantum state), it 
can interfere with free propagation, and that adds a potential to the Hamiltonian, 
changing the probability

Forward scattering on 
background matter changes 

flavor oscillations 

Neutrino Matter Effect

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 14

|Atot|2 = |Afree +Afwd-scatt|2

⇡ |Afree|2 + 2Re(A⇤
freeAfwd-scatt)
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BBN, CMB, and large-scale structure if we allow them

to be charged under a new gauge interaction mediated

by a MeV-scale boson. In this case, sterile neutrino pro-

duction in the early Universe is suppressed due to the

thermal MSW potential generated by the mediator and

by sterile neutrinos themselves. Our proposed scenario

leads to a small fractional number of extra relativistic

degrees of freedom in the early Universe, which may be

experimentally testable in the future. If the considered

boson also couples to DM, it could simultaneously ex-

plain observed departures of small-scale structures from

the predictions of cold DM simulations.
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Appendix A: Thermal Corrections to Self-Energy

Here, we derive the dispersion relation for sterile neu-

trinos coupled to a U(1)⇤ gauge force in the regime of

nonzero temperature and density. Our approach closely

follows [19, 20, 51, 52].

From considerations of Lorentz invariance, the sterile

neutrino self energy at one-loop can be expressed as

⇥(k) = (m� a/k � b/u)PL . (8)

Here, PL = (1 � �5
)/2 is a chirality projector, m is the

sterile neutrino mass, p is its 4-momentum and u is the

4-momentum of the heat bath. We work in the rest frame

of the heat bath, so we take u = (1, 0, 0, 0).

This thermal self-energy modifies the dispersion rela-

tion to

det(/k � ⇥(k)) = 0 , (9)

which, in the ultrarelativistic regime, k0 ⇤ |k|, gives

k0 = |k|+ m2

2|k| � b (10)

to linear order in the coe⇧cients a and b. Note that the

usual dispersion relation for an ultrarelativistic neutrino,

k0 = |k|+ m2

2|k| , is modified by an e⇤ective potential

Ve� ⇥ �b . (11)

The coe⇧cient b can then be obtained according to the

relation

b =
1

2k2

�
[(k0)2 � k2

]tr /u⇥(k)� k0tr /k⇥(k)
⇥
. (12)

So, the remaining job is to calculate ⇥(k).

�s �s

A�

A�

�s �s

f

�s

Figure 3. Bubble and tadpole contributions to the sterile neu-
trino self-energy, which create an e�ective “matter” potential.

We assume a Lagrangian Lint = e⇤ ¯f�µPLfA⇤
µ, where

e⇤ is the U(1)⇤ gauge coupling. At lowest order, ⇥(k)
receives contributions from the bubble and tadpole dia-

grams shown in Fig. 3. In the real time formalism, these

diagrams are calculated using the unitary gauge thermal

propagators for the fermion,

S(p) = (/p+m)

⇤
1

p2 �m2
+ i�f (p)

⌅
, (13)

and the gauge boson

Dµ⇥
(p) = (�gµ⇥ + pµp⇥/M2

)

⇤
1

p2 �M2
+ i�b(p)

⌅
.

(14)

The thermal parts are given by

�f (p) = 2⇧⇥(p2 �m2
)⇤f (p) , (15)

�b(p) = 2⇧⇥(p2 �M2
)⇤b(p) , (16)

respectively, with the distribution functions

⇤f (p) = [e|p·u|/Ts
+ 1]

�1 , (17)

⇤b(p) = [e|p·u|/Ts � 1]
�1 . (18)

The form of S(p) and Dµ⇥
(p) can be understood from

the fact that at finite temperature and density, there are

not only virtual ⌅s and A⇤
in the medium, but also real

particles that have been thermally excited.

The diagrams in Fig. 3 are given by

⇥bubble(k) = �ie2⇤

⇧
d4p

(2⇧)4
�µ PL iS(p+ k) �⇥ iDµ⇥(p) ,

(19)

⇥tadpole(k) = ie2⇤�
µ PL iDµ⇥(0)

⇧
d4p

(2⇧)4
tr

⇤
�⇥ PL iS(p)

⌅
.

(20)
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⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Pantaleone (1992)Can we just add to the MSW potential an extra potential like                    
            ?

