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Theory tells you how the parameters evolve with the energy but not their value

1 loop

�(↵s) ⌘ � µ
mq

dmq

dµ
= �1as+ �2a2s+ �3a3s+ �4a4s+ �5a5s . . .

�(↵s) ⌘ �µ
⇡

d↵s

dµ
= �1a2s+ �2a3s+ �3a4s+ �4a5s+ �5a6s . . .
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The coupling and masses are not physical observables (renormalization scheme)

Extracted indirectly: QCD calculation of some experimentally accessible quantity.

Rth(↵s) =
X

n

cn↵
n
s + (non� pert.) = Rexp
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Overall picture is very consistent.

Discrepancies persist: 
uncertainty has been enlarged.

αs(MZ
2) = 0.1179 ± 0.0010

α s
(Q

2 )

Q [GeV]

τ decay (N3LO)
low Q2 cont. (N3LO)

DIS jets (NLO)
Heavy Quarkonia (NLO)

e+e- jets/shapes (NNLO+res)
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strong coupling: world average

Larger coupling, more 
sensitivity to QCD corrections. 

Larger non-perturbative 
physics (OPE, DVs), 
Problems with pt. theory 
(renormalons,…). 
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Higher energies 
Smaller coupling, less sensitive 

to QCD corrections, more 
precision required from exp. 

Small contamination from 
non-perturbative physics, 

pt. series is almost convergent 
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Event shapes give  
systematically lower results

Tensions in determinations  
from same data

Starting to be dominated 
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<latexit sha1_base64="zxNJ/4fALcfQaJM9Sbkgp2DPh9Q=">AAACCXicbVDNS8MwHE3n15xfVY9egkOYMEY7BT0OvXgRJroPaEtJs2wLS9qapMIou3rxX/HiQRGv/gfe/G9Mtx5080Hg8d77Jfm9IGZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWiGyBJGA1JS1HFSDcWBPGAkU4wusz8zgMRkkbhnRrHxONoENI+xUhpyTch9+8rLk+OoVt1q44b6XB2V+oKDq9vJ55vlq2aNQVcJH ZOyiBH0ze/3F6EE05ChRmS0rGtWHkpEopiRiYlN5EkRniEBsTRNEScSC+dbjKBR1rpwX4k9AkVnKq/J1LEpRzzQCc5UkM572Xif56TqP65l9IwThQJ8eyhfsKgimBWC+xRQbBiY00QFlT/FeIhEggrXV5Jl2DPr7xI2vWafVKr35yWGxd5HUVwAA5BBdjgDDTAFWiCFsDgETyDV/BmPBkvxrvxMYsWjHxmH/yB8fkDG06ZVg==</latexit> mq(mq)

<latexit sha1_base64="nAmfUUfoONWziBa7XCvZo3hOLuE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VKyabYNTbJrkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0oPoP5ZtnaN+seRW3DnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0ZlVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia88lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtKoVr1ap3l2U6tdZHHk4gVMogweXUIdbaEATCAh4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/0sGPww==</latexit>
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concrete example: H ! bb̄
<latexit sha1_base64="51qFufixtIj0sLE7GCjyMWbuRvg=">AAAB/nicdVDLSgMxFM3UV62vUXHlJtgKrobM2Gq7K7rpsoJ9QGcomTTThmYeJBmhDAV/xY0LRdz6He78G9OHoKIHLhzOuZd77/ETzqRC6MPIrayurW/kNwtb2zu7e+b+QVvGqSC0RWIei66PJeUsoi3FFKfdRFAc+px2/PH1zO/cUSFZHN2qSUK9EA8jFjCClZb65lHmygCWGtBVMfRdHwvol6Z9s4gs5FQrZQciy6mgml3TpILs2kUZ2haaowiWaPbNd3cQkzSkkSIcS9mzUaK8DAvFCKfTgptKmmAyxkPa0zTCIZVeNj9/Ck+1MoBBLHRFCs7V7xMZDqWchL7uDLEayd/eTPzL66UqqHoZi5JU0YgsFgUph/rVWRZwwAQlik80wUQwfSskIywwUTqxgg7h61P4P2k7ln1uOTdOsX61jCMPjsEJOAM2uAR10ABN0AIEZOABPIFn4954NF6M10VrzljOHIIfMN4+AY7WlJg=</latexit>

↵s error
<latexit sha1_base64="ueTCQ83425k2torL18tHoY/B50k=">AAAB+XicdVDLSgMxFM3UV62vUZdugq3gasiMrba7ohuXFewD2mHIpGkbmpkMSaZQhv6JGxeKuPVP3Pk3pg9BRQ9cOJxzL/feEyacKY3Qh5VbW9/Y3MpvF3Z29/YP7MOjlhKpJLRJBBeyE2JFOYtpUzPNaSeRFEchp+1wfDP32xMqFRPxvZ4m1I/wMGYDRrA2UmDbpR7myQgHqgSplEIGdhE5yKtWyh5EjldBNbdmSAW5tcsydB20QBGs0Ajs915fkDSisSYcK9V1UaL9DEvNCKezQi9VNMFkjIe0a2iMI6r8bHH5DJ4ZpQ8HQpqKNVyo3ycyHCk1jULTGWE9Ur+9ufiX1031oOpnLE5STWOyXDRIOdQCzmOAfSYp0XxqCCaSmVshGWGJiTZhFUwIX5/C/0nLc9wLx7vzivXrVRx5cAJOwTlwwRWog1vQAE1AwAQ8gCfwbGXWo/VivS5bc9Zq5hj8gPX2CSUAk1s=</latexit>

exact forecast

↵n
s

<latexit sha1_base64="hitUjElF7Mgg1D6fXEUFimmIw5w=">AAAB9HicdVDLSgMxFM3UV62vqks3wVZwNWTGVttd0Y3LCvYB7VgyaaYNzWTGJFMoQ7/DjQtF3Pox7vwb04egogcuHM65l3vv8WPOlEbow8qsrK6tb2Q3c1vbO7t7+f2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80dXMb42pVCwSt3oSUy/EA8ECRrA2klfsYh4PcU/diSLs5QvIRm6lXHIhst0yqjpVQ8rIqZ6XoGOjOQpgiXov/97tRyQJqdCEY6U6Doq1l2KpGeF0musmisaYjPCAdgwVOKTKS+dHT+GJUfowiKQpoeFc/T6R4lCpSeibzhDrofrtzcS/vE6ig4qXMhEnmgqyWBQkHOoIzhKAfSYp0XxiCCaSmVshGWKJiTY55UwIX5/C/0nTtZ0z271xC7XLZRxZcASOwSlwwAWogWtQBw1AwD14AE/g2Rpbj9aL9bpozVjLmUPwA9bbJx3qka4=</latexit>
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Normalized decay width  (uncertainty from m_b not shown)
DB, C London, P Masjuan,  JHEP (2022) 
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(a) (b)

Figure 4: Perturbative expansion of the decay rate in QCD at di↵erent renormalization scales
using the coe�cients of Tab. 4 and the integral given in Eq. (34). The uncertainty of the Borel
integral is due to (a) the strong coupling uncertainty and (b) the di↵erent Padé predictions.
The uncertainty bars of the points in (b) are due to the errors of the predicted coe�cients.

predicted contribution at N5LO, order by order, gives

�(H ! bb̄)(mH)

�(H ! bb̄)LO(mH)
= 1+0.20295+0.03738+0.00192�0.00136� 0.00041(8)PAs , (36)

where the boxed term is the predicted N5LO result with the uncertainty stemming from
the approximants. We display this series, order by in order in perturbation theory, for
three di↵erent choices of the renormalization scale µ, in Figs. 4(a) and 4(b). The error
bars give the error from the series coe�cients in Tab. 4. The horizontal bands show
the predicted value for the all order result, Eq. (34), with the uncertainties from ↵s

and from the PAs. We see that at N4LO, due to the reduced renormalization scale
dependence, the final uncertainty starts to be dominated by ↵s. At N5LO and beyond,
the series behaves essentially as if it had already converged with a tiny µ-dependence
and an excellent agreement with our predicted all-order result. Our results show that
the QCD perturbative series is under excellent control for this observable although the
precision in ↵s (and mb) must be increased in order to make the most of the perturbative
calculation.

