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Outline:
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1. Galactic gamma-ray diffuse emission model;

2. Unresolved sources (population study of the Galactic TeV gamma-ray sources with HESS);

3. Results: comparison with Tibet data and constraints on the model;

Goal: Constrain the Galactic gamma-ray diffuse emission using gamma-ray 
observations;

Cataldo et al. Astrophys.J. 904 (2020)

Vecchiotti et al.  Astrophys.J. (2021)

Cataldo et al. JCAP (2019)
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Total Galactic emission at TeV-PeV:

Source component is due to the interaction of 
accelerated particles (hadrons or leptons) with the 
ambient medium (ISM or CMB) within or close to an 
acceleration site (such as PWNe, SNRs).

Diffuse component is due to the interaction of
accelerated hadrons with the interstellar medium;

Inverse Compton: is due to the interaction of
accelerated leptons with the CMB ;

𝜙𝛾,𝑡𝑜𝑡 = 𝜙𝛾, 𝑆 + 𝜙𝛾,diff + 𝜙𝛾,𝐼𝐶

Earth
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accelerated particles (hadrons or leptons) with the 
ambient medium (ISM or CMB) within or close to an 
acceleration site (such as PWNe, SNRs).

Diffuse component is due to the interaction of
accelerated hadrons with the interstellar medium;

Inverse Compton: is due to the interaction of
accelerated leptons with the CMB ;

𝜙𝛾,𝑡𝑜𝑡 = 𝜙𝛾, 𝑆 + 𝜙𝛾,diff + 𝜙𝛾,𝐼𝐶

Earth

We want to 
constrain the 

diffuse 
emission



Tibet AS𝜸 :
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First measurement of the Galactic diffuse 𝛾-ray emission in the sub-PeV energy 
range.

They exclude the contribution from the known TeV
sources (within 0.5 degrees) listed in the TeV source 
catalog.

Amenomori, M., et al. 2021, Phys. Rev. Lett., 126, 141101,326

𝜙𝛾,diff
𝑇𝑖𝑏𝑒𝑡



Tibet AS𝜸 :

6

First measurement of the Galactic diffuse 𝛾-ray emission in the sub-PeV energy 
range.

They exclude the contribution from the known TeV
sources (within 0.5 degrees) listed in the TeV source 
catalog.

Amenomori, M., et al. 2021, Phys. Rev. Lett., 126, 141101,326

𝜙𝛾,diff
𝑇𝑖𝑏𝑒𝑡

The Tibet measurements are contaminated by the presence of Unresolved Sources

𝜙𝛾,diff
𝑇𝑖𝑏𝑒𝑡 = 𝜙𝛾, 𝑆

𝑈𝑛𝑅𝑒𝑠 + 𝜙𝛾,diff
Population study
(H.E.S.S.)→ we obtain general 
information on the sources

Models:
Assumptions on the CR spatial
and energy distributions. 



𝛾

Diffuse Galactic gamma-ray emission:

𝜑𝛾
𝑑𝑖𝑓𝑓

𝐸𝛾, ො𝑛𝛾 = න
𝐸𝛾

∞

𝑑𝐸
𝑑𝜎 𝐸, 𝐸𝛾

𝑑𝐸𝛾
න
0

∞

𝑑𝑙 𝜑𝐶𝑅 𝐸, ҧ𝑟𝑆𝑢𝑛 + 𝑙 ො𝑛𝛾 𝑛𝐻 ( ҧ𝑟𝑆𝑢𝑛 + 𝑙 ො𝑛𝛾)

Differential inelastic cross section of pp 
interaction from the SYBILL code 
[Kelner,Aharonian,Bugayov (2006)] 

Cosmic-ray energy and spatial
distribution

Interstellar gas distribution in 
the Galaxy [Galprop]

2 models for the diffuse fluxes for 2 assumptions of the CR distribution in the Galaxy.

𝜙𝛾, 𝑆
𝑈𝑛𝑅𝑒𝑠 + 𝜙𝛾,diff
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𝛾

Cosmic ray distribution:

2 cases: with and without spatially dependent CR spectral index 
(from the analysis of the FermiLAT data at ∼ 20 𝐺𝑒𝑉 [Acero et al. (2016), 
Yang et al. (2016), Gaggero et al. (2018)])

𝜑𝐶𝑅 𝐸, Ԧ𝑟 = 𝜑𝐶𝑅,𝑆𝑢𝑛 𝐸 𝑔 (Ԧ𝑟, 𝑅) ℎ(𝐸, Ԧ𝑟)

Δ Ԧ𝑟, 𝑧 = 0.3 1 −
r

rsun
for r < 10 kpc
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Data driven local CR spectrum [Dembinski, Engel, Fedynitch et al. (2018)]

g(r) is determined by the distribution of the CR sources 𝑓𝑠 Ԧ𝑟 (proportional to the SNR number density by Green et al. 
(2015), and by the propagation of CR in the Galactic magnetic field.

