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Gravitational	Wave	(GW)	spectrum
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How	does	a	PTA	work?
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Current	PTAs
Data:	for	each	pulsar,	construct	a	
decade-long	time	series	of	redshifts 

• EPTA,	42	pulsars 
European	Pulsar	Timing	Array 

• NANOGrav,	66	pulsars 
North	American	Nanoherz	
Observatory	for	Gravitational	waves 

• PPTA,	26	pulsars 
Parkes	Pulsar	Timing	Array 

• IPTA,	merge	to	get	88	pulsars	
International	Pulsar	Timing	Array
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Evidence	for	GWs

• Timing	residuals	from	all	PTA	
pulsars	show	 ,	as	
expected	from	massive	black	
hole	binary	source


• Characteristic	strain	amplitude	
	consistent	

with	expectations	for	super-
massive	black	hole	binary	
sources

Δt ∝ f −13/3

hc ≈ 1.9 × 10−15
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NANOgrav	12.9	year	data

set	(2020	ApJL	905	L34)	
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Current	PTAs

• EPTA,	42	pulsars 
European	Pulsar	Timing	Array 

• NANOGrav,	66	pulsars 
North	American	Nanoherz	
Observatory	for	Gravitational	waves 

• PPTA,	26	pulsars 
Parkes	Pulsar	Timing	Array 

• IPTA,	merge	to	get	88	pulsars	
International	Pulsar	Timing	Array 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GOAL:	detect	gravitational	wave	via	the	correlations	they	induce	
between	the	different	pulsar	redshifts	(or	timing	residuals) 



Hellings	and	Downs	Curve	(1983)
• Pulsar	1	&	Pulsar	2	correlation	for	a	single	

unpolarized	distant	unit-amplitude	GW	point	source 
 

. 
 
Here	 	is	wave	direction,	and	 	and	 	are	pulsar	
response	(antenna	pattern)	functions


• Fix	pulsars	1	and	2,	separated	by	angle	𝛾	on	sky.		
Hellings	and	Downs	curve	(1983)	is	the	mean	
correlation	between	timing	delays	of	two	pulsars,	
separated	in	sky	direction	by	angle	𝛾,	averaged	over	
source	direction 
 




• Cornish	&	Sesanna	2013:	same	result	if	we	fix	the		
source,	and	average	over	all	pulsar	pairs	at	angle	𝛾	


• Important:		the	Hellings-Downs	curve	is	the	mean	
correlation!		Any	given	pulsar	pair	will	not	have	
precisely	this	correlation.

ρ = F+
1 (Ω)F+

2 (Ω) + F×
1 (Ω)F×

2 (Ω)

Ω F+ F×

μu(γ) = ⟨ρ⟩ =
1

4π ∫ ρ dΩ

=
1
4

+
1

12
cos γ +

1
2

(1 − cos γ)log ( 1 − cos γ
2 )
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Questions

• If	we	had	many	noise-free	pulsars	spread	around	the	
sky,	and	we	averaged	their	correlations	in	an	optimal	
way,	would	we	find	 	?	Or	would	it	deviate?		By	
how	much??


• Given	a	specific	pulsars	of	the	different	PTAs	(not	
uniformly	distributed	on	the	sky),	how	do	we	define	
the	Hellings	and	Downs	correlation?		Does	it	match	

	?

μu(γ)

μu(γ)
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Variance	of	Hellings-Downs	correlation
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• Can	compute	simple	analytic	forms.	For	a	single	pulsar	pair:			 


• If	we	average	correlation	over	all	pulsar	pairs	separated	by	angle	 	before	computing	first	and	second	moments	obtain	cosmic	
variance: 
 




•  
In	“our”	realization	of	the	universe,	the	pulsar-averaged	correlation	will	not	agree	exactly	with	the	Hellings-Downs	curve.		
Fluctuations	can	not	be	eliminated	by	averaging	over	pulsar	pairs.	The	cosmic	variance	is	observable!

σ2
one−pair = (μ2

u + 4μ2
u(0))/2

γ

σ2
cosmic(γ) = −

5
48

+
49

432
cos2 γ −

1
6 (cos2 γ + 3)log( 1 − cos γ

2 )log( 1 + cos γ
2 )+

1
12 (cos γ − 1)(cos γ + 3)log( 1 − cos γ

2 ) +
1

12 (cos γ + 1)(cos γ − 3)log( 1 + cos γ
2 )

(GW	confusion-noise	model,	 )h̄4 /h4 = 1/2 and h2 = 1



average	over	many		
pulsar	pairs

μu + σcosmic



one	pulsar	pair
μu + σone−pair

(noise-free	case)
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Reduction	of	variance	by	adding	pulsar	pairs:

approach	to	cosmic	variance	
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C. Numerical illustration showing the approach to the cosmic variance

There are two limiting cases for which we can give analytic expressions for the variance. If there is only a single
pulsar pair at each angular separation, then the variance is the total variance, given by �

2
tot(�) in (2.11). If there are

a large number of uniformly distributed pulsar pairs, then the variance is the cosmic variance �
2
cos(�), given by (4.12).