At N5LO, we find for the decay width of the Higgs into bottom quarks

�(H ! bb̄) = 2.3806(+0.041

�0.027
)mb

± (0.0042)↵s

± (0.0032)mH
± (0.0002)µ2 ± (0.0003)PAs MeV. (37)

In this result we have used mb(mb) = 4.18+0.03

�0.02
GeV, mH = 125.25 ± 0.17 GeV,

↵s(mZ) = 0.1179± 0.0010 [32], together with our result c5 = �6900± 1400. The use
of the all-order estimate of Eq. (34) would lead to an almost identical result, since at
N5LO the series is reaching its true value. The uncertainty from the renormalization
scale was calculated as half of the maximum dispersion of the decay rate found when
the scale was varied between mH/2 and 2mH . The largest contributions to the error
arise from the QCD parameters, ↵s and mb, as well as the Higgs mass. (The size of
our uncertainties from these parameters agree with those of [4] when the same input

22

missing higher orders in pt theory

QCD parameters

concrete example: H ! bb̄
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↵s error
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exact forecast
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s
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Normalized decay width  (uncertainty from m_b not shown)
DB, C London, P Masjuan,  JHEP (2022) 
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Structure of  Perturbative QCD
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divergent but (hopefully) asymptotic 
(seems to agree with exp.)

? in realistic QFTs we only 
know the expansion of R 

R ⇠
1X

n

rn�
n+1
(s)

The indicated limit of error in this latter value is the
standard deviation derived from seven measurements.
The fact that the difference 85Bi'"—82Pb'08 is 5 mMU

larger than unity indicates a sharp increase in the slope
of the packing fraction curve. This agrees with the
expectation since Bi"' has one proton more than the

magic number 82. The addition of this single proton
adds, in this case, only 3 Mev to the binding energy of
the nucleus. This result is in reasonable agreement with
the diGerence of 1.004 mass units derived from the
disintegration data of Harvey. '

~ J. A. Harvey, Phys. Rev. 81, 353 (1951).

PH VSI CAI REVIEW FEBRUARY 15, T952

Divergence of Perturbation Theory in Quantum Electrodynamics
F. J. Dvsox

Laboratory of XNclear 5tmdk s, Corlell Urliwrs@y, Ithaca, Fnv cwork

(Received November 5, 1951)

An argument is presented which leads tentatively to the conclusion that all the power-series expansions
currently in use in quantum electrodynamics are divergent after the renormalization of mass and charge.
The divergence in no way restricts the accuracy of practical calculations that can be made with the theory,
but raises important questions of principle concerning the nature of the physical concepts upon which the
theory is built.

LL existing methods of handling problems in
quantum electrodynamics give results in the form

of power-series in e'. The individual coeKcients in these
series are finite after mass and charge renormalization.
The technique of renormalization can at present be
applied only to the separate coefFicients, and not to the
series as a whole. If the series converges, its sum is a
calculable physical quantity. But if the series diverges,
we have no method of calculating or even of defining
the quantity which is supposed to be represented by
the series.
Several authors have remarked' that the series after

renormalization will be divergent in a trivial way, if the
series represents a scattering amplitude of a free particle,
in circumstances where the particle has a possibility of
being captured into a permanently bound system. In
this situation a perturbation expansion of the scattering
amplitude will diverge, even in nonrelativistic quantum
mechanics, ' and in the relativistic theory the series @till
diverge for the same reason. It is to be expected that
such trivial divergences will not impose any funda-
mental limitations on the use of the renormalization
method. In fact, a new method of carrying through the
renormalization program has been developed, ' a
method which is applicable to problems involving bound
systems and in which divergences of this elementary
nature cannot occur. In the new method the series
cxpRnslon Rx'lscs floIQ R foxIQRl 1Iltegl'Rtlon . of thc
equations of motion over a 6nite interval of time, and
in an elementary nonrelativistic theory such a perturba-
tion expansion would necessarily be convergent. For this
reason it was claimed as probable' that the power series

B.I'erretti, Nuovo cimento 8, 108 (1951);K. Nishijima, Prog.
Theor. Phys, 6, 37 (1951).' R. Jost and A. Pais, Phys. Rev. 82, 840 {1951).' F. J.Dyson, Proc. Roy. Soc. (London) A207, 395 (1951).Phys.
Rev. 83, 608, 1207 (1951).

4 Phys. Rev. 83, 608 (1951},Section XII.

arising from the application of the new method in
quantum electrodynamics would always converge. If
the claim had been accompanied by a proof of conver-
gence, then the theoretical framework of quantum elec-
trodynamics could have been considered closed, being
within its limits a complete and consistent theory.
The purpose of this note is to present a simple argu-

ment which indicates that the power-series expansions
obtained by integrating the equations of motion in
quantum electrodynamics will be divergent after re-
normalization. The divergence is of a basic character,
di6'erent from the trivial divergences mentioned above,
and is present equally in the results obtained from the
new and the older methods of calculation. The argument
here presented is lacking in mathematical rigor and in
physical precision. It is intended only to be suggestive,
to serve as a basis for further, discussions. To me it
scclTls convincing enough to Incx'lt publication ln its
present incomplete form", also I am glad to have this
opportunity to withdraw the erroneous argument pre-
viously put forward~ to support the claim that the power
series should converge.
The argument for divergence is as follows. According
o FcynIQan) quantum clcctI'odynRIQlcs ls cqulvRlcnt
to a theory of the motion of charges acting on each
other by a direct action at a distance, the interaction
between two like charges being given by the formula

e'8+(sg2'), (&)

where e is the electron charge. The action-at-a-distance
formulation is precisely equivalent to the usual formula-
tion of the theory, in circumstances where all emitted
radiation is ultimately absorbed. We shall suppose that

~ See reference 4. The error in the argument lay in using the
concept "the number of times that an interaction operates" in an
intuitive and imprecise way.