ℎ 𝐸, Ԧ𝑟 =
𝐸

20 𝐺𝑒𝑉

Δ Ԧ𝑟

Galprop
[Strong et Al. 
(2004)]

𝑔 (Ԧ𝑟,∞)

𝑓𝑠 ( Ԧ𝑟)



𝛾

Diffuse Galactic gamma-ray emission:
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25∘ < 𝑙 < 100∘, 𝑏 < 5∘ 50∘ < 𝑙 < 200∘, 𝑏 < 5∘
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• Tibet
• Argo

• Tibet
• Casa Mia

Truly diffuse (no hardening)

Truly diffuse (hardening)

Definition: Hardening ≡ spatially dependent CR spectral index 



Abdalla et al, A&A, 612, A1 (2018)

Cataldo et al. Astrophys.J. 904 (2020)
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• The HGPS catalogue ( 𝜙 > 0.1𝜙𝐶𝑟𝑎𝑏);

Unresolved Source component:
Study of the Pulsar wind nebulae population in the TeV range: 



Abdalla et al, A&A, 612, A1 (2018)

Cataldo et al. Astrophys.J. 904 (2020)
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• The HGPS catalogue ( 𝜙 > 0.1𝜙𝐶𝑟𝑎𝑏);

• Model for TeV source population:

we assume the spatial distribution and the 
luminosity distribution of the sources;

Unresolved Source component:
Study of the Pulsar wind nebulae population in the TeV range: 
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• The HGPS catalogue ( 𝜙 > 0.1𝜙𝐶𝑟𝑎𝑏);

• Model for TeV source population:

we assume the spatial distribution and the 
luminosity distribution of the sources;

We assume a power-law energy spectrum with index 
𝜷𝑻𝒆𝑽 = 𝟐. 𝟑 that is the average index for all the sources in 
the HGPS catalogue.

Unresolved Source component:
Study of the Pulsar wind nebulae population in the TeV range: 
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𝐿𝑚𝑎𝑥 = 𝐿𝐵𝐹

𝜏 = 𝜏𝐵𝐹

All sources 
are resolved

𝐿𝑚𝑎𝑥 = 6.8 × 1035 𝑒𝑟𝑔 𝑠−1

𝜏 = 0.5 𝑘𝑦𝑟

𝐿𝑚𝑎𝑥 = 5.0 × 1035 𝑒𝑟𝑔 𝑠−1

𝜏 = 1.7 𝑘𝑦𝑟

We fit the H.G.P.S. catalogue with 
an unbinned likelihood

Cataldo et al. Astrophys.J. 904 (2020)

Unresolved Source component:
Study of the Pulsar wind nebulae population in the TeV range: 

Φ1−100 𝑇𝑒𝑉
tot
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We fit the H.G.P.S. catalogue with 
an unbinned likelihood

Cataldo et al. Astrophys.J. 904 (2020)

Unresolved Source component:
Study of the Pulsar wind nebulae population in the TeV range: 

Unresolved 
Sources: 
Φ1−100 𝑇𝑒𝑉
unr

Φ1−100 𝑇𝑒𝑉
tot



• Spectral assumption: power-law with an 
exponential cut-off.
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𝜑 𝐸 =
𝐸

1 𝑇𝑒𝑉

−𝛽𝑇𝑒𝑉

𝐸𝑥𝑝 −
𝐸

𝐸𝑐𝑢𝑡

Unresolved Source component:
We have Φ1−100 𝑇𝑒𝑉→ we need 𝜙(𝐸) : 

𝛽𝑇𝑒𝑉 = 2.3 from the HGPS catalogue;



• Spectral assumption: power-law with an 
exponential cut-off.
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𝜑 𝐸 =
𝐸

1 𝑇𝑒𝑉

−𝛽𝑇𝑒𝑉

𝐸𝑥𝑝 −
𝐸

𝐸𝑐𝑢𝑡

Unresolved Source component:
We have Φ1−100 𝑇𝑒𝑉→ we need 𝜙(𝐸) : 