V-A form of weak interaction means …   But neutrinos are mixed so it must be a matrix



Describing SN Neutrinos
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MSW effect depends on 
ordinary matter density L, 
i.e. mainly electron density

Vacuum oscillations depend on 
neutrino mass squared.
Minus-sign for antineutrinos

In general, a 7 dimensional partial integro-differential eqn.
3 momentum (E, qp, fp) + 3 space (r, q, f) + 1 time (t)

Collective effects 
depends on the 
neutrino density
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2E
<latexit sha1_base64="ArTwlSdqDnBbpUmgcaBky31UZvo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQIuhGKD3BZwT6giWUyvWmHziRhZiKU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeIOFMacf5thYWl5ZXVgtrxfWNza1te2e3oeJUUqjTmMeyFRAFnEVQ10xzaCUSiAg4NIPB5dhvPoBULI7u9DABX5BexEJGiTZSxz7wYgE9gs+xF0pCM+8KuCZY3FdGWeV61LFLTtmZAM8TNycllKPWsb+8bkxTAZGmnCjVdp1E+xmRmlEOo6KXKkgIHZAetA2NiADlZ5M/RvjIKF0cxtJUpPFE/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41Bwl0mgmg8NIVQycyumfWLy0Ca6ognBnX15njQqZdcpu7cnpepFHkcB7aNDdIxcdIqq6AbVUB1R9Iie0St6s56sF+vd+pi2Llj5zB76A+vzB5aAmHs=</latexit><latexit sha1_base64="ArTwlSdqDnBbpUmgcaBky31UZvo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQIuhGKD3BZwT6giWUyvWmHziRhZiKU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeIOFMacf5thYWl5ZXVgtrxfWNza1te2e3oeJUUqjTmMeyFRAFnEVQ10xzaCUSiAg4NIPB5dhvPoBULI7u9DABX5BexEJGiTZSxz7wYgE9gs+xF0pCM+8KuCZY3FdGWeV61LFLTtmZAM8TNycllKPWsb+8bkxTAZGmnCjVdp1E+xmRmlEOo6KXKkgIHZAetA2NiADlZ5M/RvjIKF0cxtJUpPFE/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41Bwl0mgmg8NIVQycyumfWLy0Ca6ognBnX15njQqZdcpu7cnpepFHkcB7aNDdIxcdIqq6AbVUB1R9Iie0St6s56sF+vd+pi2Llj5zB76A+vzB5aAmHs=</latexit><latexit sha1_base64="ArTwlSdqDnBbpUmgcaBky31UZvo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQIuhGKD3BZwT6giWUyvWmHziRhZiKU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeIOFMacf5thYWl5ZXVgtrxfWNza1te2e3oeJUUqjTmMeyFRAFnEVQ10xzaCUSiAg4NIPB5dhvPoBULI7u9DABX5BexEJGiTZSxz7wYgE9gs+xF0pCM+8KuCZY3FdGWeV61LFLTtmZAM8TNycllKPWsb+8bkxTAZGmnCjVdp1E+xmRmlEOo6KXKkgIHZAetA2NiADlZ5M/RvjIKF0cxtJUpPFE/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41Bwl0mgmg8NIVQycyumfWLy0Ca6ognBnX15njQqZdcpu7cnpepFHkcB7aNDdIxcdIqq6AbVUB1R9Iie0St6s56sF+vd+pi2Llj5zB76A+vzB5aAmHs=</latexit><latexit sha1_base64="ArTwlSdqDnBbpUmgcaBky31UZvo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQIuhGKD3BZwT6giWUyvWmHziRhZiKU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeIOFMacf5thYWl5ZXVgtrxfWNza1te2e3oeJUUqjTmMeyFRAFnEVQ10xzaCUSiAg4NIPB5dhvPoBULI7u9DABX5BexEJGiTZSxz7wYgE9gs+xF0pCM+8KuCZY3FdGWeV61LFLTtmZAM8TNycllKPWsb+8bkxTAZGmnCjVdp1E+xmRmlEOo6KXKkgIHZAetA2NiADlZ5M/RvjIKF0cxtJUpPFE/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41Bwl0mgmg8NIVQycyumfWLy0Ca6ognBnX15njQqZdcpu7cnpepFHkcB7aNDdIxcdIqq6AbVUB1R9Iie0St6s56sF+vd+pi2Llj5zB76A+vzB5aAmHs=</latexit>