6 R. P. Feynman, Phys. Rev. 76, 769 (1949),Eq. (4); Phys. Rev.
440 (1950), Appendix B.

— M Beneke, “Renormalons” '99

"What do we really know? What we have said appears to be compelling on 
physics grounds and is (probably) correct, but mathematical proofs are rare.”

perturbation theory is divergent 9
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Perturbative expansions in QFTs are (at best) asymptotic

toy asymptotic series 10

Optimal truncation depends on the magnitude of the coupling N⇤ ⇠ 1

↵(s)
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Divergent series converge faster than convergent 
series because they don’t have to converge

— G. Carrier’s rule

11not everything is lost
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perturbative QCD 12

R ⇠
n⇤X

n=0

rn↵
n+1
s + e�p/↵s

Perturbation theory is divergent (asymptotic series)
Dyson ‘52 rn ⇠ n!
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of the Landau pole
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Large-�0 Limit Scalar Correlator in Large-�0

Scalar Correlator

• First-order correction in large-�0

• Scalar correlator in large-�0
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OPE condensates

“duality violations”perturbative expansion

non-perturbative contributions [np (!)] 
smaller with higher energies

Diogo Boito

perturbative QCD 15
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General structure of the perturbative series
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General structure of the perturbative series

our knowledge is always partial: theoretical 
uncertainty must be carefully estimated
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Strong coupling from 
                             ⌧ ! (hadrons) + ⌫⌧
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perturbative QCD 16

Universality of the weak charged-current interactions

Same branching ratios for leptonic decays (up to EW and mass corrections)
Naïve predictions
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perturbative QCD 16

Universality of the weak charged-current interactions

Same branching ratios for leptonic decays (up to EW and mass corrections)
Naïve predictions Experiments

~ 20% more than naïve
           

QCD
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Sum rules (using Cauchy’s theorem)

�µ�(q) = i

Z
d4x eiqx�0|T{Jµ(x)J�(0)†}|⇥

 Massless (V&A) correlators

Re(s)

Im(s)

1

s0

Z s0

0
dsw(s)

1

⇡
Im⇧(s) = � 1

2⇡is0

Z

|z|=s0

dzw(z)⇧(z)

<latexit sha1_base64="YqLib5FnwpSzzwFsWuhFFF7JewM="></latexit>

Inclusive quantity: quark hadron duality
hadronic tau decays 17

I
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hadronic tau decays 18
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�[⇥ ! e��̄e �� ]

Any analytic weight function gives rise to a valid sum rule

Kinematic moment: special case
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pt. correction is ~20%
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(fixed order, more about that soon)

Duality Violations

DB, Caprini, Golterman,  Maltman, Peris, PRD ’18

Ansatz based on widely accepted assumptions about QCD: Regge behaviour and 
large-Nc. Leading corrections: logarithmic and powers of 1/s.

⇢DV(s) = e����s sin(↵+ �s)
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Fixed Order vs Contour Improved  
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CIPT leads in general to smaller perturbative contributions

Strong coupling from CIPT larger than from FOPT

OPE corrections assumed to be universal

↵s(mZ) = 0.1171± 0.0010
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FOPT

CIPT
discrepancy much larger 
than individual errors

DB, Golterman, Maltman, Peris, Rodrigues and Schaaf, 2012.10440, PRD `21
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 We use and estimate for the 6-loop result
c5,1 = 280± 140
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V 00 10 11 12
10 72
11 87 72
12 74 14 72
13 53 −18 37 90

A\V 00 10 11 12 13
00 2 9 0 −8 −8
10 9 4 0 4 8
11 −5 −2 −7 −7 −4
12 −8 3 0 −12 −17
13 −10 8 3 −16 −26

A 00 10 11 12
10 85
11 79 56
12 64 22 85
13 51 2 63 94

Table 5: Correlations between the measured moments Rkl
V /A in percent. The left (right) table

gives the correlations between the moments of the vector (axial-vetor) current; the table in the
middle shows the correlations between the moments of different currents.

v(s) + a(s) which is ≈ 10% above the näıve expectation v(s) + a(s) = 1 as in figure 5 gives a
reasonable description of the region s > 1GeV2. The structure due to the narrow resonances
in the region below s ≃ 1GeV2 is however not described by perturbative QCD.
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Figure 6: The difference (sum) of the spectral functions v (s)− a(s) (v(s) + a(s)). The dashed
line is the näıve parton model expectation and the solid lines depict the prediction of massless,
perturbative QCD as in figure 5. For v(s)− a(s) both predictions are identically zero.

9 Measurement of the strong coupling αs

Since the perturbative expansions for vector and axial-vector currents are identical while the
non-perturbative parts have opposite sign but the same order of magnitude for both currents,
two different fits are used for the extraction of αs and the power corrections, respectively. The
sum of vector and axial-vector moments is most sensitive to perturbative QCD and is used for
the measurement of αs (fit 1) while the separate moments of both currents are used to obtain
the power corrections (fit 2). In addition to the moments listed in table 3 it is possible to
include the measurements of the τ lifetime ττ and the branching ratio Bµ = B(τ → µνµντ ) in

21
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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updated for recent values of branching fractions Boito et al ’11, ‘21

inclusive hadronic tau decay data
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Fig. 5. Updated ALEPH ⌧ spectral functions. The shaded areas indicate the contributions from the exclusive ⌧
decay channels, where the shapes of the contributions labelled ‘MC’ are taken from the MC simulation. The lines
show the predictions from the naive parton model and from massless perturbative QCD using ↵s(M

2

Z) = 0.120,
respectively. Top left: the vector spectral function V . Top right: the axial-vector spectral function A. Bottom left:
the V +A spectral function. Bottom right: the V �A spectral function. This figure supersedes Figs. 62-65 of [3]
and Fig. 2 of [16].

and to the spectral moments defined by

Rkl
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m2
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◆k ✓ s

m2
⌧
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, (4)

with R00

⌧,V/A = R⌧,V/A. The values for R⌧,V = 1.782 ± 0.009, R⌧,A = 1.694 ± 0.010, R⌧,V+A =
3.475 ± 0.011, determined by the respective branching fractions, are updated with very small changes
from Ref. [16]. Note that the V +A branching fraction is obtained as one minus the sum of leptonic and
strange branching fractions.
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tau decay data and the strong coupling

ALEPH (FOPT)

OPAL (FOPT)

Average (FOPT)

FOPT Average

 0.28 0.29  0.3  0.31 0.32 0.33 0.34

ç√

↵s(m⌧ )
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The two data sets lead to compatible values for              : average↵s(m⌧ )
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Are the data sets compatible? Can we combine them?

Can the inclusive spectral functions be improved with recent data?

DB, Golterman, Jamin, Mahdavi, 
Maltman, Osborne, Peris, ‘12

Diogo Boito

DB, Golterman, Maltman, Osborne, Peris, ‘15
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anatomy of  the data sets

V
Davier et al [ALEPH] '14  Ackerstaff et al [OPAL] '98  

Recently measured channels in           can be 
used to improve the vector channel

e+e�
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V

• V channel dominated by ⌧ ! 2⇡ + ⌫⌧ and ⌧ ! 4⇡ + ⌫⌧

• “Residual” channels subdominant (but important for ↵s!)

• Monte Carlo (MC) inputs for several channels
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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anatomy of  the data sets

V
Davier et al [ALEPH] '14  Ackerstaff et al [OPAL] '98  

Recently measured channels in           can be 
used to improve the vector channel
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• V channel dominated by ⌧ ! 2⇡ + ⌫⌧ and ⌧ ! 4⇡ + ⌫⌧

• “Residual” channels subdominant (but important for ↵s!)

