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Motivation: Tri-bimaximal Neutrino Mixing

• Neutrino Oscillation Parameters

• Latest Global Fit [GS98, Bari group, AGSS09] (1σ)

• Tri-bimaximal Mixing Pattern 

Gonzalez-Garcia, Maltoni, Salvado (2010)

Wolfenstein (1978); Harrison, Perkins, Scott (1999)

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2σ

limits for the mixing parameters [1],

sin2
θ12 = 0.30 (0.25− 0.34), sin2

θ23 = 0.5 (0.38− 0.64), sin2
θ13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],
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which predicts sin2
θatm, TBM = 1/2 and sin θ13,TBM = 0. In addition, it predicts sin2

θ⊙,TBM = 1/3

for the solar mixing angle. Even though the predicted θ⊙,TBM is currently still allowed by the

experimental data at 2σ, as it is very close to the upper bound at the 2σ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1�, 1�� and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a different finite group, the double tetrahedral group, (d)
T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)
T has three in-equivalent

doublets, 2, 2�, and 2��, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)
T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⊕ 1 representation assignments under (d)
T , and the

prediction for the solar mixing angle is ∼ 10−3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)
T to
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(Global Minima)
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Best fit value using atm data only
    ⇒ sinθ13 = 0.077 
     (SuperK, Neutrino2010)

data getting closer to TBM
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Theoretical Challenges

(i) Absolute mass scale:  Why mν << mu,d,e? 
• seesaw mechanism: most appealing scenario ⇒ Majorana

• GUT scale (type-I, II) vs TeV scale (type-III, double seesaw)
• TeV scale new physics (extra dimension, extra U(1)) ⇒ Dirac or Majorana

(ii) Flavor Structure: Why neutrino mixing large while quark mixing small?
• seesaw doesn’t explain entire mass matrix w/ 2 large, 1 small mixing angles
• neutrino anarchy: no parametrically small number

• near degenerate spectrum, large mixing
• predictions strongly depend on choice of statistical measure

• family symmetry: there’s a structure, expansion parameter (symmetry effect)

• leptonic symmetry (normal or inverted) 

• quark-lepton connection ↔ GUT (normal, inverted possible)
• In this talk: assume 3 generations, no LSND

• MiniBoone anti-neutrino mode: excess in low energy region consistent with LSND

• 4th generation model: (3+3) consistent with experiments including MiniBoone Hou, Lee, arXiv:1004.2359

Hall, Murayama, Weiner (2000)

Mu-Chun Chen, UC Irvine                                                                                                                            SuperB Meeting, 12/14/2010 3



Origin of Flavor Mixing and Mass Hierarchy

• SM: 22 arbitrary parameters in Yukawa sector
• No fundamental origin found or suggested
• Reduce number of parameters

• Grand Unification 
• seesaw scale ~ GUT scale
• quarks and leptons unified 
• 1 coupling for entire multiplet
⇒ intra-family relations (e.g. SO(10))

• Family Symmetry 
⇒ inter-family relations (flavor structure)

33

The Horizontal Symmetry

• Three families are the

same under vertical

symmetry; yet

different under

horizontal symmetry

• Zeros in the mass

matrices are protected

by a family symmetry

SU(2)F
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"""µµµ

!!!"""

ccc
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SU(2)F

SU(10)GUT Symmetry
SU(5), SO(10), ...

family symmetry 
(T′, SU(2), ...)

28
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normal hierarchy

inverted hierarchy

nearly degenerate

Mass spectrum of elementary particles

LMA-MSW solution

30

Fermion masses in SO(10)

Left-right symmetry breaking route:

             SO(10)  ! SU(4) " SU(2)L " SU(2)R

                           ! SU(3) " SU(2)L " U(1)Y

# symmetric mass matrices

# Intra-family mass relations:

    Up-type quarks $ Dirac neutrinos

Down-type quarks $ charged leptons
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Tri-bimaximal Neutrino Mixing

• Neutrino mass matrix

• If     A+B = C + D     

• Mass Matrix M diagonalized by TBM matrix

5

M =




A B B
B C D
B D C




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Tribimaximal Mixing, Leptogenesis, and θ13

Elizabeth E. Jenkins and Aneesh V. Manohar
(Dated: August 12, 2008)

We show that seesaw models based on flavor symmetries (such as A4 and Z7 ! Z3) which produce
exact tribimaximal neutrino mixing also imply a vanishing leptogenesis asymmetry. We show
that higher order symmetry breaking corrections in these models can give a non-zero leptogenesis
asymmetry and generically also give deviations from tribimaximal mixing and a non-zero θ13 ! 10−2.

Experiments using solar, atmospheric and reactor neu-
trinos, and neutrino beams produced at accelerators have
confirmed the existence of neutrino oscillations. The re-
sults are consistent with neutrino mixing produced if the
neutrino weak eigenstates νe, νµ and ντ are related to the
mass eigenstates ν1, ν2 and ν3 by a 3× 3 unitary matrix
U , commonly called the PMNS matrix,

|να〉 = Uαi |νi〉 (1)

where α ∈ {e, µ, τ} and i ∈ {1, 2, 3}. The matrix U is
written in terms of three angles θ12, θ13, and θ23, and
three CP -violating phases δ, α1 and α2 [1],

U =




1 0 0
0 c23 s23

0 −s23 c23



 ×




c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13





×




c12 s12 0
−s12 c12 0

0 0 1



 ×




eiα1/2 0 0

0 eiα2/2 0
0 0 1



 (2)

with cij ≡ cos θij , sij ≡ sin θij , and 0 ≤ θij ≤ π/2,
0 ≤ δ, α1,2 < 2π. The Majorana phases α1,2 enter in lep-
ton number violating amplitudes, and so are not observ-
able presently in neutrino oscillation experiments, which
measure lepton number conserving processes. The cur-
rent experimental values of measured neutrino oscillation
observables (taken from Ref. [2]) are:

∆m2
21 = (8.0 ± 0.3) × 10−5 eV2

∣∣∆m2
32

∣∣ = (2.5 ± 0.2) × 10−3 eV2

tan2 θ12 = 0.45 ± 0.05 (30◦ < θ12 < 38◦)

sin2 2θ23 = 1.02 ± 0.04 (36◦ < θ23 < 54◦)

sin2 2θ13 = 0.0 ± 0.05 (θ13 < 10◦) . (3)

There is an ongoing experimental program to measure or
place an upper bound on θ13 at the level of sin2 2θ13 ∼
0.01 [3].