𝛽𝑇𝑒𝑉 = 2.3 from the HGPS catalogue;

𝐸𝑐𝑢𝑡 = 500 𝑇𝑒𝑉 still not well constrained but motivated
by recent observations of Tibet, HAWC and LHAASO;
Amenomori, M., Bao, Y. W., Bi, X. J., et al. 2019, Phys.323Rev. Lett., 123, 051101

Abeysekara, A., Albert, A., Alfaro, R., et al. 2020, Physical316Review Letters, 124

Cao, Z., Aharonian, F. A., An, Q., et al. 2021, Nature, 594,33033



• Spectral assumption: power-law with an 
exponential cut-off.
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𝜑 𝐸 =
𝐸

1 𝑇𝑒𝑉

−𝛽𝑇𝑒𝑉

𝐸𝑥𝑝 −
𝐸

𝐸𝑐𝑢𝑡

Unresolved Source component:
We have Φ1−100 𝑇𝑒𝑉→ we need 𝜙(𝐸) : 

Amenomori, M., Bao, Y. W., Bi, X. J., et al. 2019, Phys.323Rev. Lett., 123, 051101

Abeysekara, A., Albert, A., Alfaro, R., et al. 2020, Physical316Review Letters, 124

Cao, Z., Aharonian, F. A., An, Q., et al. 2021, Nature, 594,33033

We introduce a flux detection
threshold based on the 
performance of H.E.S.S.
𝜙𝑡ℎ = 0.01𝜙𝑐𝑟𝑎𝑏 − 0.1𝜙𝑐𝑟𝑎𝑏

We calculate the unresolved
source contribution.

𝛽𝑇𝑒𝑉 = 2.3 from the HGPS catalogue;

𝐸𝑐𝑢𝑡 = 500 𝑇𝑒𝑉 still not well constrained but motivated
by recent observations of Tibet, HAWC and LHAASO;
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We add the contribution of unresolved sources to the truly diffuse 
emission without the hypothesis of CR spectral hardening.

Tibet AS𝜸 :
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We add the contribution of unresolved sources to the truly diffuse 
emission without the hypothesis of CR spectral hardening.

Tibet AS𝜸 :

25∘ < 𝑙 < 100∘, 𝑏 < 5∘, 𝐸𝑐𝑢𝑡 = 500 𝑇𝑒𝑉

• Tibet
• Argo

Unresolved sources + 
Truly diffuse (no hardening)

Truly diffuse (hardening)
Truly diffuse (no hardening)

Definition: Hardening ≡ spatially dependent CR spectral index 
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We add the contribution of unresolved sources to the truly diffuse 
emission without the hypothesis of CR spectral hardening.

Tibet AS𝜸 :

50∘ < 𝑙 < 200∘, 𝑏 < 5∘, 𝐸𝑐𝑢𝑡 = 500 𝑇𝑒𝑉

• Tibet
• Casa Mia

Unresolved sources + 
Truly diffuse (no hardening)

Truly diffuse (hardening) Truly diffuse (no hardening)

Definition: Hardening ≡ spatially dependent CR spectral index 



Summary:
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• We modeled the gamma diffuse emission. We considered
two different hypotheses for the CR distribution (with and 
without spectral hardening);

• We calculate the unresolved component from the H.E.S.S. 
observations.

• In the PeV energy range the inclusion of the unresolved
PWNe contribution produces a better description of the 
Tibet data than CR spectral hardening;

Looking at different sky regions is fundamental because it allows us to 
distinguish between the two effects. 



Backup slides

24
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Typical age of the sources:

25∘ < 𝑙 < 100∘, 𝑏 < 5∘

50∘ < 𝑙 < 200∘, 𝑏 < 5∘

𝑡𝑎𝑔𝑒 ∼ 7 − 33 𝑘𝑦𝑟
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How many sources will CTA be able to resolve?

