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Introduction

e Global symmetry (GS) is an intrinsic universal characteristic
that classifies and constrains quantum field theories (QFTs)
and that can be matched across all different descriptions and
dualities.
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Introduction

e Global symmetry (GS) is an intrinsic universal characteristic
that classifies and constrains quantum field theories (QFTs)
and that can be matched across all different descriptions and
dualities.

e Theories of quantum gravity are believed to have no global
symmetries, so that many different aspects may be explained
quite generally in terms of the way this conjecture is realized
(Harlow, Ooguri,'18, Heidenreich et al., '20).

e The description of GS in terms of topological operators leads
naturally to such generalizations as higher-form GS and
non-invertible GS. Many aspects of QFTs can be described in
terms of the “algebra” of symmetry defects without relying on
model-dependent properties.
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Higher-form symmetries (HS)

e A p-form GS is defined by topological operators
Ug(M(9=P=1)) labeled by the elements g fo the group G, with
the fusion algebra

Ug(M(d—p—l))Ug,(/\//(d—p—l)) — Ugg/(l\/l(d_”_l)), (1)
and the Ward identities
Ug(§97P 1) v(CP)) = g(V) V(CP), (2)

where g(V) is a representation of g and the sphere S9—P~1
links once with the p-dimensional support CP of the charged
operator V(CP).
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Higher-form symmetries (HS)

e A p-form GS is defined by topological operators
Ug(M(9=P=1)) labeled by the elements g fo the group G, with
the fusion algebra

Up (ME=P=D) Uy (MU=P1)) = Upge (M=PD), (1)
and the Ward identities
Ug(S97P~1) V(CP) = g(V) V(CP), ()
where g(V) is a representation of g and the sphere S9—P~1
links once with the p-dimensional support CP of the charged
operator V(CP).
e When G = U(1) and a Noether current J,, 1 exists, one can
write explicitly

Ug:e;a(l\/l(dfpfl)) = exp <ia/ *Jp+1> (3)
M(d—p—1) 3/18



U(1) gauge theory in 4d

e For pure Maxwell theory G = U(1) in 4d

Ea)=eo (5 [ wR) UM =0 (5 [

e Given a Wilson loop labeled by an electric charge n € Z if S?

surrounds ~(1),

exp <1025/ *Fz) exp (in% A1> = exp(ina) exp <"’77{ A1> -
g Jwe (1) ~®
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U(1) gauge theory in 4d

e For pure Maxwell theory G = U(1) in 4d

UE_ o (M?) = iO‘/F UM . (M?) = ia/F
Ea)=eo (5 [ wR) UM =0 (5 [

e Given a Wilson loop labeled by an electric charge n € Z if S?

surrounds ~(1),

exp <1025/ *Fz) exp (in% A1> = exp(ina) exp <"’77{ A1> -
g Jwe (1) ~®

e HS can be coupled to background fields. E.g.

@B&A5+(>

imposing F + nda = 0 and making B, a Z, 2-form gauge
field.

B> A da, (6)
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The orbifold construction in 2d CFT

Given a finite group G formed by symmetry defects g, the
correlators of the G-orbifold are described as correlators of the
unorbifolded model with a sufficiently fine network of defect lines
Q= Egecg with topological two-to-one junctions

o= Zgjhe,_, pg,h- For the torus partition function, e.g.

N

Zorb == \1 (7)

Independence on the choice of defect network implies the
associator must give rise to 3-cocycle belonging to the class [1] in
H3(G, U(1)) ('t Hooft anomaly). Different choices of ¢, , are

related by 2-cocycles classified by H?(G, U(1)) (discrete torsion).

LCourtesy of Jiirg Frohlich et al.,’09 5/18



Orbifold in QFT

Given a d-spacetime-dimensional QFT C and a finite group G
acting on C by global symmetries, the orbifold construction is a
general method to build a new theory C/G by "gauging” G

e Orbifolding is possible only if the ‘'t Hooft anomaly
w € HY¥*Y(BG, U(1)) is trivial, i.e. if C can be coupled to a
defect network with consistent junctions.

e Given a foliation ¥ x R; and the Hilbert space H of states on
space-like ¥, gauging involves projecting on the untwisted
sector HC of G-fixed points in H and summing over new
twisted sectors Hy, f € G, of states defined up to the action
of non-trivial f.

e For a given group G, there might be different and inequivalent
ways of integrating over flat connections, classified by

HY(G, U(1)). .
/18



Orbifold in string theory

e Orbifolds in string theory are realized by carrying out either a
QFT orbifold of the worlsheet 2d CFT w.r.t. a global
symmetry or a geometric orbifold of the string backgrounds
w.r.t. some finite group of isometries.
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w.r.t. some finite group of isometries.