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<latexit sha1_base64="LjP3NNoskUPNAKNnrOQufPWt05w=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgQspMEXQjFAV1WcE+oFOGTCbThmYyY3JHKEPBjb/ixoUibv0Jd/6N6WOhrQcCh3PO5eYePxFcg21/W7mFxaXllfxqYW19Y3OruL3T0HGqKKvTWMSq5RPNBJesDhwEayWKkcgXrOn3L0d+84EpzWN5B4OEdSLSlTzklICRvOKeK0w4IPgcu/peQVYZXntX7rH0mFcs2WV7DDxPnCkpoSlqXvHLDWKaRkwCFUTrtmMn0MmIAk4FGxbcVLOE0D7psrahkkRMd7LxDUN8aJQAh7EyTwIeq78nMhJpPYh8k4wI9PSsNxL/89ophGedjMskBSbpZFGYCgwxHhWCA64YBTEwhFDFzV8x7RFFKJjaCqYEZ/bkedKolB277NyelKoX0zryaB8doCPkoFNURTeohuqIokf0jF7Rm/VkvVjv1sckmrOmM7voD6zPH6dHlt8=</latexit><latexit sha1_base64="LjP3NNoskUPNAKNnrOQufPWt05w=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgQspMEXQjFAV1WcE+oFOGTCbThmYyY3JHKEPBjb/ixoUibv0Jd/6N6WOhrQcCh3PO5eYePxFcg21/W7mFxaXllfxqYW19Y3OruL3T0HGqKKvTWMSq5RPNBJesDhwEayWKkcgXrOn3L0d+84EpzWN5B4OEdSLSlTzklICRvOKeK0w4IPgcu/peQVYZXntX7rH0mFcs2WV7DDxPnCkpoSlqXvHLDWKaRkwCFUTrtmMn0MmIAk4FGxbcVLOE0D7psrahkkRMd7LxDUN8aJQAh7EyTwIeq78nMhJpPYh8k4wI9PSsNxL/89ophGedjMskBSbpZFGYCgwxHhWCA64YBTEwhFDFzV8x7RFFKJjaCqYEZ/bkedKolB277NyelKoX0zryaB8doCPkoFNURTeohuqIokf0jF7Rm/VkvVjv1sckmrOmM7voD6zPH6dHlt8=</latexit><latexit sha1_base64="LjP3NNoskUPNAKNnrOQufPWt05w=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgQspMEXQjFAV1WcE+oFOGTCbThmYyY3JHKEPBjb/ixoUibv0Jd/6N6WOhrQcCh3PO5eYePxFcg21/W7mFxaXllfxqYW19Y3OruL3T0HGqKKvTWMSq5RPNBJesDhwEayWKkcgXrOn3L0d+84EpzWN5B4OEdSLSlTzklICRvOKeK0w4IPgcu/peQVYZXntX7rH0mFcs2WV7DDxPnCkpoSlqXvHLDWKaRkwCFUTrtmMn0MmIAk4FGxbcVLOE0D7psrahkkRMd7LxDUN8aJQAh7EyTwIeq78nMhJpPYh8k4wI9PSsNxL/89ophGedjMskBSbpZFGYCgwxHhWCA64YBTEwhFDFzV8x7RFFKJjaCqYEZ/bkedKolB277NyelKoX0zryaB8doCPkoFNURTeohuqIokf0jF7Rm/VkvVjv1sckmrOmM7voD6zPH6dHlt8=</latexit><latexit sha1_base64="LjP3NNoskUPNAKNnrOQufPWt05w=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgQspMEXQjFAV1WcE+oFOGTCbThmYyY3JHKEPBjb/ixoUibv0Jd/6N6WOhrQcCh3PO5eYePxFcg21/W7mFxaXllfxqYW19Y3OruL3T0HGqKKvTWMSq5RPNBJesDhwEayWKkcgXrOn3L0d+84EpzWN5B4OEdSLSlTzklICRvOKeK0w4IPgcu/peQVYZXntX7rH0mFcs2WV7DDxPnCkpoSlqXvHLDWKaRkwCFUTrtmMn0MmIAk4FGxbcVLOE0D7psrahkkRMd7LxDUN8aJQAh7EyTwIeq78nMhJpPYh8k4wI9PSsNxL/89ophGedjMskBSbpZFGYCgwxHhWCA64YBTEwhFDFzV8x7RFFKJjaCqYEZ/bkedKolB277NyelKoX0zryaB8doCPkoFNURTeohuqIokf0jF7Rm/VkvVjv1sckmrOmM7voD6zPH6dHlt8=</latexit>
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Similar equation (with/out “matrix” but with “collisions”) used for SN simulations or neutrinos in early Universe 
See talk by Kei Kotake and by I.M. Oldengott at NOW 2022
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Synchronized Oscillations