The ratio of the solar and atmospheric mass squared
differences is r = ∆m2

21/
∣∣∆m2

32

∣∣ = (3.2±0.3)×10−2. Al-
though the individual neutrino masses mi are not deter-
mined, the neutrino masses are known to be much smaller
than the masses of all other standard model fermions
from tritium endpoint, neutrinoless double beta decay
and cosmological data. The smallness of neutrino masses
can be naturally explained using the seesaw model [4],
which extends the standard model by adding gauge sin-
glet neutrinos. The singlet neutrinos NR of the seesaw

model naturally have Majorana masses much larger than
the electroweak scale, unlike the standard model fermions
which acquire mass proportional to electroweak symme-
try breaking. An interesting feature of the seesaw model
is that CP -violating decays of heavy singlet neutrinos can
produce a lepton asymmetry in the early universe, which
is converted into a baryon asymmetry at the electroweak
scale. This leptogenesis mechanism [5, 6] provides a sim-
ple explanation for the observed baryon asymmetry of
the universe.

The neutrino mixing matrix has two large angles (θ12,
θ23), and one small angle (θ13). A particularly inter-
esting ansatz for the mixing matrix is the tribimaximal
matrix [7]

UTB =





√
2
3

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2



 (4)

with tan2 θ12 = 1/2, sin 2θ23 = 1 and θ13 = 0. The phase
δ is undefined since θ13 = 0. Eq. 4 can be easily extended
to include non-vanishing Majorana phases α1,2, UTB →
UTB diag(eiα1/2, eiα2/2, 1), which is the generalized form
of tribimaximal mixing that we will consider in this work.
The tribmaximal mixing matrix has been derived using
models with discrete flavor symmetries. The models rely
on the observation due to Ma [8] that a Majorana mass
matrix of the form




A B B
B C D
B D C



 (5)

is diagonalized by a mixing matrix with θ13 = 0 and
sin2 2θ23 = 1. If A+B = C +D, then tan2 θ12 = 1/2 and
the mixing matrix is tribimaximal. The mixing matrix
can have Majorana phases α1,2 if A, B, C, D are complex.
Particularly interesting are models based on the symme-
tries A4 [8, 9] and Z7 ! Z3 [10]. These groups have a
three-dimensional irreducible representation, and three
inequivalent one-dimensional representations, so that the
three generations of lepton doublets, charged leptons and
singlet neutrinos can either transform as a 3, or as three
inequivalent one-dimensional representations, which dis-
tinguish between the generations.

It turns out that the seesaw models in the literature
which derive exact tribimaximal mixing from a flavor

solar mixing angle NOT fixed
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Tribimaximal Mixing, Leptogenesis, and θ13

Elizabeth E. Jenkins and Aneesh V. Manohar
(Dated: August 12, 2008)
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from tritium endpoint, neutrinoless double beta decay
and cosmological data. The smallness of neutrino masses
can be naturally explained using the seesaw model [4],
which extends the standard model by adding gauge sin-
glet neutrinos. The singlet neutrinos NR of the seesaw

model naturally have Majorana masses much larger than
the electroweak scale, unlike the standard model fermions
which acquire mass proportional to electroweak symme-
try breaking. An interesting feature of the seesaw model
is that CP -violating decays of heavy singlet neutrinos can
produce a lepton asymmetry in the early universe, which
is converted into a baryon asymmetry at the electroweak
scale. This leptogenesis mechanism [5, 6] provides a sim-
ple explanation for the observed baryon asymmetry of
the universe.

The neutrino mixing matrix has two large angles (θ12,
θ23), and one small angle (θ13). A particularly inter-
esting ansatz for the mixing matrix is the tribimaximal
matrix [7]

UTB =





√
2
3

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2



 (4)

with tan2 θ12 = 1/2, sin 2θ23 = 1 and θ13 = 0. The phase
δ is undefined since θ13 = 0. Eq. 4 can be easily extended
to include non-vanishing Majorana phases α1,2, UTB →
UTB diag(eiα1/2, eiα2/2, 1), which is the generalized form
of tribimaximal mixing that we will consider in this work.
The tribmaximal mixing matrix has been derived using
models with discrete flavor symmetries. The models rely
on the observation due to Ma [8] that a Majorana mass
matrix of the form




A B B
B C D
B D C



 (5)

is diagonalized by a mixing matrix with θ13 = 0 and
sin2 2θ23 = 1. If A+B = C +D, then tan2 θ12 = 1/2 and
the mixing matrix is tribimaximal. The mixing matrix
can have Majorana phases α1,2 if A, B, C, D are complex.
Particularly interesting are models based on the symme-
tries A4 [8, 9] and Z7 ! Z3 [10]. These groups have a
three-dimensional irreducible representation, and three
inequivalent one-dimensional representations, so that the
three generations of lepton doublets, charged leptons and
singlet neutrinos can either transform as a 3, or as three
inequivalent one-dimensional representations, which dis-
tinguish between the generations.

It turns out that the seesaw models in the literature
which derive exact tribimaximal mixing from a flavor

TBM pattern

L = LSM +
O5D

M
+
O6D

M2
+ ... (1)

∂J = 0 (2)

�

fermions

Q3
f = 0 (3)

UMNS = V †
e,LVν,L (4)

UT
TBM M UTBM = diag(m1,m2,m3) (5)

1

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2σ

limits for the mixing parameters [1],

sin2 θ12 = 0.30 (0.25− 0.34), sin2 θ23 = 0.5 (0.38− 0.64), sin2 θ13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =





�
2/3 1/

√
3 0

−
�

1/6 1/
√

3 −1/
√

2

−
�

1/6 1/
√

3 1/
√

2




, (2)

which predicts sin2 θatm, TBM = 1/2 and sin θ13,TBM = 0. In addition, it predicts sin2 θ⊙,TBM = 1/3

for the solar mixing angle. Even though the predicted θ⊙,TBM is currently still allowed by the

experimental data at 2σ, as it is very close to the upper bound at the 2σ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1�, 1�� and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a different finite group, the double tetrahedral group, (d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)T has three in-equivalent

doublets, 2, 2�, and 2��, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⊕ 1 representation assignments under (d)T , and the

prediction for the solar mixing angle is ∼ 10−3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)T to

2
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Double Tetrahedral T´ Symmetry

• Smallest Symmetry to realize TBM ⇒ Tetrahedral group A4

• even permutations of 4 objects

    S: (1234) → (4321),   T: (1234) → (2314)

• invariance group of tetrahedron 

• can arise from extra dimensions: 6D → 4D

• does NOT give quark mixing

• Double Tetrahedral Group T´

• inequivalent representations

• complex CG coefficients when spinorial representations are involved

The vertices of a cube can be grouped into

two groups of four, each forming a regular

tetrahedron (see above, and also animation,

showing one of the two tetrahedra in the

cube). The symmetries of a regular

tetrahedron correspond to half of those of a

cube: those which map the tetrahedrons to

themselves, and not to each other.

