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M87* "“DEATH STAR GALAXY" (3C321)

RELATIVISTIC JETS

- Highly energetic streams of plasma

- Ultra-relativistic

HERCULES A CENTAURUS A - Collimated

- Propagates for long distances

Most powerful jets emitted by
rapidly spinning Black Holes (BHs)
at the center of galaxies!
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SPINNING BLACK HOLES AND PENROSE PROCESS

ot (r* + a*)* — a*Asin* 0

ds?=—|1

>
A + = dr? 4+ .d0% — 2-% a4 sin® 0 drdd
A > >

dimensionless spin

parameter a < 1 Slowly spinning
o = J [1 >a >0 a ~ | Nearly-Extreme
M?

a =1 Extreme

sin? 0 d¢p?

&




SPINNING BLACK HOLE GEOMETRIES

SPINNING BLACK HOLES AND PENROSE PROCESS

ot (r* + a*)* — a*Asin* 0

ds?=—|1

>
A + = dr? 4+ .d0% — 2-% a4 sin® 0 drdd
A > >

dimensionless spin

parameter a < 1 Slowly spinning
o = J [1 >a >0 a ~ | Nearly-Extreme
M?

a =1 Extreme

sin? 0 d¢p?

&




SPINNING BLACK HOLE GEOMETRIES

SPINNING BLACK HOLES AND PENROSE PROCESS

ot (r* + a*)* — a*Asin* 0

ds?=—|1

>
A + = dr? 4+ .d0% — 2-% a4 sin® 0 drdd
A > >

dimensionless spin

parameter a < 1 Slowly spinning
o = J [1 >a >0 a ~ | Nearly-Extreme
M?

a =1 Extreme

sin? 0 d¢p?

&




SPINNING BLACK HOLE GEOMETRIES

SPINNING BLACK HOLES AND PENROSE PROCESS

(r* + a?)? — a’*Asin? 0

rot 2 rol
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2 A 2 2
dimensionless spin
parameter a < 1 Slowly spinning
0 = J [1 >a >0 a ~ 1 Nearly-Extreme
2
M a = 1 Extreme
I ]

GENERALISED PENROSE PROCESS .. ... o

Energy and angular momentum
inflow infinity

Energy and angular momentum
outflow horizon

AE =J T, \/—g dtdfd¢p  AE_ = —J T, dtdfdd¢
ArxS, ArXS,
AL, = —J T’y \/—g dtdfdp AL, =J T" dtdOddg
ArxS, ArXS,

sin? 0 d¢p?

Blandford&Znajek
M ECHAN ISM Blandford, Znajek (1977)
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FORCE-FREE ELECTRODYNAMICS

[FWVUF””=O YV, (xF*) =0 }’;Zat#oj

» System is closed and deterministic if F* = F*™F,, = B> —E*> 0

> Highly non-linear electrodynamics regime in a curved background
(NO EXACT SOLUTION FOUND IN KERR)
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Numerically: GRMHD simulations
Force-Free Magnetospheres
Analytically: Perturbative approaches
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STREAM EQUATION IN KERR
[ ]

. . 2 dl co-rotational 1-form
0,,( #Asin 6o, >+ 0 ( #s1in 6o ) | —[— =0
O\ V) T O\ V) T AsinG dy | n=dp- Qi

—




SLOWLY SPINNING BLACK HOLE MAGNETOSPHERES

STREAM EQUATION AND CRITICAL SURFACES

L
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dl
|
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=()
J
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Four critical surfaces, each with a proper regularity condition!
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STREAM EQUATION AND CRITICAL SURFACES

p <;7MA T 1//> 0o (77” 0 1//) : ) ; dl 0 Critical surfaces reveal the
| 4 u-o 0 Asin® dy | structure of BH magnetospheres
n=d¢ — Qyp)dr