e Both methods depend on our choice of the fundamental string
over other dynamical objects that are present in string theory
and therefore it is highly non-trivial to match orbifolds
between different duality frames for non-perturbative dualities.
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Orbifold in string theory

e Orbifolds in string theory are realized by carrying out either a
QFT orbifold of the worlsheet 2d CFT w.r.t. a global
symmetry or a geometric orbifold of the string backgrounds
w.r.t. some finite group of isometries.

e Both methods depend on our choice of the fundamental string
over other dynamical objects that are present in string theory
and therefore it is highly non-trivial to match orbifolds
between different duality frames for non-perturbative dualities.

e Spacetime quantum gravity, with asymptotically flat
geometry, is characterized by a gauge group H (including
higher-group symmetries). In particular, the global worldsheet
symmetries are gauged preventing to perform an orbifold as in
QFT. The corresponding asymptotic gauge symmetries are
however broken by charged states so that they are always

. . . 7/18
present independently of the particular description. /



Spacetime orbifold

Spacetime orbifold w.r.t. G should correspond to the worlsheet
orbifold w.r.t. the global G worldsheet symmetry.

e We project out all states and operators in a non trivial
representation of G, including the ones localized on such
extended objects as D-branes, NS5-branes, etc.

o We gauge the global 1-symmetry associated to the Wilson
lines in non-trivial representations of G that became
non-endable in the previous step and that are projected out .
We introduce gauge fields configurations that close only up to
gauge transformations.

e For each dynamical object (fundamental string, D-brane,
NS-brane) we allow the worldvolume fields to have non-trivial
monodromy in G around any non-trivial cycle wrapped and we
introduce the codimension 2 operators that create such twist g5

vortices



Higher-form gauge fields

e The information about a p-form gauge field on a manifold X
is encoded in A = (N, A, F), where F € Q7FL (X)),
A: Cp(X) — R is a p-cochain, mapping a p-chain
M e Cy(X) to [,, A, and with a coboundary operator § such
that, if 6A : Cpy1(X) = R, [, 0A = [, A for any
p + 1-chain N, and N is an integral p + 1-cochain
N : Cpt1(X) — Z, such that (A=F — N .

e Gauge transformations are given by
(N,AJF) = (N +6n,A —n+da,F) (8)
where a: C,_1 — R is any p — 1-cochainand n: C, — Z is
any integral p-cochain.
e Flat gauge fields A with F = 0 are in one-to-one
correspondence with HP(X,R/Z). They can be realized as
networks of U, defects stretched in a spatial slice with

9/18
topological junctions between them.



Type Il superstring compactified on S!

If z ~ z427wl,n, the NS-NS sector includes a 2-form gauge field
B>, the momentum vector A and the winding vector B, whose
dynamics is constrained by the Nicolai-Townsend gauge

transformations

1 1 A A+dA
B By + A A Hy+ ~o A Fowh ’ 9
2 Bt gAnthtgonfwhen g o i O
If . .
Hy = dB, — 5ANHa = 5B A Fy + (localized). (10)

we can consider the Hodge dual /Z\BS =(Ng,,Ag.F5,)
FI§’5 = e % % I:I3

2
/NA € 21,7, /NB1 c /—”Z, /Nés € 27
4

N N N
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Higher-group global symmetry

e The higher-group global symmetry is identified by the currents
xJp = i2ml,e*? xFg  xJ =4 Fg

*he = i (2mlz) Lk x ) *J7.m = 5g
1 .
*J2’W - 1(27{62) ?k72672¢ * Hp *J?,mw = IQ%Z,HQ

e In absence of sources
dxJo=—2wl,Fy N H, d*xJ3=0
d*JQ,e—I )€H2/\F" d*J77m:0

(2m
1
d*J2’W:I( ) F2/\F”‘ d*J7’mWIO.
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Higher-group global symmetry

e The higher-group global symmetry is identified by the currents
xJg = i2ml,e®® xFg  xJ3= 5Fp
e =i (2m0;) LK€ x Fy  wJym = 51 P

~—

*Jow = i(2mts) k27" x Hy *J7 mw = %Hz

s\\H

e In absence of sources
dxJo=—2wl,Fy N H, d*xJ3=0
d*JQ,e—I )€H2/\F" d*J77m:0

(2m
1
d*J2’W:I( ) F2/\F”‘ d*J7’mWIO.