• Monte Carlo (MC) inputs for several channels
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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Combined data for       and      channels from ALEPH & OPAL

Exp. data only: 7 residual channels from         using CVC (conserved vector 
current)          

Results updated for recent branching ratio measurements

e+e�
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Data combination: same algorithm used in R-data 
combination for muon g-2.

Keshavarzi, Nomura, Teubner '18

new vector isovector spectral function

and BaBar data for ⌧ ! KKS⌫⌧
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No Monte Carlo inputs;       IB corrections to CVC negligible 

2⇡
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Combination of 2⇡ +4⇡ channels
Good �2 both locally and globally, no �2 inflation needed

<latexit sha1_base64="Vj+//zoR3XZz0gLCEB5QjJkyR0w="></latexit>

Original data sets from: BABAR, SND and CMD-3

No Monte Carlo input 

Total

Residual

2⇡ + 4⇡
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new vector-isovector spectral function
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new vector isovector spectral function 27

New electroproduction data (after 2014) allow for an 
improvement of the vector spectral function
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new vector isovector spectral function 27

New electroproduction data (after 2014) allow for an 
improvement of the vector spectral function
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Results



Diogo Boito

1. Good perturbative behaviour.
2. Small condensate contributions.
3. Suppression of DVs.

analysis strategy

⇡ Nc(1 + �(0) + �EM + �OPE + �DVs)⇡ Nc(1 + �(0) + �EM + �OPE + �DVs)EW
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Diogo Boito

1. Good perturbative behaviour.
2. Small condensate contributions.
3. Suppression of DVs.

analysis strategy

⇡ Nc(1 + �(0) + �EM + �OPE + �DVs)⇡ Nc(1 + �(0) + �EM + �OPE + �DVs)EW
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Desired properties from the choice of weights

Choice of weights

Tiny condensate contributions, sensitive to DVs 

Only D=6

Only D=6 and 8

Only D=6 and 10

Tau kinematical Moment
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1331 Iðw0Þ
exp ðs0Þ and I

ðw4Þ
exp ðs0Þ. The results for those parameters also

1332 determined in the earlier fits also show good consistency
1333 with the values obtained in those earlier fits, reported in
1334 Eqs. (4.1) and (4.3). In addition, the values for the OPE
1335 coefficient c6 shown in Tables Vand VI are consistent with
1336 those shown in Table IV. This constitutes an additional
1337 nontrivial consistency check.
1338 We end this subsection with a comment. For reasons
1339 already explained, we did not construct the axial equivalent
1340 of the new inclusive spectral function ρud;V obtained in
1341 Sec. III, and thus did not carry out simultaneous fits to the V
1342 and A spectral functions. This precludes us from testing
1343 consistency between vector and axial channels, and from
1344 carrying out tests based on the Weinberg sum rules, as we
1345 did in Refs. [8,11,12]. Here we point out that such tests
1346 were always successful in the separate analyses of the
1347 ALEPH and OPAL nonstrange inclusive spectral functions.
1348 We also note that our most precise results for αs were
1349 always obtained from purely V channel fits.

1350 C. Analysis

1351 To finalize our result for αsðmτÞ, an estimate is required
1352 for the error resulting from the use of the four- or five-
1353 loop-truncated perturbation theory. This is obtained
1354 following the approach outlined at the end of Sec. II C.

1355 We focus on the single-weight fit to Iðw0Þ
exp ðs0Þ with

1356 smin ¼ 1.5490 GeV2.
1357 It turns out that among the various strategies for
1358 estimating this error discussed in Sec. II C, varying c51
1359 by $50% around the central value c51 ¼ 283 yields the
1360 largest, and thus most conservative, estimate of the trun-
1361 cation error. Symmetrizing the slightly asymmetric result
1362 produces an uncertainty of $0.0026 on αsðmτÞ. Alternate
1363 error estimates based on removing order-α5s terms (i.e.,
1364 setting c5m ¼ 0), or removing both order-α4s and order-α5s
1365 terms (i.e., setting both c4m ¼ 0 and c5m ¼ 0) lead to
1366 differences equal to or smaller than the differences obtained
1367 from the 50% variation in c51 noted above.
1368 These observations apply to the perturbative represen-

1369 tation for Iðw0Þ
th ðs0Þ, and do not necessarily apply to

1370spectral moments with other weights. Since moments
1371with different weights have different perturbative
1372behaviors [43,44], we will take the difference between
1373the values of αs in Eqs. (4.1) and (4.3) to reflect an
1374independent source of perturbative error. We multiply this
1375difference by a factor two to take into account the fact that
1376one of the two weights entering the fit leading to
1377Eq. (4.3), w0, was also used in obtaining the results
1378quoted in Eqs. (4.1). This leads to an additional pertur-
1379bative uncertainty of $0.0028 on αs.
1380Combining the statistical error of Eq. (4.1) and the
1381two perturbative uncertainties discussed above in
1382quadrature, we obtain our final result for αs at the τ mass
1383scale:

αsðmτÞ ¼ 0.3077$ 0.0065stat $ 0.0038pert

¼ 0.3077$ 0.0075 ðnf ¼ 3; FOPTÞ; ð4:5Þ

13841385where the subscripts “stat" and “pert” refer to the statistical
1386and the perturbative error, respectively.
1387As we explained in Sec. II, the τ scale is sufficiently
1388low that nonperturbative effects are expected to be

1389potentially non-negligible. For Iðw0Þ
exp ðs0Þ nonperturbative

1390contributions are generated by DVs, corresponding to the
1391second term on the right-hand side of Eq. (2.11). It is
1392interesting to quantify these effects. Even though the
1393moment is dominated by perturbation theory, we find that

1394the nonperturbative part of Iðw0Þ
th ðs0Þ, which is the moment

1395most sensitive to nonperturbative effects, oscillates with
1396an amplitude typically of order 20% of the αs-dependent
1397part of the perturbative contribution (obtained by sub-
1398tracting the αs-independent parton-model piece) with
1399varying s0.
1400The nonperturbative effect is thus small but significant,
1401and this is not surprising. The nonperturbative part
1402accounts for the oscillation seen in the spectral function
1403in Fig. 8 (red curve), which cannot be accounted for by the
1404OPE (green dashed curve). We believe that it is unlikely
1405that any variation of the DV ansatz (2.12) that does an
1406equally good job of fitting the data would lead to a variation

TABLE VI. Results of block-diagonal fits to Iðw0Þ
exp ðs0Þ and Iðw4Þ

exp ðs0Þ employing the combined spectral function
with 68 clusters, with smax ¼ 3.0574 GeV2, smin in GeV2, β and γ in GeV−2, c6 in GeV6, c10 in GeV10. For each fit,
every third value of Iðw0Þ

exp ðs0Þ and Iðw3Þ
exp ðs0Þ was used, starting from s0 ¼ smin.