The tetrahedron is the only Platonic solid

that is not mapped to itself by point

inversion.

The regular tetrahedron has 24 isometries,

forming the symmetry group Td,

isomorphic to S4. They can be categorized

as follows:

T, isomorphic to alternating group A4 (the identity and 11 proper rotations) with the following conjugacy

classes (in parentheses are given the permutations of the vertices, or correspondingly, the faces, and the
unit quaternion representation):

identity (identity; 1)
rotation about an axis through a vertex, perpendicular to the opposite plane, by an angle of ±120°:
4 axes, 2 per axis, together 8 ((1 2 3), etc.; (1±i±j±k)/2)
rotation by an angle of 180° such that an edge maps to the opposite edge: 3 ((1 2)(3 4), etc.; i,j,k)

reflections in a plane perpendicular to an edge: 6
reflections in a plane combined with 90° rotation about an axis perpendicular to the plane: 3 axes, 2 per
axis, together 6; equivalently, they are 90° rotations combined with inversion (x is mapped to !x): the
rotations correspond to those of the cube about face-to-face axes

The isometries of irregular tetrahedra

The isometries of an irregular tetrahedron depend on the geometry of the tetrahedron, with 7 cases possible. In

each case a 3-dimensional point group is formed.

An equilateral triangle base and isosceles (and non-equilateral) triangle sides gives 6 isometries,
corresponding to the 6 isometries of the base. As permutations of the vertices, these 6 isometries are the
identity 1, (123), (132), (12), (13) and (23), forming the symmetry group C3v, isomorphic to S3.

Four congruent isosceles (non-equilateral) triangles gives 8 isometries. If edges (1,2) and (3,4) are of
different length to the other 4 then the 8 isometries are the identity 1, reflections (12) and (34), and 180°
rotations (12)(34), (13)(24), (14)(23) and improper 90° rotations (1234) and (1432) forming the
symmetry group D2d.

Four congruent scalene triangles gives 4 isometries. The isometries are 1 and the 180° rotations (12)(34),

(13)(24), (14)(23). This is the Klein four-group V4 ! Z2
2, present as the point group D2.

Two pairs of isomorphic isosceles (non-equilateral) triangles. This gives two opposite edges (1,2) and
(3,4) that are perpendicular but different lengths, and then the 4 isometries are 1, reflections (12) and
(34) and the 180° rotation (12)(34). The symmetry group is C2v, isomorphic to V4.

Two pairs of isomorphic scalene triangles. This has two pairs of equal edges (1,3), (2,4) and (1,4), (2,3)
but otherwise no edges equal. The only two isometries are 1 and the rotation (12)(34), giving the group

The proper rotations and reflections in the symmetry group of the

regular tetrahedron

Relation to Orbifold Compactification

• compactify 6D to 4D (A4 isometry of T2/Z2)

• fixed points:

(under investigation)

2 A4 as the isometry of T 2/Z2

We consider a quantum field theory in 6 dimensions, with two extra dimensions compact-

ified on an orbifold T 2/Z2. We denote by z = x5 + ix6 the complex coordinate describing
the extra space. The torus T 2 is defined by identifying in the complex plane the points
related by

z → z + 1

z → z + γ γ = e
i
π

3 ,
(1)

where our length unit, 2πR, has been set to 1 for the time being. The parity Z2 is defined

by
z → −z (2)

and the orbifold T 2/Z2 can be represented by the fundamental region given by the trian-

gle with vertices 0, 1, γ, see Fig. 1. The orbifold has four fixed points, (z1, z2, z3, z4) =
(1/2, (1 + γ)/2, γ/2, 0). The fixed point z4 is also represented by the vertices 1 and γ.

In the orbifold, the segments labelled by a in Fig. 1, (0, 1/2) and (1, 1/2), are identified
and similarly for those labelled by b, (1, (1 + γ)/2) and (γ, (1 + γ)/2), and those labelled
by c, (0, γ/2), (γ, γ/2). Therefore the orbifold is a regular tetrahedron with vertices at

the four fixed points. The symmetry of the uncompactified 6D space time is broken by

Figure 1: Orbifold T2/Z2. The regions with the same numbers are identified with each
other. The four triangles bounded by solid lines form the fundamental region, where also
the edges with the same letters are identified. The orbifold T2/Z2 is exactly a regular

tetrahedron with 6 edges a, b, c, d, e, f and four vertices z1, z2, z3, z4, corresponding to the
four fixed points of the orbifold.

compactification. Here we assume that, before compactification, the space-time symmetry

2

T2 torus: 

Z2 parity: 

z → z + 1, z → z + eiπ/3

z → −z

1

z → z + 1, z → z + γ, γ = eiπ/3

z → −z

1

z = x5 + ix6

z → z + 1, z → z + γ, γ = eiπ/3

z → −z

1

complex coordinate:  

z = x5 + ix6

z → z + 1, z → z + γ, γ = eiπ/3

z → −z

(z1, z2, z3, z4) = (1/2, (1 + γ)/2, γ/2, 0)

1

For A4:  Altarelli et al, 2006

34

A4:  1,  1′,  1″, 3
other:   2,  2′,  2″

TBM for neutrinos

2 +1 assignments for quarks and charged leptons

(vectorial)
(spinorial)

Ma, Rajasekaran (2004)

Altarelli, Feruglio (2006)

Frampton, Kaphart (1995); 
M.-C.C., K.T. Mahanthappa
PLB652, 34 (2007); 681, 444 (2009)
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CP Violation

• CP violation ⇔ complex mass matrices

• Conventionally, CPV arises in two ways:

•  Explicit CP violation: complex Yukawa coupling constants Y

• Spontaneous CP violation: complex scalar VEVs  <h>

3

which is parametrized by two parameters, giving the
three absolute neutrino masses [9] (see below). As these
interactions involve only the triplet representations of T ′,
the relevant product rule is 3 ⊗ 3. Consequently, all CG
coefficients are real, leading to a real neutrino Majo-
rana mass matrix. The neutrino mass matrix given in
Eq. 16 has the special property that it is form diagonal-
izable [14], i.e. independent of the values of ξ0 and u0, it
is diagonalized by the tri-bimaximal mixing matrix,

UT
TBM

MνUTBM = diag(u0 + 3ξ0, u0,−u0 + 3ξ0)
v2

u

MX
,

≡ diag(m1, m2, m3) . (17)

While the neutrino mass matrix is real, the complex
charged lepton mass matrix Me, which is diagonalized
by, V †

e,RMeVe,L = diag(me, mµ, mτ ), leads to a complex

VPMNS = V †
e,LUTBM (see below).