e Chern-Simons terms imply the Maxwell currents d * Jg,

d* b and d* b, are gauge invariant and conserved, but

not localized nor quantized. L



Definition of topological operators

e The Page currents

d(*_/(, + i27T£ZABl*A1) = —1'27TEZN31 U NA1 ,
d (+he— (27t Mg ) = i(2mé:)Ng UNg .
. 1 _ 1
d <*J2,W—I(27T€Z) EZAAI*B)S) = 1(27T£Z)ZNA1 UN1§5’

where for two p,g-forms A1 a» = (Na1 a2, Aa1 a2, Fa1 a2),
A=Ap UNg, + (=1)PTF 4, UAA, + Q(Fa,,Fa,), (11)

are quantized, conserved, well-defined, and invariant under
the gauge transformations A — A + da.

e They are not invariant under the gauge transformation
N — N+ dn, A — A+ n, shifting them by integers so that the

corresponding symmetries are completely broken.

ik —2¢y2 .
e The operator e n w0 (&7 Pk FtnA) Jofines 3 72, global

12/18
symmetry.



Introducing sources

e According to the “"Completeness Hypothesis’ quantum gravity
theories should admit states of all possible charges. This is
related to the absence of GS, which should therefore either be

gauged or broken.

e We introduce p-form currents that are localized on the
9 — p-dimensional worldvolumes of extended objects.

e By consistency Chern-Simons terms require extended objects
carry worldvolume degrees of freedom that appear in the
gauge invariant combination Vx Y = dY + X, where X is a
p-form potential and Y is a charged p — 1 form field on the

worldvolume

13/18



Equations of motion

d«Js = j7, (12)
d*Jrm = j5~<, (13)
d * J7,mw — _j3I\IS5 5 (14)

d (xJo + i2ml,Ag ) = —i2mlNg UNg, + N5
+(2m)?V 8,0 A 5K+ (21)2V a2 A 320, (15)

d (whe—i(2nts) Ag ) = i(2mte)Np, UNg, +

—(2m)*Ve, Z* A j; — (27)*(V5,2*"%) A 5% (16)

. 1 _ 1 _

d (*JZW — (27T€Z) EZAAI*ES> = [ (27T€Z) ZNA1 U Né5 +-/8F

—(27)’VaZ Aji — (2m)?V g o™ A 5K, (17)

where xdz = dz’ on the respective worldvolume. Ve



Orbifold by half-period shift

We project on configurations of the sources that have even
magnetic charges for the gauge field Bj.

™ Jue e implements now a Z;, 1-form global symmetry that
we gauge, so imposing By = 23;. Notice this can be seen as
the consequence of the gauging of the global quantum
symmetry on the worldsheet.

We can now project on configurations of the sources such that
the right-hand side of (22) is even.

™ Jun (€K FA 2R ;) implements a Z global symmetry,
whose gauging implies N4, is quantized in half-integers.

We have new Wilson lines carrying odd units of B; electric
charge and 't Hooft lines corresponding KK monopoles with
half-integral unit of magnetic charge for A;.

We break the global symmetries by introducing states so that

. . . : . 15/18
_j8F and _j:,f<K are quantized in half-integers. /



Orbifolded equations of motion

Renaming B1 by By,

d«Jh = j&, (18)
1,
d*Jom = 5]3”0( , (19)
ds Jrmw = 2355, (20)
d (wds+ 270 Agg 10 ) = —i2mlNog UNy, + 50
1. .
+(2m)* Va5, 0" A Sj5 + (2m)2V 1,20 A 2j3721)
d (*Jz,e —i(2rLy) AQBl*és) = i (2mt;) Nog, UNg, +2i8"
—(27)° Vg, Z* A j — (21)%(V,2V%%) A 23 (22)
_ 1 _ 1 1f
d(*hw—i(2nl;) EA%AI*BS = i(2n¢y,) ZN%AI UNg, + 8

1.
_(QW)QV%AZ A — (2W)2V,§50*KK A ijsf(K, (231)6/18



Conclusions

e The orbifold procedure for quantum gravity we have presented
is the direct counterpart of the worldsheet orbifold.

e Whereas for convenience we have used some of the dynamical
details of the model, the procedure is expected to be
independent of them and rely only on the gauge group
structure of quantum gravity. It would be therefore useful to
express it solely in terms of topological operators.

e One of the main motivations for the present work is to
understand the dependence (or independence) of the orbifold
procedure on the duality frame. Even if we have chosen one,
we have argued our procedure is largely independent of it.
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Conclusions

e This is at odds with known examples where “orbifolds do not
commute with dualities”. E.g. the orbifold of 10d type |IB
string theory for worldsheet parity is type | string theory,
whereas the orbifold of 1B by the S-dual (—1)Ft is type IIA.

e Spacetime orbifold could either clarify the obstructions in such
cases or suggest different ways to perform the orbifold that
are invisible from the worldsheet point of view.
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THANK YOU!
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