Znajek Conditions

Four critical surfaces, each with a proper regularity condition! At the HORIZON, 7 — r,
r o :
I(r,,0) = ( S Sin 9) (Qy— Q) gy
L '+

At INFINITY, r - o

- ;' [100(9) = sin 9@%(9)(@61//)“’]
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STREAM EQUATION AND CRITICAL SURFACES
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Critical surfaces reveal the
structure of BH magnetospheres

Znajek Conditions

At the HORIZON, r — r,

r
I(r_p 9) —

L

(°

Fol &

2

sin 9) (Qy— Q) gy

At INFINITY, r - o

[I 2(0) = sin 0 Q*(0)(0gw)™ ]

Reduced Stream Equation
At the LIGHT SURFACES, 7n"n, =0

r

A r]ﬂarr]ﬂar"/j + ﬂﬂae’?”ael// |

x dl_
Asin20 dy

—

-
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

ds? = (1——)dt+<1——> dr? + r’dQ? + O(a) o<1
r r

Blandford, Znajek 1977
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> Start from Schwarzschild and turn-on a small rotation!

Blandford, Znajek 1977

F~ 0" , j~0@@ = wv=y+0(@, (y)=0(), Q) = O(x)

> Stream equation perturbatively to construct corrections to

the field variables

W =y + ay, + aty, + O(@°)

O(a?)

Q) = aw,

a’ly

O(a*)
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

ds? = — <1 —ﬁ> i + <1 —ﬁ> A + 2dQ2 + 6(a)  a < 1

r r

. I
Blandford, Znajek 1977 SPLIT MONOPOLE
Wo=1-—cosO

> Start from Schwarzschild and turn-on a small rotation!

F~ 0" , j~0@@ = wv=y+0(@, (y)=0(), Q) = O(x)

¥

> Stream equation perturbatively to construct corrections to
the field variables l//‘9=() — l//‘gzﬂ/z — ael//‘9=() =0,

W =y + ay, + aty, + O(@°)

I(y) = ai a3i3 O(a®) , Q(y) = a w, a3i3 O(a*) L

lim y = y™>(0)

r— 00

> Compute energy and angular momentum extraction rates
for the BZ process at the horizon (at infinity)

rTT

E,=2n| Qry,O0Ir.,0)05p(r.,0)d0 = E, =a’ED +a*ED...
70

P JT

L,=2n| I(r,,0)0gy(r,,0)d0 —p Ly=al?+a’LY + ...
Jo
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

dl
a,,< “A sin00, >+ a( Hsin 00 ) : iy

& N0\ W N,00\ 1 oV Asing dy
v =+ @y, + atyy + O(a) I
() =ai+a’i;+ 0@™), QYW =aw +a’i;+ O0a”) L

Stream Operator

F =

1
—0,
sin @

(

7
0
1 —
r

)

_|_

1

2

.

1

: 0
sin @

")

Ly, (r,0) = S, O Wy lrcpr Opc)

]

—d
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

2 dl
0,(n"Asin00,yr) +1,0,(n* sin 09, ) - 15 =0
& ;7/4 \ 1 Y ’7,4 o\ 1 oV A sin dl//
v =y + aty, + atyy + 0(@) [ Zur0) = S0 . |
) l/jnra — r, 9l/j nal naa) n
I(y) = ail——a3i3 + 0@y, Q) = AW, 0531'3 + O(a™) L e e TS
Stream Operator 6 i/ 1 dO\ £f+1)0
1 _ I _ | 1 <2701 = do \ sin6 do i sinf V
< = ol(l1——1]0 —0 Oy | =— _ _
sin@ * ( r) |2 Q(Sing 9) Fripr <2 < ”o> dR| ¢(Z+ 1R _
_ : "IRI=— | 1- - =0
dr | r ) dr| r2

]