smin Q2=dof αsðmτÞ δ γ α β 102c6 102c10

1.5490 2.89=7 0.3069(70) 3.37(34) 0.66(21) −1.79ð62Þ 4.04(33) −0.69ð12Þ 1.56(33)
1.5863 1.80=7 0.3065(74) 3.37(34) 0.66(21) −1.87ð73Þ 4.09(38) −0.70ð13Þ 1.60(38)
1.6136 1.90=5 0.3097(83) 3.38(35) 0.64(21) −1.52ð84Þ 3.91(44) −0.64ð16Þ 1.41(48)
1.6479 1.70=5 0.3076(82) 3.43(41) 0.63(23) −1.69ð83Þ 3.99(43) −0.69ð16Þ 1.57(48)
1.6849 1.10=5 0.3046(80) 3.61(46) 0.55(25) −2.11ð89Þ 4.21(45) −0.76ð15Þ 1.83(47)
1.7256 1.75=3 0.311(11) 3.39(70) 0.64(34) −1.3ð1.1Þ 3.82(53) −0.62ð24Þ 1.34(83)
1.7752 1.56=3 0.309(11) 3.3(1.0) 0.68(48) −1.5ð1.1Þ 3.89(55) −0.65ð27Þ 1.4(1.0)
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Final value
pt. series truncation, scale variation

1407 in αs larger than the error we obtained in Eq. (4.5).21 It is
1408 clear that the data show the existence of nonzero DVs and,
1409 while a first-principles derivation from QCD does not exist,
1410 the main features of a DV ansatz cannot be taken to be
1411 arbitrary. As already pointed out in Sec. II, a minimal set of
1412 assumptions, based on commonly accepted properties of
1413 QCD such as, e.g., Regge behavior, leads to the para-
1414 metrization (2.12) [24].
1415 In fact, we have quantitative information on this issue,

1416 from the fits involving IðwnÞ
exp ðs0Þwith n ¼ 2, 3, 4, because of

1417 the single pinch in w2, and the double pinch in w3;4, which
1418 suppress DVs at different rates. Comparing the values of
1419 αsðmτÞ in Eqs. (4.3) and (4.4) to the value in Eq. (4.1), we
1420 see that the central value of αsðmτÞ varies by no more than
1421 0.0004, i.e., 0.13% of the central value, to be compared
1422 with the 2.3% relative error in Eq. (4.5). Such variations are
1423 much smaller than we would expect were the larger DV
1424 contributions to the w0 sum rule to have been incorrectly
1425 represented by the DV ansatz Eq. (2.12).
1426 Running the result of Eq. (4.5) to the Z-mass scale using
1427 the standard self-consistent combination of five-loop run-
1428 ning [33,34] with four-loop matching [78,79] at the charm
1429 and bottom thresholds (2mcðmcÞ and 2mbðmbÞ, respec-
1430 tively, with MS masses from the PDG [55]) we obtain the
1431 corresponding nf ¼ 5 result

αsðmZÞ ¼ 0.1171$ 0.0010 ðnf ¼ 5; FOPTÞ: ð4:6Þ

14321433 With five-loop running and four-loop matching the uncer-
1434 tainty due to the running is very small. If we perform the
1435 matching at mcðmcÞ and mbðmbÞ we find a shift of just
1436 0.00009, which does not contribute to the final uncertainty.
1437 To conclude this section, we compare our new value of
1438 αsðmτÞ given in Eq. (4.5) with those obtained from analyses
1439 of the ALEPH data [8], the OPAL data [12], and from
1440 eþe− → hadrons below 2 GeV [80], where the latter was
1441 based on the combined electroproduction spectral data of
1442 Ref. [13]. These previously obtained values are

αsðmτÞ ¼ 0.325$ 0.018 ðOPALdataÞ;
αsðmτÞ ¼ 0.296$ 0.010 ðALEPHdataÞ;
αsðmτÞ ¼ 0.298$ 0.017 ðeþe− dataÞ: ð4:7Þ

14431444 Previously, we quoted a weighted average of the two
1445 τ-based values in Eq. (4.7), of the ALEPH-based and
1446 OPAL-based results, αsðmτÞ ¼ 0.303$ 0.009, as our best
1447 determination from τ decays. This value and the values

1448shown in Eq. (4.7) are in good agreement with our new,
1449more precise value in Eq. (4.5).
1450A direct comparison with other recent determinations of
1451αs from τ decays [4,9] is problematic because they are all
1452based on the truncated OPE strategy, which was shown in
1453Refs. [25,26] to be contaminated by uncontrolled system-
1454atic effects arising mainly from the neglect of unknown
1455higher-order terms in the OPE in Refs. [4–6,9]. The values
1456of Refs. [4,9] are also highly correlated, since they are
1457based on the same general strategy and the same ALEPH
1458dataset. We note that the values of Refs. [4,9] are signifi-
1459cantly larger than ours αsðmZÞ ¼ 0.1199$ 0.0015, from
1460Ref. [4] and αsðmZÞ ¼ 0.1197$ 0.0015, from Ref. [9].

1461V. CONCLUSION

1462The determination of the strong coupling from hadronic
1463τ decays has the potential to provide one of the most precise
1464values among the many determinations from different
1465methods that have appeared in the literature. It thus makes
1466sense to aim for a determination from the combined
1467experimental information available, and this is what we
1468set out to do in this paper. This led us to construct a new
1469nonstrange vector, isovector spectral function, which is
1470presented in Table I and Fig. 5.
1471In order to construct this spectral function, we combined
1472the τ → π−π 0ντ, τ → 2π−πþπ 0ντ and τ → π−3π 0ντ exper-
1473imental data available from the ALEPH and OPAL col-
1474laborations, using the method employed before in Ref. [13].
1475The sum of these contributions constitutes 98% of the
1476spectral function as measured by branching fraction.
1477Details of the contributions from the remaining exclusive
1478channels, a number of which were estimated using Monte-
1479Carlo, were not provided by ALEPH or OPAL. We have
1480replaced the estimates for these residual-mode contribu-
1481tions using recent τ results for theK−K0 mode and the large
1482amount of data now available, via CVC, from electro-
1483production experiments for the remaining residual modes,
1484with conservative estimates of the systematic errors asso-
1485ciated with this approach. As measured by the spectral
1486moments shown in Table II, this leads to a more accurate
1487determination of the spectral function ρud;VðsÞ, especially
1488in the upper part of the τ kinematic range. This is a
1489consequence of the fact that electroproduction data are
1490not kinematically limited near the τ mass. We emphasize
1491that the inclusive spectral function which results is a sum of
1492s-dependent exclusive-mode contributions, all of which are
1493now obtained from experiment and none of which require
1494Monte-Carlo input any more.
1495One of the most important applications of this new
1496combined dataset is a determination of the strong coupling
1497αs at the τ mass scale. We employed previously developed
1498methods using finite-energy sum rules to extract a new
1499estimate of the MS value of αsðmτÞ from these data, which,
1500when evolved to the Z mass scale, produces a five-flavor

21Contrary to claims in the literature, use of the truncated-OPE
strategy (which ignores DVs, as well as certain higher dimension
OPE contributions) in sum-rule fits to moments of the sum of the
V and A spectral functions can lead to systematic effects of order
10% in αsðmτÞ [25].
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FOPT vs. CIPT Borel Representation (large-β0)

FOPT expansion:  

coefficient

FOPT Borel representation = “true“ Borel representation

�(0),FOPT

Wi,Borel
(s0) = PV

Z 1

0

du
1

2⇡i

I

|x|=1

dx

x
Wi(x)B[D̂](u) e�

4⇡u
�0↵s(�xs0)

⇾ Expansion parameter: αs(s0)

expansion variable

Borel sum:

FOPT has the standard Borel representation (discussed before)

Starting point of the analysis: FOPT and CIPT have different Borel sums!