Pee

L
0

1
When density is high

Oscillations are Collective

µ = GFn⌫ � �m2

2E
= !
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Pee

L0

1

Bipolar/Fast Instability

Synchronized Oscillations

Pee

L
0

1
When density is high

Oscillations are Collective

Pioneering work by Pantaleone, Kostelecky, Samuel in the 90s
Second-wave in 2005-06 by Duan, Fuller, Carlson, Qian + others

Fast Oscillations by Sawyer (2015)
Chakraborty, Hansen, Izaguirre, Raffelt (2016)

Dasgupta, Mirizzi, Sen (2016)

Under some extra conditions, 
even for vanishing mixing, 
conversion grows at rate 

sqrt(wµ) … (slow)
or proportional to µ … (fast) 

µ = GFn⌫ � �m2

2E
= !
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Large Change 
even with Small 
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Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 18

Pastor, Raffelt, Semikoz (2001) Dasgupta and Sen (2017)Hannestad, Raffelt, Sigl, Wong (2006)

Synchronized oscillations 
for all energies

but amplitude is small if 
matter is dense

Slow instabilities are 
collective but also 
unstable, i.e. large 

amplitude for small mixing

Fast instabilities are 
collective and unstable and 

depend on neutrino 
masses very weakly

L ~ 1 km
Relevant at ~500+ km

L ~ 1 mm
Relevant at ~5+ km 

L ~ 1 m
Relevant at ~50+ km
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µ =
p
2GF n⌫
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Compare with Classical Oscillators
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Normal frequencies of N coupled oscillators

Note that this does NOT increase with N



Collective 
Instability

What causes it?

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 20

i.e., Large Flavor Oscillations with Vanishing Mixing Angle and/or Vanishing Mass-Sq-Difference



Instability Condition
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Collective instability occurs only if momentum distributions 
of two flavors cross each other around some momentum

Dasgupta (PRL 2022)

Proof by contradiction using the negative-definiteness of the imaginary part of the polarization tensor

Morinaga (2103.15267)



Sketch of the Proof
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1. Linearize the eqn. of motion 

2. Check if any Fourier mode grows exponentially

3. This requires a certain matrix to become non-positive

4. This matrix has elements that are integrals of the 
difference of phase space distributions of two flavors

5. Show that “Non-positivity” requires that difference of 
phase space distribution does not have same sign 
everywhere

6. Done!
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1. Linearize the eqn. of motion 

2. Check if any Fourier mode grows exponentially

3. This requires a certain matrix to become non-positive

4. This matrix has elements that are integrals of the 
difference of phase space distributions of two flavors

5. Show that “Non-positivity” requires that difference of 
phase space distribution does not have same sign 
everywhere

6. Done!



• Equation of motion is

• Write density matrix as

• Collision term (in damping approx.)

• EoM for off-diagonal becomes

• In the above, the “spectrum” is given by

• We will prove that S can grow exponentially only if g changes sign

Linearized EoM

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 29

Linearize a la Banerjee, Dighe, Raffelt (2010)
Notation of Izaguirre, Raffelt, Tamborra (2016)

and Airen et al. (2018)



• Linearized EoM

• Use Fourier expansion

• Get an eigenvalue equation

where

• Ansatz for eigenvector

• Eigen-equation becomes

• Nontrivial solutions require

where

Dispersion Relation

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 30



Proof by Contradiction
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Dasgupta (PRL, 2022)

Morinaga (2103.15267)

• Let us assume g has same sign everywhere BUT there exists k0 = k + is  with the imaginary 
part nonzero and real k, that solves

• We write

where

• Note that N is real-symmetric and thus orthogonally diagonalizable to

with

• The dispersion relation implies
which gives on multiplying by A* gives
and on complex-conj. and M-symmetry gives

• However, then one finds that which is impossible ☐



Crossing Conditions
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Different flavors have different 
energy spectrum

Crossing leads to (slow) instability
i.e., exponential growth at a rate 

proportional to sqrt-wµ

Different flavors have different 
angular distribution

Crossing leads to (fast) instability
i.e., exponential growth at a rate 

proportional to µ
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µ =
p
2GF n⌫
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Collective 
Instability

What does it do?
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i.e., Large Flavor Oscillations with Vanishing Mixing Angle and/or Vanishing Mass-Sq-Difference
and Exponential Growth in Initial Stages!