—d

Sturm-Liouville problem

yw(r,0) = R(r)O(0)
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

&

dl
()(”Asiné’a >+ 6(”sin9() ) = 12—
;7/4 /| Y ’7,4 o\ 11 oY A sin @ dl//
v =y + a'y, + atyy + O(a) [ Zur0) = S0 . |
) l/jnra — r, 9l/j nal naa) n
I(l//)=ai1——a3i3 + O(a®) , Q) = aw,; 0531'3 + O(a*) L e e TS J
Stream Operator 6 i/ 1 dO\ f+1)e
1 _ I _ 1 1 aind ~ 40 \sin0 do i sin 6 =9
<L = 0 l]——)0.| +—0 0y | =—y _ _
sin@ * ( r) |2 Q(Sing 9) Fripr <2 < ”o> dR| ¢(Z+ 1R _
: : "[Rl=— || 1- - =0
r| r ) dr| r2

Split-Monopole

Blandford, Znajek (1977)

Tanabe, Nagataki (2008)
Grignani, Harmark, Orselli (2018)
Armas et Al (2020)

Wy =1—cos0 = 0,0)
Y, = R\7(r) ©,(0)

v, = RP(r) 04(0) + RIV(r) ©,(0)

]

Sturm-Liouville problem

yw(r,0) = R(r)O(0)
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BLANDFORD & ZNAJEK PERTURBATIVE APPROACH

&

Ly, (r,0) = (1,0, Wrcps lecy D)

]

—d

dl
a,,( “A sin00, >+ a( Hsin 00 ) : iy
N9\ 1 V)T 0,09\ " i Asing dy
v =yt oy, +atyy + 0) 0
() =ai+a’i;+ 0@™), QYW =aw +a’i;+ O0a”) L
Stream Operator d
L[/ n).]l 1./ 1 ZA01= 25
L =—>0, (1__O)ar "‘_69( . 09) —
sinf | r | r? sin 6 ripr 4
gbﬂ[R] —

Split-Monopole

Blandford, Znajek (1977)

Tanabe, Nagataki (2008)
Grignani, Harmark, Orselli (2018)
Armas et Al (2020)

Wy =1—cos0 = 0,0)

r— 00 F 0
Y, = R\7(r) ©,(0) > 0,(0)

v, = RP(r) 04(0) + RIV(r) ©,(0)

r

(-

sin @

1 dO® £+ 1)
| ARSI
sin @ do

dr |

r

Sturm-Liouville problem

r— 0 r

o

r
©4(0)

o

2

|

r0> dR | ~(Z+ DR _ 0

|

|

yw(r,0) = R(r)O(0)
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BZ PERTURBATIVE APPROACH AND MATCHED ASYMPTOTIC EXPANSION (1)

From yw=yy+ O(a), I(y) = 0(a), Q) = O(a) the critical surfaces scale as

r 2 1
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BZ PERTURBATIVE APPROACH AND MATCHED ASYMPTOTIC EXPANSION (1)

From yw=yy+ O(a), I(y) = 0(a), Q) = O(a) the critical surfaces scale as

LS
o

=1+ 0(a? |,

=
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FoLS
o

B,
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~—+0") F—>
a

|
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BZ PERTURBATIVE APPROACH AND MATCHED ASYMPTOTIC EXPANSION (11')

r-REGION ANSAT/Z
w(r,0) = yy(0) + a? WH(r, 0) + a’ wy(r, 0) + a’ Ws(r,0)+ @(a6 log a),
rol(w) = ai;(y) + a3i3(l//2) +a* 1, (W) + a’ [Is(r, 0) + loga I (r, 0)] +0(a®log a),

Q) = aw () + @ w3(yp) + a* o,y + @ [QS(”, 0) + log a Qg (r, 9)] +0(a’loga).