�0 ⌘ 2�1
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�n
,

CIPT Borel representation:    NEW !

Contour needs to be deformed from |x|=1

CIPT expansion:  ⇾ No obvious expansion parameter !

expansion variable

Regner, Hoang

„Asymptotic Separation“

CIPT: no obvious expansion parameter
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CIPT Borel representation:    NEW !

Contour needs to be deformed from |x|=1

CIPT expansion:  ⇾ No obvious expansion parameter !

expansion variable

Regner, Hoang

„Asymptotic Separation“

New result: CIPT Borel representation

Starting point of the analysis: FOPT and CIPT have different Borel sums!

�0 ⌘ 2�1
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Figure 5: Moments �(0),FOPT

W⌧
(m2

⌧ ) (red) and �(0),CIPT

W⌧
(m2

⌧ ) (blue) in the large-�0 approx-
imation as a function of the order up to which the series are summed. Panel (a) shows
the result in the MS scheme and panel (b) in a scheme where the coupling is defined by
a�=10/3(x) = a(x)/(1+5/3 a(x)). The red and blue horizonal lines represent the Borel sums
of the FOPT and CIPT series, respectively, and the red bands indicate the conventional
Borel ambiguity of the FOPT series.

where � = 5/3 in the MS scheme for the strong coupling. The Borel function has a
single pole at u = 2 and double poles at integer values for u larger than 2 and all negative
integers. In the MS scheme the IR renormalon at p = 2 dominates the behavior of the series
for orders up to n ⇡ 7, while for orders beyond the oscillating behavior arising from the UV
renormalon poles determines the behavior of the series. The terms of the FOPT and CIPT
series as well as the FOPT Borel sum, its ambiguity and the asymptotic separation can be
obtained in a straightforward way using the method described in Sec. 4.1, identifying the
corresponding residues and summing all terms. The respective numerical values obtained
in the following analysis are shown in Tab. 1.

The outcome for �(0)W⌧
for the FOPT and CIPT series is shown in Fig. 5a using the

same conventions as for the generic examinations in Sec. 4.1. The FOPT series reaches the
FOPT Borel sum (red horizontal line) at orders n = 9 and 10 where it also approaches
a stable asymptotic behavior. At orders beyond it starts to oscillate due to the impact
of the UV renormalon contributions. The difference of the values of the FOPT series in
the asymptotic region at orders n = 9 and 10 to its Borel sum is consistent with the
FOPT ambiguity indicated by the red band. The CIPT series shows a convergent and
mildly oscillating behavior for orders n . 8. For orders beyond that the oscillations quickly
become large due to the dominance of UV renormalon contributions. The values of the
CIPT series at order n = 7 is compatible with the CIPT Borel sum determined from the
FOPT Borel sum plus the asymptotic separation. If we adopt the very practical view that
the ambiguity of the CIPT Borel sum is the same as that of the FOPT sum, we find that
the difference between the values of the CIPT series at orders n = 7 and 8 to its Borel sum
is also consistent with this ambiguity.

From the behavior of the CIPT series originating from a single pole at p = 2 shown
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Asymptotic separation

large-�0
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Discrepancy is systematic, not accidental, 
and is not an effect due to missing 

higher orders

Assumption: the GC renormalon gives a sizeable
contribution to the pt. series, i.e. it is not “unnaturally"
suppressed.
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„Asymptotic Separation“

Asymptotic separation vanishes if IR renormalons are absent

The leading IR renormalon dominates the asymptotic separation ( > 99%)

CIPT and FOPT should become consistent in an IR-subtracted scheme

Conclusions from the asymptotic separation
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become large due to the dominance of UV renormalon contributions. The values of the
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FOPT Borel sum plus the asymptotic separation. If we adopt the very practical view that
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From the behavior of the CIPT series originating from a single pole at p = 2 shown
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General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads

�D
OPE

4,0 (�Q
2) =

1

Q4

2⇡2

3

h
1 + c̄

(1)

4,0 āQ

i
hḠ

2
i , (2.33)

with

c̄
(1)

4,0 =
4

�0

✓
CA

2
�

CF

4
�

�1

4�0

◆
, (2.34)

where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form

B4,0(u) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

(2� u)1+4b̂1
. (2.35)

For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.

�D
OPE

4,0 (s) =
1

s2

2⇡2

3

h
1 + c̄

(1)

4,0 ā(�s)
i
hḠ

2
i . (2.36)

Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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normalization not determined 
by theory (app. known)

N4,0

⇣
1 + c̄(1)4,0āQ

⌘ 1X

`=1

r(4,0)` ā`Q
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
2
i
(n)

⌘ hG
2
i(R2) � R

4

nX

`=1

Ng r
(4,0)
` ā

`
R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
(4,0)
` =

⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform

�D̂4,0(�Q
2
, R

2) = �
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du
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�

Taylor

e
� u

āR , (3.4)

where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),

�D̂4,0(�Q
2
, R

2) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

ˆ 1

0

du
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e
� u

āQ

(2� u)1+4b̂1
�

R
4

Q4

e
� u

āR

(2� u)1+4b̂1

�
.(3.5)

It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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Renormalon Free Gluon Condensate Scheme 33

General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads
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where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form
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For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.
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4,0 ā(�s)
i
hḠ
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Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
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�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation
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considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2
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as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads
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where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form
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For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄
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4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
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4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
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W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.
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Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄
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¸
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s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ
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MS scheme and our new renormalon-free and order-independent GC hG
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads
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` =
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�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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Renormalon Free Gluon Condensate Scheme 33

General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads

�D
OPE

4,0 (�Q
2) =

1

Q4

2⇡2

3

h
1 + c̄

(1)

4,0 āQ

i
hḠ

2
i , (2.33)

with

c̄
(1)

4,0 =
4

�0

✓
CA

2
�

CF

4
�

�1

4�0

◆
, (2.34)

where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form

B4,0(u) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

(2� u)1+4b̂1
. (2.35)

For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.
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i . (2.36)

Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
2
i
(n)

⌘ hG
2
i(R2) � R

4

nX

`=1

Ng r
(4,0)
` ā

`
R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
(4,0)
` =

⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform

�D̂4,0(�Q
2
, R

2) = �

h
1 + c̄
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0

du
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4
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�

Taylor

e
� u

āR , (3.4)

where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),

�D̂4,0(�Q
2
, R

2) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

ˆ 1

0

du


e
� u

āQ

(2� u)1+4b̂1
�

R
4

Q4

e
� u

āR

(2� u)1+4b̂1

�
.(3.5)

It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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coefficients that diverge 
factorially are known

contribution of the GC 
singularity to the 
perturbative series

determined on general 
grounds from QCD

GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by

c̄0(R
2) ⌘ R

4 PV

ˆ 1

0

du e
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āR

(2� u)1+4b̂1
(3.9)
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4b̂1
R

for Im[R2] 6= 0

�
R4 e

� 2
āR
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āR
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for Im[R2] = 0

,

where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation
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The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
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The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =
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Ng and is generated by the inverse Borel
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by
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where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
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RF by the relation
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Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.
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real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
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the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
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Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2
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is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence
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scale invariant

Its more convenient to work with scale invariant GC

Borel sum unchanged, for any value of 
the norm. Minimal scheme.