Slow Conversions
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Spectral Crossing = Instability

Dasgupta, Dighe, Raffelt, Smirnov  (PRL, 2009)



Slow Spectral Swaps
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Dasgupta, Dighe, Raffelt, Smirnov (2009)
Friedland (2010)Duan, Fuller, Carlson, Qian (2005, 2006, 2007)

Hannestad, Raffelt, Sigl, Wong (2006)
Raffelt and Smirnov (2007, 2007)
Fogli, Lisi, Marrone, Mirizzi (2008)

Portions of the energy spectra     
get exchanged

Initially thought to occur for 
Inverted Mass Ordering

Later realized that this occurs for 
any Mass Ordering and there can 

be Multiple Spectral Splits

Raffelt, Sarikas, Seixas (2013)



Fast Conversions
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5

FIG. 1. Schematic geometry of the model and flavor-dependent zenith-angle distributions of neu-
trino fluxes. The 3 ellipses are schematic polar plots of the normalized angular distributions of the
⌫e (blue), ⌫̄e (red), and ⌫x (green) fluxes at the point where the arrows originate.

Interestingly, a major simplification suggests itself if one is interested in studying flavor
conversions only at small distances from the SN core. Most of the neutrinos are emitted
around a radius O(10) km from the center of the SN. For phenomena that take place very
close to this emission region, the curvature of the neutrinosphere is not relevant. We therefore
model the source region as a di↵use flat infinite plane, as shown in Fig. 1.

The neutrinos are conveniently labelled by !, vz, and', that define the Cartesian com-
ponents of the momenta

p =
⇣
E
p
1 � v2z cos', E

p
1 � v2z sin', Evz

⌘
, (5)

where vz = cos# is the component of the neutrino velocity along the z-axis, and # and ' the
zenith and azimuthal angles, respectively. Note that vz can take negative values, i.e., the
zenith angle # can take values between 0 and ⇡, not merely up to ⇡/2 as usually taken in
the “bulb” model, representing neutrinos with trajectories that range from radially outward
to radially inward into the star.

The state of the neutrino population can then be represented as

%!,vz ,' =
1

2
Tr(%!,vz ,') I+ �⌫

g!,vz ,'
2

✓
s!,vz ,' S!,vz ,'

S⇤
!,vz ,' �s!,vz ,'

◆
, (6)

where �1 < s!,vz ,' < 1 and s2!,vz ,' + |S!,vz ,'|
2 = 1. Neutrinos are produced as fla-

vor eigenstates and no flavor mixing occurs as long as S!,vz ,' = 0. What is relevant
for oscillations is the di↵erence of the di↵erential flux distributions for the two flavors,
g!,vz ,' / d�⌫e/d� � d�⌫x/d� for neutrinos and / d�⌫x/d� � d�⌫̄e/d� for antineutrinos rep-
resented by negative !, where we have assumed identical angular distributions for ⌫x and
⌫̄x. This encodes the distribution of neutrino fluxes in energy, zenith angle, and azimuthal
angle, i.e., over d� = d! dvz d'/(2⇡), and �⌫ is the normalization of g!,vz ,', determined by
the condition

�⌫

Z 0

�1
d� g!,vz ,' = �(�⌫̄e � �⌫x) , (7)

Crossing = Fast Instability

Instability grows 
at rate 

proportional to 
neutrino density

Sawyer (2005, 2015)
Chakraborty, Hansen, Izaguirre, Raffelt (2016)

Dasgupta, Mirizzi, Sen (2016)



Usually no analytical solution
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Mode 1: L

Mode 3: L-bar

Mode 2: R-bar

Mode 4: R

Ignore terms of order w/µ or smaller
Working in limit µ >> w

Dasgupta and Sen (PRD, 2017)



1 + 1 dimensional numerics

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 38

1 dimensional box of length L with periodic boundary conditions
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v = cos ✓

Neutrinos are emitted in the electron or muon state from each point in the box with 
velocity v along the box-length.