7-REGION ANSATZ
(7, 0) = yy(0) + a’ ws(7, 0) + a* |7, 0) + log a ry; (7, 0) |+ O(a” log a),
rod(w) = aiy(yp) + @ i(wp) + a*iy() + @ [is(’_’, 0) + loga I5; (7, 9)] +0(a®log a),

ro€2(y) = aw () + a’ w3(yYp) + a w4 (W) + a’ [QS(’_” ,0) + log QSL(’_’ : 9)] +0(a’loga) .
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w(r,0) = yy(0) + o’ yH(r, 0) + o wy(r, 0) + a’ Ws(r,0)+ O(a’log a),
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Analytically: Numerical integration, assuming

ws = RY(1©y(0) + R(NO4(0) + R(1O(6) + ...
2

p(0) = & V004200 + 040 + ... | O PE

ry 1 3 _
0,0 0,(0) - 0,0
072 20 1680 2O+ 5200 X )_
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BZ PERTURBATIVE APPROACH AND MATCHED ASYMPTOTIC EXPANSION (111)

MATCHING IN THE OVERLAP REGION

> r-region > Fr-region
(r,6) 1n_ 1l o, LT | 0,0+ 0 2105 0 = o0+ [ oo om0+ Foro
r, — o — 102 — — 1090 — , - —— 7 -
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9 r 363 3 r o, T + ®,(0)+ 0,0)] lo —+@(—)
+ + + log—| ©,0)+ O — log — 2 4 &
3960 70 896000 T 22400 8 7 | O4¥ <r3 . ro) | 1680 22400 7 7] " ro 7o

: _ _
I 3

2 r 5 (70) = — — -0 @.(0) — 0,(0)+ ®,(0

i) = 0+ @(_> Pau(F.0) = = 523 04(60) = | 75000+ 571--04(0)
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/3 8 7 20 T (224 2 8060 | T2 2
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v 00 72 2T 20 8 T2 00800 2 896000
r | ——e.0)+ 0,010z -+ 6(
- 1630 2 22400 4| S "
(.0 = — -1 6.0) - [_e,0+——0,0)
}", i — —_—
vaL w072 2771680 27T 20400 B

w(7, 0) = yy(0) + @’ ys(7, 0) + a” (7, 0)+log a iy, (7, 0)| + O(a’ log a)

©,4(0)
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MATCHING IN THE OVERLAP REGION roa- 17 )
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log(r/ry) > log(r/ry) — loga
> r-region > Fr-region

_er 11 78 1 7} - ro r o 1 ry Fl o1 9 | 7 _ 7

wH(r, 0) = 2 > 800 r2+ 02 log ”_o O,0)+ O (F log ”_o) (7, 0) = g?@)z(ﬁ) + | 224 O,(0)+ 2960 ('*)4(6’)_ + r—gf(ﬁ)+@ (r_g)
1 s 227 1 - o 11 7§ I 7 227 363

Va0 = 5 T Toos00 + Tes0 8 | OO Wl 0) = =400 72 ®2(H)+M 2+ 100800 22D 596000 L)
I | 3 1 3 r r

N 89960 ’:)+ 893660300 N 22200 logr—’; 0,0) + 0 (% log r_’;) + 1680 0,(0)+ 55200 @4(9)_ log ’”_0 + O (i’_o)

P2 r i (7, 0) = — R 0,0) — |——0,0)+——0,0)

ws(r, 0) = r—g?ﬁ(@)+@ (r_0> 40 72 1680 22400 _

a
1o, =
T V1 - a?
BZ (1977) Tanabe, Nagataki (2008)
: 2 i
E, = ?ﬂQ%I L +0.34588327 1202 —0.70309718 ri-+0.0483269(2) 73| Qy|°+ [0.1837383(5) — 0.0027081(2)log(ry | 2y |) | QG + -
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BZ ENERGY EXTRACTION RATE
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BZ ENERGY EXTRACTION RATE
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BZ ENERGY EXTRACTION RATE
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RESULTS AND OUTLOOK

Higher-orders and non-analytic terms in the BZ perturbative approach.
Unprecedented agreement with GRMHD simulationsup toa = 0.9 .