"tree level” (unexpanded) 
contribution

Infrared-subtracted scheme for the GC condensate (“short distance scheme”)
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GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ
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2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2
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as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
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2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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A technical comment 34

We use the C-scheme for the QCD coupling
Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads

�D
OPE

4,0 (�Q
2) =

1

Q4

2⇡2

3

h
1 + c̄

(1)

4,0 āQ

i
hḠ

2
i , (2.33)

with

c̄
(1)

4,0 =
4

�0

✓
CA

2
�

CF

4
�

�1

4�0

◆
, (2.34)

where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form

B4,0(u) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

(2� u)1+4b̂1
. (2.35)

For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.

�D
OPE

4,0 (s) =
1

s2

2⇡2

3

h
1 + c̄

(1)

4,0 ā(�s)
i
hḠ

2
i . (2.36)

Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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this expression is exact in 
the C-scheme, no 

subleading corrections

and (2.6) has been obtained using dimensional regularization and the MS renormalization
scheme for the strong coupling which entails that the limit of zero IR cutoff is applied to
the computation of the coefficients cn,1. We refer to this IR factorization scheme as the MS-

scheme for the OPE, and we indicate this scheme by a bar over each of the operator matrix
elements. We stress that the wording should not be confused with the MS renormalization
scheme for the strong coupling. The scheme for the strong coupling (such as the MS- or
the C-scheme [37] which we employ in this paper) can be chosen independently from the
choice of IR factorization scheme.

The CIPT method to determine the perturbation series �
(0)

W (s0) is based on the per-
turbative series for the Adler function given in Eq. (2.5), and one carries out the contour
integration of Eq. (2.10) over powers of the complex-valued strong coupling ↵s(�s). The
CIPT series arises from truncating the sum in Eq. (2.5). For the FOPT method to deter-
mine �

(0)

W (s0) one expands the series (2.10) in powers of ↵s(s0). The complex phases then
appear as powers of ln(�s/s0) in the coefficients of the power series in ↵s(s0). The contour
integration of Eq. (2.10) is then carried out over the polynomials of ln(�s/s0). For the
FOPT moments, the series arises from truncating the sum in powers of ↵s(s0). The CIPT
method differs from FOPT in that it resums the powers of ln(�s/s0) to all orders along the
contour integration [3, 4]. Furthermore, while the FOPT series for �

(0)

W (s0) is an explicit
power series in the strong coupling ↵s at a definite renormalization scale, the CIPT series
is not, since the renormalization scale of the strong coupling is the integration variable.
This is the reason why it is not possible to obtain the CIPT series through a change of
renormalization scheme from the FOPT series.

2.2 Strong coupling in the C-scheme

For the definition of our renormalon-free GC scheme, given in Sec. 3, we use for the strong
coupling the C-scheme [37], for the particular value C = 0, for which the exact �-function
can be written down in closed form. This will allow us to write down closed and exact
all-order expressions for the renormalon-free GC scheme. While in the MS-scheme the
renormalization group equation of the strong coupling has the form (�0 = 11 � 2nf/3,
�1 = 102� 38nf/3)

d↵s(Q2)

d lnQ
= �(↵s(Q

2)) ⌘ �2↵s(Q
2)

1X

n=0

�n

⇣
↵s(Q2)

4⇡

⌘n+1

(2.15)

where the coefficients �n are independent, the C-scheme evolution has the closed all-order
form

d↵̄s(Q2)

d lnQ
= �̄(↵̄s(Q

2)) ⌘ �2 ↵̄s(Q
2)

�0 ↵̄s(Q2)

4⇡ �
�1
�0
↵̄s(Q2)

, (2.16)

where only the universal coefficients �0 and �1 enter. The relation between the strong
coupling in the MS and in the C-scheme (for C = 0) is then given by the equality

⇡

↵̄s(Q2)
+

�1

4�0
ln(↵̄s(Q

2)) =
⇡

↵s(Q2)
+

�1

4�0
ln(↵s(Q

2))+
�0

2

↵s(Q2
)ˆ

0

d↵̃


1

�(↵̃)
+

2⇡

�0↵̃
2
�

�1

2�2
0
↵̃

�
,

(2.17)
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scheme for the strong coupling which entails that the limit of zero IR cutoff is applied to
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scheme for the strong coupling. The scheme for the strong coupling (such as the MS- or
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choice of IR factorization scheme.

The CIPT method to determine the perturbation series �
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turbative series for the Adler function given in Eq. (2.5), and one carries out the contour
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method differs from FOPT in that it resums the powers of ln(�s/s0) to all orders along the
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W (s0) is an explicit
power series in the strong coupling ↵s at a definite renormalization scale, the CIPT series
is not, since the renormalization scale of the strong coupling is the integration variable.
This is the reason why it is not possible to obtain the CIPT series through a change of
renormalization scheme from the FOPT series.

2.2 Strong coupling in the C-scheme

For the definition of our renormalon-free GC scheme, given in Sec. 3, we use for the strong
coupling the C-scheme [37], for the particular value C = 0, for which the exact �-function
can be written down in closed form. This will allow us to write down closed and exact
all-order expressions for the renormalon-free GC scheme. While in the MS-scheme the
renormalization group equation of the strong coupling has the form (�0 = 11 � 2nf/3,
�1 = 102� 38nf/3)
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where the coefficients �n are independent, the C-scheme evolution has the closed all-order
form
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where only the universal coefficients �0 and �1 enter. The relation between the strong
coupling in the MS and in the C-scheme (for C = 0) is then given by the equality
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The beta function is exact in this scheme

The C-scheme very convenient for the renormalon analysis

Final results are re-expressed in the usual MS scheme

new coupling in the 
C scheme

input coupling (here 
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Figure 3: Left panels: Series for FOPT and CIPT expansions for �
(0)

W (m2
⌧ ) as a func-

tion of order in full QCD in the MS GC scheme for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.
Renormalization scale variations are indicated by the colored bands. Right panels: Corre-
sponding series for FOPT and CIPT expansions for �

(0)

W (m2
⌧ , R

2) in the RF GC scheme.

For the subtracted series all series terms are affected by the model since the subtraction
depends on the model’s value for the GC renormalon norm N4,0 = 4.2.

In the upper two panels of Fig. 3, we show the results for the GCS kinematic moment
with W⌧ (x) = (1 � x)3(1 + x). The first five terms of the unsubtracted FOPT and CIPT
series expansion (upper left panel) clearly show the well-known discrepancy between FOPT
and CIPT and that the unsubtracted FOPT series closely approaches the ‘true’ Borel sum
of Eq. (3.24). From the results for the first five orders we can see the well-known fact that
the discrepancy increases with the inclusion of the O(↵3

s), O(↵4
s), and the O(↵5

s) terms.

– 36 –
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(Higher-orders from a multi-renormalon model with an estimated 6-loop result)
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(0)

W (m2
⌧ ) as a func-

tion of order in full QCD in the MS GC scheme for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.
Renormalization scale variations are indicated by the colored bands. Right panels: Corre-
sponding series for FOPT and CIPT expansions for �

(0)

W (m2
⌧ , R

2) in the RF GC scheme.

For the subtracted series all series terms are affected by the model since the subtraction
depends on the model’s value for the GC renormalon norm N4,0 = 4.2.