Net-emission at velocity v is 
Gv = fe(v) - fmuon(v)

which is the difference of phase space distributions of  the two flavors at each v.

Solve this equation:

-L/2 +L/2O

1+1+1d calculation Bhattacharyya and Dasgupta (PRD 2020 ; PRL 2021, 2205.05129)



Numerical solution

From beginning … to the end.
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1+1+1d calculation Bhattacharyya and Dasgupta (PRD 2020 ; PRL 2021, 2205.05129)

Survival Probability starts at 1

… oscillates coherently a few times

… and then decoheres

q Pw

z B



Randomness from Coarsening
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Hatched regions = Coin flips
White regions = Coin same as when launched 
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Tossed Coin

Fig. from Diaconis, Holmes, Mongomery (2007) 

Coarse-grained measurements 
lead to strong averaging over 

deterministic possibilities

Coarse-graining can lead to 
apparent irreversibility even if 

the evolution is reversible



Predictable on Average?
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The final resting point of the 
average flavor-spin can be 

predicted analytically

b and k are constants of motion, 
known from initial conditions, 

and mi and ui are initial conditions 
on the 1st and 2nd moment 

Bhattacharyya and Dasgupta (2205.05129)



Fast Depolarization
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Final State
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Several other groups have since 
obtained similar results

– Richers et al. @ Berkeley
– Meng-Ru Wu et al. @ Taiwan
– Sigl @ Hamburg
– Duan, Martin, et al. @ UNM

Bhattacharyya and Dasgupta
2020 PRD
2021 PRL

See 2205.05129 for more references

2 flavor calculation
In 1+1+1d

Analytical

Numerical



Fast Depolarization

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 43

−1.0 −0.5 0.0 0.5 1.0
v

0.0

0.2

0.4

0.6

0.8

f
D v

A = 0.4
A = 0.5
A = 0.6
A = 0.7
A = 0.8

Final State

<latexit sha1_base64="0bTlq1lNFoyozNjTfXHp7gq3TSU=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0siRT0WvXisYD+gjWGz3bZLN5uwuymWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmBTFnSjvOt1VYW9/Y3Cpul3Z29/YP7MNyS0WJJLRJIh7JToAV5UzQpmaa004sKQ4DTtvB+HbmtydUKhaJBz2NqRfioWADRrA2km+X3fOGn06yx7QnQ6QSOcl8u+JUnTnQKnFzUoEcDd/+6vUjkoRUaMKxUl3XibWXYqkZ4TQr9RJFY0zGeEi7hgocUuWl89szdGqUPhpE0pTQaK7+nkhxqNQ0DExniPVILXsz8T+vm+jBtZcyESeaCrJYNEg40hGaBYH6TFKi+dQQTCQztyIywhITbeIqmRDc5ZdXSeui6l5Wa/e1Sv0mj6MIx3ACZ+DCFdThDhrQBAJP8Ayv8GZl1ov1bn0sWgtWPnMEf2B9/gDtCZRk</latexit> 1
�
P

su
rv

v

Several other groups have since 
obtained similar results

– Richers et al. @ Berkeley
– Meng-Ru Wu et al. @ Taiwan
– Sigl @ Hamburg
– Duan, Martin, et al. @ UNM

Bhattacharyya and Dasgupta
2020 PRD
2021 PRL

See 2205.05129 for more references

2 flavor calculation
In 1+1+1d

Analytical

Numerical

Not 1:1 mixing either



Fast Depolarization
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Several other groups have since 
obtained similar results

– Richers et al. @ Berkeley
– Meng-Ru Wu et al. @ Taiwan
– Sigl @ Hamburg
– Duan, Martin, et al. @ UNM

Bhattacharyya and Dasgupta
2020 PRD
2021 PRL

See 2205.05129 for more references

2 flavor calculation
In 1+1+1d

Multi-scale (w, µ, L, …) problem

… expect it to be hard in general

Analytical

Numerical

Not 1:1 mixing either



Ordinary vs. Collective
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No analytical solution in general, so

- can’t easily predict the degree of mixing
- 1:1:1 mixing is not quite correct

No analytical solution in general, but

- it can rise exponentially in time !
- weak dependence on mixing angle !
- fast instability has ~no           dependence?!
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But why?
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For Fun and Profit !
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Why do we care ?