Unavoidable non-analyticterms ~ loga, | a|
(Agreement at a ~ 0.9) + (log a terms) =—> Non-perturbative structure of BZ theory?

Force-free analytic solutions are used to calibrate GRMHD codes, which are
exploited to constrain observations of the EHT

Different topologies for the starting solution?

String Fluid perspective on FFE \
— 1° order theory of FFE: dissipative corrections! = ® vei SR 7 oabalic
(Causality and Stability with BDNK method)

Bemfica, Disconci, Noronha (2017)

Kovtun (2018)
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NUMERICAL PROCEDURE

The functions P,(0) = ©,,(0) form a basis, we also rescale the functions by means of their divergent terms

sin® @ cos 8 1,
8

p©) (7,0) = pONF, 0) -

Z P0)O™ (7)

Monopolar behavior at infinity

P ——”’

+00
. ) _ 2oy = 8 P (0)E™ lim O®(F) = &
7 (7,0) = O\ (PIP(6) + O\ (PIP,(0) + Z;Pk(ﬁ)Q,f”(f) V) kz; (OF” . lim 0 =¢

r—=+00

By projecting the Stream Equations onto the functions P, ()

r C)

0.(%0 Q<3>(r))+... =0 k=1,..., 00
0 sin @

1| k= Dek+ 1)
oo 2AM) (7 _
[g(l/fn) S, (W )]d9 0 = 50 " -1 | (4k — 3)(4k—1)

> Truncate these equations for a finite number of harmonics => REGULATORN : (O} , = _,(QN =0

2/(@k — 1)(#k + 3)

We have 2N ODEs to solve for QZN , each equation has an OLS located at 7o sy = Ny i
’ +
> Promote coefficients EI({”) to functions subject to the constraints: 0%¢ (”) () =0, 6,,55{”%,(1/) ._o=0 = 2N+ (2N) ODEs
. rlr,
» Introduce a compact coordinate: y = — € [0,1] = REGULATOR N,

1—7"/1"0
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NUMERICAL PROCEDURE — SOLUTIONS

The two solutions are unique, antisymmetric with respectto @ — 6 + z/2 and smooth at the Outer Light Surface ( - - - )

(7, 0) = yy(0) + & W37, 0)+a* (7, 0)+log a iy, (7, 0)| + O(a’ log @)
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NUMERICAL PROCEDURE — CONVERGENCE

100
_13
5 N2
\‘\
~ .
—_~ “a,
:\'/. I\.’D 1 \\\
NG N
05 N
\\‘\
01 \\‘ j
5 6 7 8 9 10
N
~(n)
AT =100 |1 —
C =
k N+1 N,

Variation w.r.t. # of harmonic

0.01

.

\\\\\ N_3

\\\\ y
\\\\\ .
o \\\\\
\\\\\.
50 100 150 200
N,
=(n)
s5e® =100 |1 = M
kN N, = &)
k N Ny+50

Variation w.r.t. # Grid-points

P (0) = 2,V0,(0)+20,(0)+204(0) + ...

FR(0) = 2V0,(0)+.0 ,(0)+c1040) + ...

The more we increase
the regulators, the less
the coefficients are
subject to variations

NO
MINIMISATION
REQUIRED
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STREAM EQUATION AND MATCRED ASYMPTOTIC EXPANSION

L

sin @

)+f(f+l)®=o

dR |

. . dl
nﬂér(n”A sin 6 d,,l//) + ;7”69(77” sin & %l//) + i 91 i =0
J
> r-region
g'//n(”, ‘9) — CS)(”» 9, l//k<na ik<n’ a)k<n)
_ _ 3?[6] _ d < 1 dO®
1 7, 1 1 do \ sin6 do
g: : ar (1——()) ar +—209( - 8(9) ) _ S11n
sind | r | r sin 6 sri =4 (1_ro>
dr | r
> r-region
S/ﬂy_jn(?’ (9) — 5)(17’ 9; l/_/k<n’ ik§n+1’ wk§n+1)
o sin(9a _, 5 rg 1 6_ + <in? 09 72 rg 1
— S1n S111 = | —=
2 Y P2sin20 16 | ° "1 2\ Psin20 16