CPT Invariance and CP Violation.—Even though the
complexity of the Lagrangian arises in our model through
the complex CG coefficients, the hermiticity of the La-
grangian, which is required in order to have CPT invari-
ance, remains satisfied. This is easily seen using the com-
ponent form given in Eq. 11. Take the term URMuQL

for example. Its corresponding hermitian conjugate is

(URMuQL)† = (U †
Rγ0MuQL)† = QLM †

uUR . (18)

The hermiticity of the Lagrangian allows us to write, in
general,

L(#x, t) = αO(#x, t) + α∗
O

†(#x, t) , (19)

where O(#x, t) is some operator and α is some c-number.
Recall that, the charge conjugation C changes a left-
hande particle into a left-hande anti-particle, while the
parity P turns a left-handed particle into a right-handed
particle, and vice versa. Thus the CP transformation
converts a left-handed particle into a right-handed anti-
particle. Effectively,

O(#x, t)
CP−→ O

†(−#x, t) , α
CP−→ α , (20)

The time reversal operator is antiunitary. It reverses the
momentum of a particle and flips its spin. Effectively,

O(#x, t)
T−→ O(#x,−t) , α

T−→ α∗ , (21)

In the weak eigenstates, the interactions Lcc in Eq. 15 are
invariant under CP and T, as all coupling constants are
real. On the other hand, the Yukawa interactions violate
both CP and T. Using the up-quark sector again as an
example, for each conjugate pair specified by indices i
and j,

UR,i(Mu)ijQL,j + QL,j(M
†
u)jiUR,i

CP−→ QL,j(Mu)ijUR,i + UR,i(Mu)∗ijQL,j , (22)

UR,i(Mu)ijQL,j + QL,j(M
†
u)jiUR,i

T−→ UR,i(Mu)∗ijQL,j + QL,j(Mu)ijUR,i , (23)

The complexity of the mass matrix, giving rise to CP and
T violations, ensues from the complex CG coefficients in
T ′. Here we have suppressed the space-time coordinates
the inversions of which under the transformations are as-
sumed implicitly. Due to its hermiticity, the Lagrangian
is CPT invariant,

URMuQL +QLM †
uUR

CPT−→ QLM †
uUR +URMuQL , (24)

Alternatively, in the mass eigenstates, the Yukawa inter-
actions are invariant under CP and T, while the charged
current interactions violate CP and T individually and
are invariant under CPT. Note that CP violation is in-
herent in the Lagrangian Eq.3, which is T ′ and SU(5)
invariant.

Numerical Predictions.—The predicted charged
fermion mass matrices in our model are parametrized in
terms of 7 parameters,

Mu

ytvu
=







ig 1−i
2

g 0
1−i
2

g g + (1 − i
2
)h k

0 k 1






, (25)

Md, MT
e

ybvdφ0ζ0
=







0 (1 + i)b 0

−(1 − i)b (1,−3)c 0

b b 1






, (26)

With b ≡ φ0ψ′
0/ζ0 = 0.0029, c ≡ ψ0N0/ζ0 = −0.0169,

k ≡ y′ψ0ζ0 = −0.029, h ≡ φ2
0 = 0.008 and g ≡ φ′3

0 =
−9 × 10−6, the following mass ratios are obtained, md :
ms : mb & θ4.7

c : θ2.7

c : 1, mu : mc : mt & θ8

c : θ3.2

c : 1,
with θc &

√

md/ms & 0.225. (These ratios in terms
of θc coincide with those give in [15].) We have also
taken yt = 1 and ybφ0ζ0 & mb/mt & 0.011. As a result
of the GJ relations, realistic charged lepton masses are
obtained. Making use of these parameters, the complex
CKM matrix is,







0.975e−i26.8o

0.225ei21.1o

0.00293ei164o

0.224ei124o

0.974e−i8.19o

0.032ei180o

0.00557ei103o

0.0317e−i7.33o

0.999






. (27)

The values for |VCKM | elements are in agreement with
current experimental values. The predictions of our
model for the angles in the unitarity triangle and the
Jarlskog invariant in the quark sector are,

β ≡ arg

(

−VcdV ∗
cb

VtdV ∗
tb

)

= 21.3o, sin 2β = 0.676 , (28)

α ≡ arg

(

−VtdV ∗
tb

VudV ∗
ub

)

= 114o , (29)

γ ≡ arg

(

−VudV ∗
ub

VcdV ∗
cb

)

= δq = 44.9o , (30)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 1.45 × 10−5 , (31)

where δq is the CP phase in the standard parametriza-
tion. In terms of the Wolfenstein parameters, we have
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three absolute neutrino masses [9] (see below). As these
interactions involve only the triplet representations of T ′,
the relevant product rule is 3 ⊗ 3. Consequently, all CG
coefficients are real, leading to a real neutrino Majo-
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Eq. 16 has the special property that it is form diagonal-
izable [14], i.e. independent of the values of ξ0 and u0, it
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While the neutrino mass matrix is real, the complex
charged lepton mass matrix Me, which is diagonalized
by, V †

e,RMeVe,L = diag(me, mµ, mτ ), leads to a complex

VPMNS = V †
e,LUTBM (see below).