In the upper two panels of Fig. 3, we show the results for the GCS kinematic moment
with W⌧ (x) = (1 � x)3(1 + x). The first five terms of the unsubtracted FOPT and CIPT
series expansion (upper left panel) clearly show the well-known discrepancy between FOPT
and CIPT and that the unsubtracted FOPT series closely approaches the ‘true’ Borel sum
of Eq. (3.24). From the results for the first five orders we can see the well-known fact that
the discrepancy increases with the inclusion of the O(↵3

s), O(↵4
s), and the O(↵5

s) terms.
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Usual scheme Renormalon Free GC scheme

AS

(Higher-orders from a multi-renormalon model with an estimated 6-loop result)
Beneke & Jamin ‘08

Discrepancy between FOPT and CIPT is removed in the new RF scheme
CIPT becomes consistent with FOPT (which is only slightly modified)
Can lead to smaller theoretical uncertainties in 
Additional uncertainty from the determination of       not very largeNg
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
2
i
(n)

⌘ hG
2
i(R2) � R

4

nX

`=1

Ng r
(4,0)
` ā

`
R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
(4,0)
` =

⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform

�D̂4,0(�Q
2
, R

2) = �

h
1 + c̄

(1)

4,0 āQ

i ˆ 1

0

du


R

4

Q4

N4,0

(2� u)1+4b̂1

�

Taylor

e
� u

āR , (3.4)

where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),

�D̂4,0(�Q
2
, R

2) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

ˆ 1

0

du


e
� u

āQ

(2� u)1+4b̂1
�

R
4

Q4

e
� u

āR

(2� u)1+4b̂1

�
.(3.5)

It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by

c̄0(R
2) ⌘ R

4 PV

ˆ 1

0

du e
� u

āR

(2� u)1+4b̂1
(3.9)

=

8
>><

>>:

�
R4 e

� 2
āR

(�āR)4b̂1
�
⇣
� 4b̂1,�

2

āR

⌘
� sig[Im[aR]]

i⇡R4 e
� 2

āR

�(1+4b̂1) ā
4b̂1
R

for Im[R2] 6= 0

�
R4 e

� 2
āR

(āR)4b̂1
Re

h
e
4⇡b̂1i �

⇣
� 4b̂1,�

2

āR

⌘ i
for Im[R2] = 0

,

where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by
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,

where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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Residual IR scale dependence becomes smaller at higher orders
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Figure 4: Dependence FOPT and CIPT expansions for �(0)W (m2
⌧ , R

2) in the RF GC scheme
for the default renormalization scale choice ⇠ = 1 with respect to changes of the IR sub-
traction scale in the range 0.7m⌧  R  0.9m⌧ for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.

expansion the subtractions arising in the renormalon-free scheme are strongly suppressed.
The GCS moments in the CIPT expansion, on the other hand, exhibit a visible R depen-
dence, which, however, decreases strongly with order as it should. In comparison with the
renormalization scale variations displayed in the right panels of Fig. 3, the R variation is,
however, in general smaller. For the GCE moment (upper right panel) the R scale variation
is larger than the renormalization scale variation for both expansion methods for orders up
to 4, but smaller for orders above, confirming the renormalization scale variation alone does
in general not provide an adequate estimate of the perturbative uncertainty. Overall, we
see that the R variation is under good perturbative control and in general smaller than
the renormalization scale variation already at order 5. Its size is, however, in general not
negligible, so that the R variations should be an integral part of the assessment of the
perturbative uncertainties within the RF scheme.

We have again checked thoroughly that the results exemplified by the three spectral
function moments shown in Figs. 3 and 4 are by no means specific for the weight functions
we have picked. The investigation of many different GCS moments using N4.0 = 4.2 shows
that the strong reduction of the discrepancy between CIPT and FOPT that arises from
switching from the MS to the RF scheme and our observations concerning the size of the
remaining R variations are generally true and systematic. The investigation of many differ-
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Strong coupling determination from tau decays is one of the most precise from experiment

Recent electroproducton can now be used to improve the precision of this determination

Known four and five loop results consistent with this assumption
Everything indicates the IR origin of the discrepancy

Good prospects for new data for the dominant channels (Belle II?)

Discrepancy between CIPT and FOPT understood: asymptotic separation

Assumption: sizeable GC renormalon

New renormalon free GC scheme: discrepancy resolved

Normalization of the GC can be extracted with sufficient precision (preliminary)

The scheme is minimalistic and transparent 

Benitez-Rathgeb,  DB,  Hoang,  Jamin,  in preparation

Excellent prospects for reducing the theoretical uncertainty of ↵s(m
2
⌧ )
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Figure 3: Left panels: Series for FOPT and CIPT expansions for �
(0)

W (m2
⌧ ) as a func-

tion of order in full QCD in the MS GC scheme for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.
Renormalization scale variations are indicated by the colored bands. Right panels: Corre-
sponding series for FOPT and CIPT expansions for �

(0)

W (m2
⌧ , R

2) in the RF GC scheme.

For the subtracted series all series terms are affected by the model since the subtraction
depends on the model’s value for the GC renormalon norm N4,0 = 4.2.

In the upper two panels of Fig. 3, we show the results for the GCS kinematic moment
with W⌧ (x) = (1 � x)3(1 + x). The first five terms of the unsubtracted FOPT and CIPT
series expansion (upper left panel) clearly show the well-known discrepancy between FOPT
and CIPT and that the unsubtracted FOPT series closely approaches the ‘true’ Borel sum
of Eq. (3.24). From the results for the first five orders we can see the well-known fact that
the discrepancy increases with the inclusion of the O(↵3

s), O(↵4
s), and the O(↵5

s) terms.

– 36 –

Results for other moments



Diogo Boito

Results for other moments

sub. FOPT sub. CIPT
FOPT BS

� � � � � �� �� ��
����

����

����

����

����

Figure 4: Dependence FOPT and CIPT expansions for �(0)W (m2
⌧ , R

2) in the RF GC scheme
for the default renormalization scale choice ⇠ = 1 with respect to changes of the IR sub-
traction scale in the range 0.7m⌧  R  0.9m⌧ for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.

expansion the subtractions arising in the renormalon-free scheme are strongly suppressed.
The GCS moments in the CIPT expansion, on the other hand, exhibit a visible R depen-
dence, which, however, decreases strongly with order as it should. In comparison with the
renormalization scale variations displayed in the right panels of Fig. 3, the R variation is,
however, in general smaller. For the GCE moment (upper right panel) the R scale variation
is larger than the renormalization scale variation for both expansion methods for orders up
to 4, but smaller for orders above, confirming the renormalization scale variation alone does
in general not provide an adequate estimate of the perturbative uncertainty. Overall, we
see that the R variation is under good perturbative control and in general smaller than
the renormalization scale variation already at order 5. Its size is, however, in general not
negligible, so that the R variations should be an integral part of the assessment of the
perturbative uncertainties within the RF scheme.

We have again checked thoroughly that the results exemplified by the three spectral
function moments shown in Figs. 3 and 4 are by no means specific for the weight functions
we have picked. The investigation of many different GCS moments using N4.0 = 4.2 shows
that the strong reduction of the discrepancy between CIPT and FOPT that arises from
switching from the MS to the RF scheme and our observations concerning the size of the
remaining R variations are generally true and systematic. The investigation of many differ-
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