)

(¢ + 1R
_fCHDR

2

(2 — 3 sin*6)

)
8r0

y(r,0) = R(r)O(0)
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STREAM EQUATION AND MATCRED ASYMPTOTIC EXPANSION

L

sin @

)+f(f+l)®=o

dR |

dl
0,(n"Asin00,y7) +1,0,(n*sin 09y ) + 1= =0
N9\ 1 ) T 0,00\ 1T oY Asing dy |
> r-region
3%(”, ‘9) — CS)(”» 9» l//k<na ik<n’ a)k<n)
6] < 4 < | d®
1 1 1 1 7777 df \sin@ do
F=— 0 (1—ﬁ>ar +—ag(, ag) A
sin 6 r JI'l 2 7"\ sin@ oriry =L (1_”0>
4 dr | r
H oIS 4 6(ed)
o o
> r-region

gy_jn(f’ 9) — 5)(’79 99 l/_/k<n’ ik§n+1’ wk§n+l)

0 sin@(

o

72 sin2 @

1()'
16 | ¢

+ sin” @0

17.2

2

1

o
72 sin2 @

16

dr |

)

(¢ + 1R
_fCHDR

2

Singular point at the effective boundary

(2 — 3 sin*6)

)
8r0

y(r,0) = R(r)O(0)
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STREAM EQUATION AND MATCRED ASYMPTOTIC EXPANSION

L

sin @

)+f(f+l)®=o

dR |

dl
a,,( “A sin 00, )+ a( Hsin 00 >+ 1~
N0\ 1 Y N9\ 1 oV Asin® dy |
> r-region
3%(”, ‘9) — 5(1", 9, l//k<na ik<n’ a)k<n)
d 1 dO®
Z010] = < :
1 1 1 4
F=—— 9 (1—E>0r +—8(. 89) d@_sm@d@
sin @ r r? sin @ gr[R]—i (l_r())
T dr _ r

> r-region

gy_jn(f’ 9) — 5)(’79 99 l/_/k<n’ ik§n+1’ wk§n+1)

+ sin” @0

17.2

2

) + O(aV)

1

o
72 sin2 @

16

dr |

)

(¢ + 1R
_fCHDR

2

Singular point at the effective boundary

(2 — 3 sin*6)

)
8r0

Singular point in the bulk

y(r,0) = R(r)O(0)
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ADDING SUBLEADING TERMS

yg, (r, 0) = R°V(1)0,(0) + R°(r)©,(0) + R°”(r)B4(6) ye(r, 0) = RO(NO,L(0) + RO(10,(0) + RO(NB(6) + ...
3 7 3 2 r 3 2
R(6L)(I,-) — _ n + 0 <_> ©) 3 r r 3 r r r r
’ R = — log —+ loe—+ ...+ 0| —log— |,
2 22400 1+ 22400 7~ \ 10 2 = " 00007 B 22400 7 8T oo
61 2 r 2
R(6L)(r) — + 0 (_) 6,) 61 r r r r
’ R"V(r) = loe—+...+0| —log— |,
’ 5913600 rg 7o v =S 3600 7 8 oS