CPT Invariance and CP Violation.—Even though the
complexity of the Lagrangian arises in our model through
the complex CG coefficients, the hermiticity of the La-
grangian, which is required in order to have CPT invari-
ance, remains satisfied. This is easily seen using the com-
ponent form given in Eq. 11. Take the term URMuQL

for example. Its corresponding hermitian conjugate is

(URMuQL)† = (U †
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uUR . (18)

The hermiticity of the Lagrangian allows us to write, in
general,

L(#x, t) = αO(#x, t) + α∗
O

†(#x, t) , (19)

where O(#x, t) is some operator and α is some c-number.
Recall that, the charge conjugation C changes a left-
hande particle into a left-hande anti-particle, while the
parity P turns a left-handed particle into a right-handed
particle, and vice versa. Thus the CP transformation
converts a left-handed particle into a right-handed anti-
particle. Effectively,

O(#x, t)
CP−→ O

†(−#x, t) , α
CP−→ α , (20)

The time reversal operator is antiunitary. It reverses the
momentum of a particle and flips its spin. Effectively,

O(#x, t)
T−→ O(#x,−t) , α

T−→ α∗ , (21)

In the weak eigenstates, the interactions Lcc in Eq. 15 are
invariant under CP and T, as all coupling constants are
real. On the other hand, the Yukawa interactions violate
both CP and T. Using the up-quark sector again as an
example, for each conjugate pair specified by indices i
and j,

UR,i(Mu)ijQL,j + QL,j(M
†
u)jiUR,i

CP−→ QL,j(Mu)ijUR,i + UR,i(Mu)∗ijQL,j , (22)
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†
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T−→ UR,i(Mu)∗ijQL,j + QL,j(Mu)ijUR,i , (23)

The complexity of the mass matrix, giving rise to CP and
T violations, ensues from the complex CG coefficients in
T ′. Here we have suppressed the space-time coordinates
the inversions of which under the transformations are as-
sumed implicitly. Due to its hermiticity, the Lagrangian
is CPT invariant,

URMuQL +QLM †
uUR

CPT−→ QLM †
uUR +URMuQL , (24)

Alternatively, in the mass eigenstates, the Yukawa inter-
actions are invariant under CP and T, while the charged
current interactions violate CP and T individually and
are invariant under CPT. Note that CP violation is in-
herent in the Lagrangian Eq.3, which is T ′ and SU(5)
invariant.

Numerical Predictions.—The predicted charged
fermion mass matrices in our model are parametrized in
terms of 7 parameters,
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With b ≡ φ0ψ′
0/ζ0 = 0.0029, c ≡ ψ0N0/ζ0 = −0.0169,

k ≡ y′ψ0ζ0 = −0.029, h ≡ φ2
0 = 0.008 and g ≡ φ′3

0 =
−9 × 10−6, the following mass ratios are obtained, md :
ms : mb & θ4.7

c : θ2.7

c : 1, mu : mc : mt & θ8

c : θ3.2

c : 1,
with θc &

√

md/ms & 0.225. (These ratios in terms
of θc coincide with those give in [15].) We have also
taken yt = 1 and ybφ0ζ0 & mb/mt & 0.011. As a result
of the GJ relations, realistic charged lepton masses are
obtained. Making use of these parameters, the complex
CKM matrix is,







0.975e−i26.8o

0.225ei21.1o

0.00293ei164o

0.224ei124o

0.974e−i8.19o

0.032ei180o

0.00557ei103o
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


. (27)

The values for |VCKM | elements are in agreement with
current experimental values. The predictions of our
model for the angles in the unitarity triangle and the
Jarlskog invariant in the quark sector are,

β ≡ arg

(

−VcdV ∗
cb

VtdV ∗
tb

)

= 21.3o, sin 2β = 0.676 , (28)

α ≡ arg

(

−VtdV ∗
tb

VudV ∗
ub

)

= 114o , (29)

γ ≡ arg

(

−VudV ∗
ub

VcdV ∗
cb

)

= δq = 44.9o , (30)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 1.45 × 10−5 , (31)

where δq is the CP phase in the standard parametriza-
tion. In terms of the Wolfenstein parameters, we have
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 A Novel Origin of CP Violation

• Complex CG coefficients in T´ ⇒ explicit CP violation 

• real Yukawa couplings, real scalar VEVs
• CPV in quark and lepton sectors purely from complex CG coefficients
• no additional parameters needed ⇒ extremely predictive model!

• scalar potential: Z3 symmetry ⇒〈∆1〉= 〈∆2〉=〈∆3〉≡〈∆〉 real

• complex effective mass matrix 

a toy model

(   L1          L2    ) ( R
1   R

2 )

CGs of  T´

M.-C.C, K.T. Mahanthappa
  Phys. Lett. B681, 444 (2009)
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The Model

• Symmetry: SUSY SU(5) x T´ x Z12 x Z12

• Superpotential:  only 10 operators allowed

9

Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 14, 2010

Experimentally, the best fit values for the neutrino mixing angles are very

close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin
2 θatm = 1/2, tan

2 θ⊙ = 1/2 and sin θ13 = 0. It has been

realized that the TBM matrix can arise from an underlying A4 symmetry [5].

Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact

TBM matrix does not give rise to CP violation, due to the correction from the

charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3
,(3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψN + ydH5

�FTaφ
2ψ�

�
, (4)

Wν =
1

Λ3

�
λ1H5FNζζ �

�
ξ + η

��
+NNS , (5)

which is invariant under SU(5) × T
�
and it is CP non-invariant. Here the

parameter Λ is the cutoff scale of the T
�
symmetry while MX is the scale where

lepton number violating operators are generated. Note that all Yukawa coupling

constants, yx, in the Lagrangian are real parameters. Even if they are made

complex, their phases can be absorbed by redefinition of the Higgs and flavon

fields. The T
�
flavon fields acquire vacuum expectation values along the following
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1 Introduction

Experimentally, the best fit values for the neutrino mixing angles are very close
to the prediction of the tri-bimaximal mixing (TBM) matrix [?],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ⊙ = 1/2 and sin θ13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [?].
Nevertheless, A4 does not give rise to quark mixing [?]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3 (3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψζ

� + ydH5
�FTaφ

2ψ�
�

(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
� is exact

MRR =




1 0 0
0 0 1
0 1 0



 s0Λ

MD =




2ξ0 + η0 −ξ0 −ξ0
−ξ0 2ξ0 −ξ0 + η0
−ξ0 −ξ0 + η0 2ξ0



 ζ0ζ
�
0v
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Experimentally, the best fit values for the neutrino mixing angles are very

close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin
2 θatm = 1/2, tan

2 θ⊙ = 1/2 and sin θ13 = 0. It has been

realized that the TBM matrix can arise from an underlying A4 symmetry [5].

Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact

TBM matrix does not give rise to CP violation, due to the correction from the

charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3
(3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψN + ydH5

�FTaφ
2ψ�

�
(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
�
is exact

which is invariant under SU(5) × T
�
and it is CP non-invariant. Here the

parameter Λ is the cutoff scale of the T
�
symmetry while MX is the scale where

lepton number violating operators are generated. Note that all Yukawa coupling

constants, yx, in the Lagrangian are real parameters. Even if they are made

complex, their phases can be absorbed by redefinition of the Higgs and flavon

fields. The T
�
flavon fields acquire vacuum expectation values along the following

2

Reality of Yukawa couplings: ensured by degrees of freedom in field redefinition
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neutrino masses
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ω
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ω
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ω
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ω
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ω
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ω
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Z
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12 ω ω
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8
ω

10
ω

3
ω

3
ω

6
ω

7
ω

8
ω

2
ω

11 1 1

TABLE I: Charge assignments. Here the parameter ω = e
iπ/6.

the quark sector while maintaining near TBM pattern. However, in order to explain the mass

hierarchy, the model has to resort to an additional U(1) symmetry. Furthermore, a large number

of operators are present in this model, making it less predictive. Here we consider an SU(5) model

combined with (d)
T symmetry, which successfully accommodates the mass hierarchy as well as the

mixing matrices in both quark and lepton sectors. With an additional Z12 × Z
�
12 symmetry, only

“good” operators are allowed up to at least dimension seven, making the model very predictive.

In addition, the mass hierarchy is naturally explained without having hierarchy in the vacuum

expectation values (VEV’s) of the scalar fields, the reason being that the mass operators for the

lighter generation are allowed to appear only at higher order compared to those for the heavy

generation. Thus we have a dynamical explanation for the mass hierarchy.

II. THE MODEL

In SU(5), all matter fields are unified into a 10(Q, u
c
, e

c)L and a 5(dc
, �)L dimensional repre-

sentations. The three generations of 5 are assigned into a triplet of (d)
T , in order to generate the

tri-bimaximal mixing pattern in the lepton sector, and it is denoted by F . On the other hand, to

obtain realistic quark sector, the third generation of the 10-dim representation transforms as a sin-

glet, so that the top quark mass is allowed by the family symmetry, while the first and the second

generations form a doublet of (d)
T . These 10-dim representations are denoted by, respectively, T3

and Ta, where a = 1, 2. The Yukawa interactions are mediated by a 5-dim Higgs, H5 as well as a

45-dim Higgs, ∆45, which is required for the Georgi-Jarlskog relations. We have summarized these

quantum number assignment in Table I.

3

SU(5) T′

:   (T1,T2) ∼ 2,   T3 ∼1

T3 Ta F H5 ∆45 φ φ
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ω
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TABLE I: Charge assignments. Here the parameter ω = e
iπ/6.

the quark sector while maintaining near TBM pattern. However, in order to explain the mass

hierarchy, the model has to resort to an additional U(1) symmetry. Furthermore, a large number

of operators are present in this model, making it less predictive. Here we consider an SU(5) model

combined with (d)
T symmetry, which successfully accommodates the mass hierarchy as well as the

mixing matrices in both quark and lepton sectors. With an additional Z12 × Z
�
12 symmetry, only

“good” operators are allowed up to at least dimension seven, making the model very predictive.

In addition, the mass hierarchy is naturally explained without having hierarchy in the vacuum

expectation values (VEV’s) of the scalar fields, the reason being that the mass operators for the

lighter generation are allowed to appear only at higher order compared to those for the heavy

generation. Thus we have a dynamical explanation for the mass hierarchy.

II. THE MODEL

In SU(5), all matter fields are unified into a 10(Q, u
c
, e

c)L and a 5(dc
, �)L dimensional repre-

sentations. The three generations of 5 are assigned into a triplet of (d)
T , in order to generate the

tri-bimaximal mixing pattern in the lepton sector, and it is denoted by F . On the other hand, to

obtain realistic quark sector, the third generation of the 10-dim representation transforms as a sin-

glet, so that the top quark mass is allowed by the family symmetry, while the first and the second

generations form a doublet of (d)
T . These 10-dim representations are denoted by, respectively, T3

and Ta, where a = 1, 2. The Yukawa interactions are mediated by a 5-dim Higgs, H5 as well as a

45-dim Higgs, ∆45, which is required for the Georgi-Jarlskog relations. We have summarized these

quantum number assignment in Table I.

3
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Model Predictions

• Resulting neutrino mass matrices

• seesaw mechanism: effective neutrino mass matrix

• mass sum rule among 3 masses:
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Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ⊙ = 1/2 and sin θ13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3 (3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψN + ydH5

�FTaφ
2ψ�

�
(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
� is exact

MRR =




1 0 0
0 0 1
0 1 0



 s0Λ

�S� = s0Λ

�η� = η0Λ

2

only vector representations
⇒ all CG are real

⇒ Majorana phases: 0 or π 

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2σ

limits for the mixing parameters [1],

sin2 θ12 = 0.30 (0.25− 0.34), sin2 θ23 = 0.5 (0.38− 0.64), sin2 θ13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =





�
2/3 1/

√
3 0

−
�

1/6 1/
√

3 −1/
√

2

−
�

1/6 1/
√

3 1/
√

2




, (2)

which predicts sin2 θatm, TBM = 1/2 and sin θ13,TBM = 0. In addition, it predicts sin2 θ⊙,TBM = 1/3

for the solar mixing angle. Even though the predicted θ⊙,TBM is currently still allowed by the

experimental data at 2σ, as it is very close to the upper bound at the 2σ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1�, 1�� and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a different finite group, the double tetrahedral group, (d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)T has three in-equivalent

doublets, 2, 2�, and 2��, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⊕ 1 representation assignments under (d)T , and the

prediction for the solar mixing angle is ∼ 10−3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)T to

2

Form diagonalizable: 
-- no adjustable parameters
-- neutrino mixing from CG coefficients!

10

T3 Ta F N H5 H
�
5

∆45 φ φ� ψ ψ� ζ ζ � ξ η S

SU(5) 10 10 5 1 5 5 45 1 1 1 1 1 1 1 1 1

T
�

1 2 3 3 1 1 1
�

3 3 2
�

2 1
��

1
�

3 1 1

Z12 ω5 ω2 ω5 ω7 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10 ω10

Z
�
12 ω ω4 ω8 ω5 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11

1 1 ω2

Table 1: Field content of our model. The three generations of matter fields in

10 and 5 of SU(5) are in the T3, Ta (a = 1, 2) and F multiplets. The Higges

that are needed to generate SU(5) invariant Yukawa interactions are H5, H
�
5

and ∆45. The flavon fields φ through N are those that give rise to the charged

fermion mass matrices, while ξ and η are the ones that generate neutrino masses.

The Z12 charges are given in terms of the parameter ω = e
iπ/6

.