Here, we study the transition between these two limits, when the number of pulsar pairs is finite.

In Fig. 4, we show the transition from �
2
tot(�) to �

2
cos(�) as we average together more and more pulsar pairs having

the same angular separation �. For these plots, we simulated 10 di↵erent realizations of npairs = 1, 2, 5, 10, 25, 50,
100, and 200 pulsar pairs, all separated by the same angle � and distributed uniformly on the sky. We then calculated
�

2
opt(�) for each value of npairs and each value of �. (To reduce the fluctuations associated with the random placement

of the pulsar pairs on the sky, we averaged together the results of the 10 di↵erent realizations to get the final set of
transition plots.)

Also plotted in Fig. 4 is the minimum number of pulsar pairs needed for the optimal variance �
2
opt(�) to reach a

value that lies within 1/e ⇡ 0.37 of the cosmic variance �
2
cos(�). In terms of the standard deviation �opt(�), this

corresponds to reaching a value of approximately 1.17�cos(�) for each value of �. As shown in the figure, in the
vicinity of the minima of �cos(�), which are around 54� and 126�, a minimum of approximately 6000 pulsar pairs is
required.
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FIG. 4. Left panel: The variance of the optimal narrow-bin estimator as the number of pulsar pairs at each angular separation
� is increased. Shown in the plot, from top to bottom, is �opt(�) calculated for 1, 2, 5, 10, 25, 50, 100, and 200 pairs. (For
this plot we have set h4 = 1/2.) Right panel: The minimum number of pulsar pairs needed for �2

opt(�) to reach a value that is
1/e ⇡ 37% larger than the cosmic variance. For this number of pulsar pairs, �2

opt(�) ⇡ (1 + 1/e)�2
cos(�).

V. VARIANCE OF THE OPTIMAL BINNED ESTIMATOR

In Sec. IV, we assumed that we had correlation measurements ⇢ab from multiple pulsar pairs ab that all had
(approximately) the same angular separation �. This narrow-bin case corresponds to an infinitesimally narrow angular
bin centered on �. By optimally combining the npairs measured correlations to best estimate the Hellings and Downs
mean correlation using (3.15), we were able to reduce the pulsar variance, bringing the total variance (3.16) of the
optimal estimator closer to the cosmic variance. This was proven analytically in Sec. IV A in the limit of a large number
of pulsar pairs distributed uniformly on the sky. It was demonstrated numerically in Sec. IV C for increasingly larger
values of npairs (see Fig. 4).

However, as mentioned in Secs. I and III, a real PTA has pulsar pairs that occupy nonzero-width bins that are
typically 6� to 12� in size. For example, a PTA consisting of M = 40 pulsars will have 780 distinct angular separations.
These could be distributed across 30 angular separation bins in �, on average containing 26 pairs each. For this case,
we need to combine the correlation measurements using the optimal estimator (3.10) for binned correlation correlation
measurements, derived in Sec. III A.

(GW	confusion-noise	model,	 )h̄4 = 1/2

number	of	pairs	need	for

	to	reach	σ2

opt (1 + 1/e) σ2
cos



Variance	of	HD	correlation	for	PTA	pulsars

( 	bins,	noise-free	measurements)30 × 6∘
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Two	papers

• arXiv:2205.05637,	BA 
Variance	in	the	Hellings-Downs	
correlation	


• arXiv:2208.07230,	BA	&	Joseph	Romano 
The	Hellings	and	Downs	correlation	of	an	
arbitrary	set	of	pulsars
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Conclusions
• Existing	PTAs	should	detect	Hellings	and	
Downs	curve	once	they	have	enough	data

• Even	with	many	pulsars,	don’t	expect	PTAs	
will	observe	exactly	the	Hellings	and	Downs	
curve

•We	have	analytically	predicted	the	scale	of	
the	deviations.

• If	the	observed	deviations	are	much	larger	
or	much	smaller	than	predicted,	then	our	
universe	does	not	have	a	GW	background	
described	by	the	Gaussian	ensemble	(many	
incoherent	SMBH	binaries)
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THANK	YOU
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