𝜙𝑡ℎ ∼ 𝜙𝑡ℎ,𝑝𝑠
𝜃𝑠
𝜃𝑃𝑆𝐹

𝜙𝑡ℎ,𝑝𝑠 = 3 × 10−3𝜙𝐶𝑅𝐴𝐵

280 10 𝑝𝑐 − 140(40𝑝𝑐)

𝜃𝑃𝑆𝐹 = 0.05𝑜
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Lipari and Vernetto Diffuse model:

25∘ < 𝑙 < 100∘, 𝑏 < 5∘ 50∘ < 𝑙 < 200∘, 𝑏 < 5∘
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Energy cut effect:

25∘ < 𝑙 < 100∘, 𝑏 < 5∘ 50∘ < 𝑙 < 200∘, 𝑏 < 5∘



Absorption in the Sub PeV energy range: 
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Vernetto and Lipari, Phys. Rev. D 94, 063009 
– Published 19 September 2016

The pair production cross section:

𝜎𝛾𝛾 = 𝜎𝑇
3

16
1 − 𝛽2 2𝑐 𝛽2 − 2 + 3 − 𝛽4 ln

1 + 𝛽

1 − 𝛽

Where: 𝛽 = 1 −
1

𝑥
and 𝑥 =

2𝐸𝛾𝜖 1−cos 𝜃

4𝑚𝑒
2 , 𝑥 > 1

For a fixed values of 𝜖 the energy threshold is:

𝐸𝛾
𝑡ℎ =

2 𝑚𝑒

𝜖 1 − 𝑐𝑜𝑠𝜃
≃

0.52

𝜖𝑒𝑉 1 − 𝑐𝑜𝑠𝜃
𝑇𝑒𝑉

The absorption probability per unit path length (for CMB) is:

K 𝐸𝛾 = ∫ 𝜖∫ 𝑑Ω 1 − cos 𝜃 𝑛𝛾,𝐶𝑀𝐵 𝜖 𝜎𝛾𝛾(𝑥(𝐸𝛾, 𝜖, 𝜃))

The optical depth is:

𝜏 𝐸𝛾, 𝑟 = න
0

𝑟

𝑑r′ K 𝐸𝛾



Absorption in the Sub PeV energy range: 
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Vernetto and Lipari, Phys. Rev. D 94, 063009 
– Published 19 September 2016
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Comparison Diffuse models:



Why not LHAASO?

32

LHAASO Collaboration– ICRC 2021

∼ 1∘



[Dembinski, Engel, Fedynitch et al. (2018)]



𝛾

Cosmic ray distribution: 2 standard cases:

𝜑𝐶𝑅 𝐸, Ԧ𝑟 = 𝜑𝐶𝑅,𝑆𝑢𝑛 𝐸 𝑔 (Ԧ𝑟, 𝑅)

The function g(r) is determined by the distribution of the CR sources 𝑓𝑠 (Ԧ𝑟), that is assumed to follow the SNR number
density parametrization given by Green et al. (2015), and by the propagation of CR in the Galactic magnetic field.

Data driven local CR spectrum [Dembinski, Engel, Fedynitch et al. (2018)]

ቊ
𝑅 = 1 𝑘𝑝𝑐
𝑅 = ∞

Diffusion
(smearing) 
radius

Galprop
[Strong et Al. 
(2004)]

SNR 
distribution
[Green et Al. 
(2015)]

R = 1 kpc

R = ∞

34



𝛾

Cosmic ray distribution: 2 cases with hardening:

We consider the possibility of spatially dependent CR spectral index recenty emerged from the analysis of the FermiLAT
data at ∼ 20 𝐺𝑒𝑉 [Acero et al. (2016), Yang et al. (2016), Gaggero et al. (2018)]

𝜑𝐶𝑅 𝐸, Ԧ𝑟 = 𝜑𝐶𝑅,𝑆𝑢𝑛 𝐸 𝑔 (Ԧ𝑟, 𝑅) ℎ(𝐸, Ԧ𝑟)

ℎ 𝐸, Ԧ𝑟 =
𝐸

20 𝐺𝑒𝑉

Δ Ԧ𝑟

Δ Ԧ𝑟, 𝑧 = 0.3 1 −
r

rsun
for r < 10 kpc

ቊ
𝑅 = 1 𝑘𝑝𝑐
𝑅 = ∞

35
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𝛾

Diffuse Galactic gamma-ray emission:

Model with hardening

Model without hardening

1 TeV
b = 0

𝑅 = 1 𝑘𝑝𝑐
𝑅 = ∞

𝑅 = 1 𝑘𝑝𝑐
𝑅 = ∞



The spin-down power is described by:

Considering that a fraction 𝝀(𝒕) of the spin-down power is converted into gamma-rays then the 

intrinsic luminosity decreases according to:

Then:

Where ҧ𝑟 = 0.019 𝑦𝑟−1 is the SN’s rate and 𝛼 =
1

𝛾
+ 1 therefore for 𝛾 = 2 we have 𝛼 = 1.5.