�S� = s0Λ

�η� = η0Λ

U
T
TBMMνUTBM = diag((3ξ0 + η0)

2
, η20 ,−(−3ξ0 + η0)

2
)
(ζ0ζ �0vu)

2

s0Λ

which is invariant under SU(5) × T
�
and it is CP non-invariant. Here the

parameter Λ is the cutoff scale of the T
�
symmetry while MX is the scale where

lepton number violating operators are generated. Note that all Yukawa coupling

constants, yx, in the Lagrangian are real parameters. Even if they are made

complex, their phases can be absorbed by redefinition of the Higgs and flavon

fields. The T
�
flavon fields acquire vacuum expectation values along the following

direction,

�ξ� =




1

1

1



 ξ0Λ , �φ�� =




1

1

1



φ�
0Λ , (6)

�φ� =




0

0

1



φ0Λ , �ψ� =
�

1

0

�
ψ0Λ , (7)

�ψ�� =
�

1

1

�
ψ�
0Λ , (8)

�ζ� = ζ0Λ , �N� = N0Λ , �η� = u0Λ . (9)

Note that all the expectation values are real and they don’t contribute to CP

violation. (An interesting possibility of having spontaneous CP violation even

though the VEVs of scalars are real has been discussed [13].)
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1 Introduction

Experimentally, the best fit values for the neutrino mixing angles are very close
to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ⊙ = 1/2 and sin θ13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3 (3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψζ

� + ydH5
�FTaφ

2ψ�
�

(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
� is exact

MRR =




1 0 0
0 0 1
0 1 0



 s0Λ

MD =




2ξ0 + η0 −ξ0 −ξ0
−ξ0 2ξ0 −ξ0 + η0
−ξ0 −ξ0 + η0 2ξ0



 ζ0ζ
�
0vu

2

�ζ �� = ζ �0

tan2 θ⊙,exp = 0.468

h = Uν,RMD

S0 = 1012 GeV

�S� = S0

2

�ζ �� = ζ �0

tan2 θ⊙,exp = 0.468

h = Uν,RMD

S0 = 1012 GeV

�S� = S0

2
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sin 2β = 0.672+0.069
−0.07

γ (deg) = 71+46
−45

α (deg) = 89+21
−13

τ(p → e
+π0) > 8.2× 1033 years (90% CL, SuperK 2009) (1)

τ(p → νK+) > 2.3× 1033 years (90% CL, SuperK 2005) (2)

V
†
e,RMeVe,L = diag(me,mµ,mτ )

V
T
ν,LMνVν,L = diag(m1,m2,m3)

V
†
u,RMuVu,L = diag(mu,mc,mt)

V
†
d,RMνVd,L = diag(md,ms,mb)

current bound: | �m� | ≡
����
�

i=1,2,3

miU
2
ie

���� (3)

�̃ q̃ H̃

����|
√
m1|+ |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) > 0

����|
√
m1|− |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) < 0

m1 = (3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

m2 = η20
(ζ0ζ �0vu)

2

s0Λ

m3 = −(−3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

tan2 θ⊙,exp = 0.468

1

can accommodate both normal 
     & inverted mass spectrum



Model Predictions

• Charged Fermion Sector (7 parameters)

• Neutrino Sector (2 parameters)

Vcb Vub

Georgi-Jarlskog relations ⇒ Vd,L ≠ I

SU(5) ⇒ Md = (Me)T 

⇒ corrections to TBM related to θc

angle, the corresponding mixing angle in the charged lepton sector, θ
e
12, is much suppressed due to

the GJ relations,

θ
e
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2
θ⊙ � tan2

θ⊙,TBM − e
iβ

θc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ
�
0.

With θc � 0.22 and (φ0ψ
�
0) being real, the factor e

iβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2
θ⊙,TBM = 1/2, and the experimental best fit value, tan2

θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ
�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �
2
u : �u : 1, md : ms : mb = �

2
d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ
�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)

8

UMNS = V †
e,LUTBM =




1 −θc/3 ∗

θc/3 1 ∗
∗ ∗ 1









�
2/3 1/

√
3 0

−
�

1/6 1/
√

3 −1/
√

2
−

�
1/6 1/

√
3 1/

√
2





(1)

1

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(49)




0.838 0.542 0.0583e−i227o

−0.385− 0.0345ei227o
0.594− 0.0224ei227o

0.705
0.384− 0.0346ei227o −0.592− 0.0224ei227o

0.707



 (50)

→ |UMNS | =




0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707



 (51)

J� = −0.00967 (52)

Charged lepton diagonalization matrix:



0.997ei177o

0.0823ei131o
1.31× 10−5e−i45o

0.0823ei41.8o
0.997ei176o

0.000149e−i3.58o

1.14× 10−6 0.000149 1



 (53)

sin2 2θatm = 1, tan2 θ⊙ = 0.419, |Ue3| = 0.0583 (54)

tan2 θ⊙ � tan2 θ⊙,TBM +
1
2
θc cos δ (55)

4

The correction to the θ12 due to mixing in the charged lepton sector can account for the difference

between sin2
θ
2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2
θ12 = 0.3. The GJ relation for the first family, md � 3me, is obtained due to the

operator H5FTaφ
2
ψ
�, which further breaks the (d)

T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =





0 (1 + i)φ0ψ
�
0 0

−(1− i)φ0ψ
�
0 ψ0N0 0

φ0ψ
�
0 φ0ψ

�
0 ζ0




ybvdφ0, (15)

Me =





0 −(1− i)φ0ψ
�
0 φ0ψ

�
0

(1 + i)φ0ψ
�
0 −3ψ0N0 φ0ψ

�
0

0 0 ζ0




ybvdφ0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, φ0 and ψ
�
0.

Since the off diagonal elements in these mass matrices involve two VEV’s, φ0ψ
�
0, they are naturally

smaller compared to ψ0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to θ12 and θ13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)

T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
ψ

�
breaks (d)

T down to GT, the mass mc and Vtd is generated by the operators, H5T3Taφζ

and H5TaTaφ
2. The breaking of (d)

T → GTST2 gives rise the up quark mass through the operator

H5TaTbφ
�3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =





iφ
�3
0

1−i
2 φ

�3
0 0

1−i
2 φ

�3
0 φ

�3
0 + (1− i

2)φ2
0 y

�
ψ0ζ0

0 y
�
ψ0ζ0 1




ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ψ0 and φ
�
0, and y

� = yts/
√

ycyt.