Instead of the usual

One has …

This is a lot of fun! 
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• Can the oscillation frequency be proportional to N ?!

• What is required to get this truly unusual behavior?

• What is its late time behavior?

Why do we care ?

Instead of the usual

One has …
Neutrino-Neutrino 

Forward Scattering

of N neutrinos in a box

This is a lot of fun! 



Why do we care ?
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• The observable neutrino flux can be better 
decoded to understand neutrino properties

• Heating of the star depends on how energy is 
apportioned between the various flavors

• Formation of chemical elements depends on the 
electron anti/neutrino abundance

Neutrinos affect astrophysics



Expected Signals at Detector
Example: Super-K can distinguish fast decoherence from 
ordinary evolution

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 51

Capozzi, Dasgupta, Mirizzi (PRD, 2018)



Flavor Dependent Heating

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 52
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Heating is due to electron (anti)-neutrinos

But these flavors have the least average energy

With a swap of the flavors, i.e., 

Significant increase in heating rate is possible



Conversion = Heating?

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 53

May be possible 
if conversions occur 

near/below gain radius!

Dasgupta, O’Connor, Ott (PRD, 2011)

Talk on Supernova Explosion Modelling 
by Kei Kotake at NOW 2022 for other aspects



Nucleosynthesis

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 54

Image: Jennifer Johnson (2019, Science)

Vital elements for human existence are created in these stellar crucibles



Flavor & the r-Process

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 55

Qn=Binding Energy in MeV
T9=Temperature in 109 degreesBurbidge, Burbidge, Fowler, Hoyle (RMP, 1957)

New elements created via (rapid) neutron capture

Depends on neutron abundance

But electron (anti) neutrinos shift the n/p ratio



Nucleosynthesis 
with Fast Conversions in Neutron Stars?

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 56

Example from Li and Siegel (PRL, 2021)

R process nucleosynthesis of A~140 onwards boosted by Fast Conversions



What about 
Collisions?

Basudeb Dasgupta (TIFR Mumbai),11 Sep 2022, NOW 2022 Ostuni 57

• Relaxation approximation vs. improved 
implementation in neutrino oscillation calculations?

• Self-consistent inclusion in SN simulations?

• New ideas?
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Collisions?
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• Relaxation approximation vs. improved 
implementation in neutrino oscillation calculations?

• Self-consistent inclusion in SN simulations?

• New ideas?
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• Relaxation approximation vs. improved 
implementation in neutrino oscillation calculations?

• Self-consistent inclusion in SN simulations?

• New ideas?
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• Relaxation approximation vs. improved 
implementation in neutrino oscillation calculations?

• Self-consistent inclusion in SN simulations?

• New ideas?



What about 
Collisions?
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• Relaxation approximation vs. improved 
implementation in neutrino oscillation calculations?

• Self-consistent inclusion in SN simulations?

• New ideas?
NOW 2022 talks by
• Lucas Johns
• Irene Tamborra
• Kei Kotake



The Big Picture
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• Neutrino Theory
– What are the different modes of flavor conversion?
– When/Where/How do they occur?
– What are the final flavor dependent fluxes?

• SN Theory, Nuclear Astrophysics
– How do conversions affect SN heating? Nucleosynthesis?
– Are neutrino oscillations + collisions important?

• Neutrino Phenomenology
– What are the signatures and signals at detectors?
– How can we glean important physics and astrophysics from these 

observations?

Basudeb Dasgupta
See my Neutrino 2018 review for more phenomenology
https://zenodo.org/record/1287067



In a Nutshell …
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• Neutrinos usually change flavor at a rate ~Dm2/(2E), which is about 
~1 per km for neutrinos with MeV energy
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• In a SN, neutrinos ”influence” each other via forward scattering, 
when their density is high

• This allows “fast” (~1 per mm) exponential flavor change
• Q1. When is this possible? Ans: Crossing of momentum 

distributions of the two flavors
• Q2. What impact does it have? Ans: Large flavor mixing and 

depolarization. May affects heating of the star, creation of 
elements, and observable signals