And instead of the parameter N we have the spin-down timescale of the Pulsar 𝜏.

𝑳𝒎𝒂𝒙

ሶ𝐸 𝑡 = ሶ𝐸0 1 +
𝑡

𝜏

−2

𝜆 𝑡 = 𝜆
ሶ𝐸 𝑡

ሶ𝐸0

𝛿

37

𝐿 𝑡 = 𝜆 𝑡 ሶ𝐸 𝑡 = 𝜆 ሶ𝐸0 1 +
𝑡

𝜏

−𝛾
where 𝛾 = 2(𝛿 + 1);

ഥ𝑟 𝜏 (𝛼 -1)  

Model: The power-law for the luminosity distribution can be automatically obtained assuming a 

fading source population (like PWNe, TeV Halos) create at a constant rate ҧ𝑟 .

Abdalla et al, A&A, 612, A2 
(2018)



The spin-down power is described by:

Considering that a fraction 𝝀(𝒕) of the spin-down power is converted into gamma-rays then the 

intrinsic luminosity decreases according to:

Then:

Where ҧ𝑟 = 0.019 𝑦𝑟−1 is the SN’s rate and 𝛼 =
1

𝛾
+ 1 therefore for 𝛾 = 2 we have 𝛼 = 1.5.

And instead of the parameter N we have the spin-down timescale of the Pulsar 𝜏.

𝑳𝒎𝒂𝒙

ሶ𝐸 𝑡 = ሶ𝐸0 1 +
𝑡

𝜏

−
𝑛+1
𝑛−1

𝜆 𝑡 = 𝜆
ሶ𝐸 𝑡

ሶ𝐸0

𝛿
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𝐿 𝑡 = 𝜆 𝑡 ሶ𝐸 𝑡 = 𝜆 ሶ𝐸0 1 +
𝑡

𝜏

−𝛾
where 𝛾 = −

𝑛+1

𝑛−1
(𝛿 + 1);

ഥ𝑟 𝜏 (𝛼 -1)  

Model: The power-law for the luminosity distribution can be automatically obtained assuming a 

fading source population (like PWNe, TeV Halos) create at a constant rate ҧ𝑟 .

Abdalla et al, A&A, 612, A2 
(2018)



Results:

𝑁 = 𝑁𝑜𝑏𝑠

𝑎𝑙𝑙 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑏𝑒𝑠𝑡 𝑓𝑖𝑡 𝑣𝑎𝑙𝑢𝑒s

Best fit values for the 
reference case:

39

∝ 𝜙−
3
2

∝ 𝜙1−𝛼

𝐿𝑚𝑎𝑥 → ∞
𝐿𝑚𝑎𝑥 → 0

𝐿𝑚𝑎𝑥 = 𝐿𝑏𝑓
𝐿𝑚𝑎𝑥= 2.3𝐿𝑏𝑓



𝜙𝑆,𝑢𝑛𝑟𝑒𝑠 = 𝜙𝑡𝑜𝑡 − 𝜙𝑆,𝑟𝑒𝑠 = 1.4−0.8
+1.0 × 10−10 𝑐𝑚−2𝑠−1 ∼ 60% 𝜙𝑠,𝑟𝑒𝑠 ∼ 30% 𝜙𝑡𝑜𝑡

• The total TeV luminosity (1-100 TeV) of the Galaxy:

• The flux at Earth produced by all sources (1-100 TeV) (resolved and unresolved) in 
the H.E.S.S. OW:

• By subtraction we can obtain the contribution of unresolved sources in the 
H.E.S.S. observational window knowing that: 𝜙𝑆,𝑟𝑒𝑠 = 2.3 × 10−10𝑐𝑚−2𝑠−1

(cumulative flux due to all 78 sources):

Results:

𝐿𝑀𝑊 =
𝑁 𝐿𝑚𝑎𝑥

2−𝛼
1 −

𝐿𝑚𝑖𝑛

𝐿𝑚𝑎𝑥

𝛼−2
= 1.7−0.4

+0.5 × 1037 𝑒𝑟𝑔 s−1

0

𝜙𝑡𝑜𝑡 =
𝐿𝑀𝑊

4𝛱 𝐸
∫
𝑂𝑊

𝑑3𝑟 𝜌 𝑟 𝑟−2 = 3. 8−1.0
+1.0 × 10−10𝑐𝑚−2s−1

3.25 TeV
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Robustness of the results:
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Robustness of the results:

The quality of the fit improves by reducing the thickness of the disk.
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Robustness of the results:

𝑳𝑴𝑾 = 𝟏. 𝟐 − 𝟐. 𝟓 × 𝟏𝟎𝟑𝟕 𝒆𝒓𝒈 𝒔−𝟏

𝝓𝒕𝒐𝒕 = 𝟑. 𝟓 − 𝟓. 𝟗 𝟏𝟎−𝟏𝟎𝒄𝒎−𝟐𝒔−𝟏
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Likelihood: log 𝐿 = −𝜇𝑡𝑜𝑡 +෍

𝑖

log(𝜇𝑖)

• 𝜇𝑡𝑜𝑡 represents the number of expected sources;

• 𝜇𝑖 is the probability to observe an object with coordinates (𝑏𝑖 , 𝑙𝑖) and measured flux

𝜙𝑖.
The source distribution per unit of flux is:

𝜇 𝑏, 𝑙, 𝜙 = ∫ 𝑑𝑟 4𝜋𝑟4𝜌 𝑟, 𝑙, 𝑏 𝑌 4𝜋𝑟2 𝐸 𝜙
While is given by:

𝜇𝑖 = ∫ 𝑑𝜙𝜇 𝑏𝑖 , 𝑙𝑖 , 𝜙𝑖 𝑃 𝜙𝑖 , 𝜙, 𝛿𝜙𝑖

Where 𝑃 𝜙𝑖 , 𝜙, 𝛿𝜙𝑖 respresents the probability that the measured flux 𝜙𝑖 is obtained for 

the real flux 𝜙.

We assume a Gaussian.

The 𝜒2 = −2𝑙𝑜𝑔𝐿 was used for obtaining the best fit values and the allowed regions for 

the parameters.



The flux distribution can be calculated as:

• ҧ𝜌 𝑟 is the sources spatial distribution integrated over the longitude and latitude intervals probed by H.E.S.S.;

• The above integral is performed in the range d/𝜃𝑚𝑎𝑥 ≤ r ≤ 𝐷 𝐿,𝜙 = where 𝜃𝑚𝑎𝑥 = 0.7o is the maximal

angular dimension that can be probed by H.E.S.S. and the d is the physical dimention of the source. While

𝐷 𝐿, 𝜙 = 𝐿/4 𝜋 𝐸 𝜙
1

2 ;

• We calculate analytically the flux distribution for the 2 limits cases 𝐿𝑚𝑎𝑥 → ∞ and 𝐿𝑚𝑎𝑥 → 0:

Cumulative distribution:

=
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The resolved flux can be calculated from:

• ҧ𝜌 𝑟 is the sources spatial distribution integrated over the longitude and latitude intervals probed

by H.E.S.S.;

• The above integral is performed in the range d/𝜃𝑚𝑎𝑥 ≤ r ≤ 𝐷 𝐿, 𝜙 where 𝜃𝑚𝑎𝑥 = 0.7o is the 

maximal angular dimension that can be probed by H.E.S.S. and the d is the physical dimention

of the source. While 𝐷 𝐿, 𝜙 = 𝐿/4𝜋 𝐸 𝜙
1

2 ;

• The luminosity integral is performed in the range 𝐿𝑚𝑖𝑛(𝑟) ≤ L ≤ 𝐿𝑚𝑎𝑥 where 𝐿𝑚𝑖𝑛 = 4𝜋𝑟2 𝐸 𝜙𝑡ℎ

Resolved and Unresolved sources:

=
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𝜙𝑟𝑒𝑠 = 𝜙𝑡ℎ∫ 𝑑𝑟 ҧ𝜌 𝑟 ∫ 𝑑𝐿ഥ𝐷 𝐿 2𝑌(𝐿)

𝜙𝑟𝑒𝑠 = ∫ 𝑑𝑟 ҧ𝜌 𝑟 ∫ 𝑑𝐿
𝐿

4 𝜋 𝐸
𝑌(𝐿)

𝜙𝑟𝑒𝑠 = ∫ 𝑑𝑟 𝑟2 ҧ𝜌 𝑟 ∫ 𝑑𝜙 4𝜋 𝐸 𝑟2𝜙 𝑌(4𝜋𝑟2 𝐸 𝜙)