1 2 r 2
R(6L)(r) _ + 0 <_> . 6,) 1 r r r r
R>7V(r) = loce—+...+0| —log— |.
° 563200 rg 7‘0 6 ( ) 563200 I’% g I"O 7'0 g I"O
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ADDING SUBLEADING TERMS

yg, (r, 0) = R°V(1)0,(0) + R°(r)©,(0) + R°”(r)B4(6) ye(r, 0) = RO(NO,L(0) + RO(10,(0) + RO(NB(6) + ...
3 7 3 p? r 3 2
R(6L)(I,-) — _ n + 0 <_> ©) 3 r r 3 r r r r
’ R = — log —+ loe—+ ...+ 0| —log— |,
’ 22400 r3 -~ 22400 1 ro 2 = " 002007 8 et 22200 72 8 oS
61 r? r 2
R(6L)(r) — + 0 (_) 6,) 61 r r r r
’ R"V(r) = loe—+...+0| —log— |,
’ 5913600 rg 7o v =S 3600 7 8 oS
| r? r 2
R(6L)(r) _ + 0 <_> . 6,) 1 r r r r
R U(r) = loce—+ ...+ 0| —log— |.
° 563200 rg 7‘0 6 (r) 563200 I’% g I"O 7'0 g I"O

EXAMPLE: red terms

6 3 3 6 3 r 3 r r—a”'F 3 3 7 4 3
a’loga | — + +a’| — log —+ log >a” loga | — + a”loga +
22400 rg 22400 rg 22400 rg ro 22400 rg 7o 22400 g 22400 rg

‘ “ ; 300 LI WY B P AN
a — 0g — a 0g —
Yo, Ve 22400 73 ° 14 22400 2 ° 1,

; 3P . 3007
a”loga +a'loga| —

log(r/ry) > log(r/ry) —log a




MORE DETAILS 21

ADDING SUBLEADING TERMS

yg, (r, 0) = R°V(1)0,(0) + R°(r)©,(0) + R°”(r)B4(6) ye(r, 0) = RO(NO,L(0) + RO(10,(0) + RO(NB(6) + ...
3 7 3 p? r 3 2
R(6L)(I,-) — _ n + 0 <_> ©) 3 r r 3 r r r r
’ R = — log —+ loe—+ ...+ 0| —log— |,
’ 22400 r3 -~ 22400 1 ro 2 = " 002007 8 et 22200 72 8 oS
61 r? r 2
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R(6L)(r) _ + 0 <_> . 6,) 1 r r r r
R U(r) = loce—+ ...+ 0| —log— |.
° 563200 rg 7‘0 6 (r) 563200 I’% g I"O 7'0 g I"O

EXAMPLE: red terms

6 3 3 6 3 r 3 r r—a”'F 3 7 4 3
a’loga | — + +a’| — log —+ log >a” loga | — — | +a’loga +
22400 rg 22400 rg 22400 rg ro 22400 rg 7o 2 g 22400 rg

‘ “ ; 300 LI WY B P AN
a — 0g — a 0g —
Yo, Ve 22400 73 ° 14 22400 2 ° 1,

7 4 3 7
a’log a — |+ a’logal| —
r_)a_lf _ 2 7‘8 22400 7’8
log(r/ry) > log(r/ry) —log a




MORE DETAILS 21

ADDING SUBLEADING TERMS

yg, (r, 0) = R°V(1)0,(0) + R°(r)©,(0) + R°”(r)B4(6) ye(r, 0) = RO(NO,L(0) + RO(10,(0) + RO(NB(6) + ...
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a — 0g — a 0g —
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ADDING SUBLEADING TERMS
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EXAMPLE: red terms
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D ’ (L T e Voot T el Ve —— 35 4 47 (P
Yo, Ve "\ 222007 Ot ) T\ 224002 R ayy Tay

3 = 4 3 /7
L a’loga > = +a’loga| — 700 2
log(r/ry) —— log(¥/r,) — log 0 0
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NON-PERTURBATIVE STRUCTURE

Kerr geometry is analytic in a, we therefore expect that also the magnetosphere is analytic!

EXAMPLE
For finite a the function is analytic

prm

1 o 1 1
| az\/(az) — =1—a2+\a|3+a4—5\a\5+\alslog\a\+@(a6)

a’ + 1 + 1

The limit a — 0O leads to non-analytic terms