The mixing angel θ
u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as θ
u
12 �

�
mu/mc, while the mixing angle θ

d
12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as θ
d
12 �

�
md/ms, to the leading order. The

Cabibbo angle, θc, is therefore given by θc �
���md/ms − e

iα
�

mu/mc

�� ∼
�

md/ms, where the

relative phase α depends upon the coupling constants. Even though θ
d
12 is of the size of the Cabibbo

7

neutrino mixing
angle 1/2 quark mixing

angle

complex CGs: leptonic Dirac CPV 
(the only non-zero leptonic CPV phase)

angle, the corresponding mixing angle in the charged lepton sector, θe
12, is much suppressed due to

the GJ relations,

θe
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 θ⊙ � tan2 θ⊙,TBM − eiβθc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ�
0.

With θc � 0.22 and (φ0ψ�
0) being real, the factor eiβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2 θ⊙,TBM = 1/2, and the experimental best fit value, tan2 θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �2u : �u : 1, md : ms : mb = �2d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)

8

CGs of 
SU(5) & T´

⇒ connection between leptogenesis & CPV in neutrino oscillation

prediction for Majorana 
phases:  0, π 

correction accounts for discrepancy between exp 
best fit value and TBM prediction for solar angle

11

ybvdφ0

sin 2β = 0.672+0.069
−0.07

γ (deg) = 71+46
−45

α (deg) = 89+21
−13

τ(p → e
+π0) > 8.2× 1033 years (90% CL, SuperK 2009) (1)

τ(p → νK+) > 2.3× 1033 years (90% CL, SuperK 2005) (2)

V
†
e,RMeVe,L = diag(me,mµ,mτ )

V
T
ν,LMνVν,L = diag(m1,m2,m3)

V
†
u,RMuVu,L = diag(mu,mc,mt)

V
†
d,RMνVd,L = diag(md,ms,mb)

current bound: | �m� | ≡
����
�

i=1,2,3

miU
2
ie

���� (3)

�̃ q̃ H̃

����|
√
m1|+ |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) > 0

����|
√
m1|− |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) < 0

T
� → GS : �ζ� = ζ0 , �ζ �� = ζ �0

m1 = (3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

m2 = η20
(ζ0ζ �0vu)

2

s0Λ

m3 = −(−3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

1

M.-C.C, K.T. Mahanthappa
Phys. Lett. B652, 34 (2007);  Phys. Lett. B681, 444 (2009)

Mu-Chun Chen, UC Irvine                                                                                                                            SuperB Meeting, 12/14/2010

spinorial representations ⇒ complex CGs 

⇒ CPV in quark sector



Numerical Results

• Experimentally:

• Model Parameters at MGUT: 

• CKM Matrix and Quark CPV measures:

α ≡ arg
�
−VtdV ∗

tb

VudV ∗
ub

�
= 110o , (35)

γ ≡ arg
�
−VudV ∗

ub

VcdV ∗
cb

�
= δq = 45.6o , (36)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 2.69× 10−5 , (37)

A = 0.798 (38)
ρ = 0.299 (39)
η = 0.306 (40)

The mass ratios within the same sectors do not have RG corrections. With
the parameters chosen, we get

md : ms : mb = θ4.6
c : θ2.7

c : 1 , (41)
mu : mc : mt = θ7.5

c : θ3.7
c : 1 . (42)

Eq. 43 agree with Rosner et al (with θc � 0.23), which gives

md : ms : mb = θ4.7
c : θ2.7

c : 1 , (43)

In Eq. 42, mc agrees with Rosner et al, while both mu and mc agree with
Fusaoka et al (hep-ph/9712201, PRD57, 3986, 1998), which has, at Mz,

mu : mc : mt = (0.0000142− 0.0000164) : (0.00318− 0.00436) : 1 (44)
� θ7.5

c : θ3.7
c : 1 . (45)

The complex CKM matrix can be rewritten in the Standard Form by re-
defining the quark fields through two diagonal phase matrices:

Vckm →




e−iα1 0 0

0 e−iα2 0
0 0 e−iα3





·




0.974e−i25.4o

0.227ei23.1o
0.00412ei166o

0.227ei123o
0.973e−i8.24o

0.0412ei180o

0.00718ei99.7o
0.0408e−i7.28o

0.999



 ·




e−iβ1 0 0

0 e−iβ2 0
0 0 1





=




0.974 0.227 0.00412e−i45.6o

−0.227− 0.000164ei45.6o
0.974− 0.0000384ei45.6o

0.0411
0.00932− 0.00401ei45.6o −0.0400− 0.000935ei45.6o

1



 ,

(46)

with
α1 = 211.6o, α2 = 180o, α3 = 0, β1 = 123o, β2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(48)

3

α ≡ arg
�
−VtdV ∗

tb

VudV ∗
ub

�
= 110o , (35)

γ ≡ arg
�
−VudV ∗

ub

VcdV ∗
cb

�
= δq = 45.6o , (36)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 2.69× 10−5 , (37)

A = 0.798 (38)
ρ = 0.299 (39)
η = 0.306 (40)

The mass ratios within the same sectors do not have RG corrections. With
the parameters chosen, we get

md : ms : mb = θ4.6
c : θ2.7

c : 1 , (41)
mu : mc : mt = θ7.5

c : θ3.7
c : 1 . (42)

Eq. 43 agree with Rosner et al (with θc � 0.23), which gives

md : ms : mb = θ4.7
c : θ2.7

c : 1 , (43)

In Eq. 42, mc agrees with Rosner et al, while both mu and mc agree with
Fusaoka et al (hep-ph/9712201, PRD57, 3986, 1998), which has, at Mz,

mu : mc : mt = (0.0000142− 0.0000164) : (0.00318− 0.00436) : 1 (44)
� θ7.5

c : θ3.7
c : 1 . (45)

The complex CKM matrix can be rewritten in the Standard Form by re-
defining the quark fields through two diagonal phase matrices:

Vckm →




e−iα1 0 0

0 e−iα2 0
0 0 e−iα3





·




0.974e−i25.4o

0.227ei23.1o
0.00412ei166o

0.227ei123o
0.973e−i8.24o

0.0412ei180o

0.00718ei99.7o
0.0408e−i7.28o

0.999



 ·




e−iβ1 0 0

0 e−iβ2 0
0 0 1





=




0.974 0.227 0.00412e−i45.6o

−0.227− 0.000164ei45.6o
0.974− 0.0000384ei45.6o

0.0411
0.00932− 0.00401ei45.6o −0.0400− 0.000935ei45.6o

1



 ,

(46)

with
α1 = 211.6o, α2 = 180o, α3 = 0, β1 = 123o, β2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(48)

3

UPMNS =




1 0 0
0 c23 s23

0 −s23 c23








c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13








c12 s12 0
−s12 c12 0

0 0 1








1 0 0
0 eiα21/2 0
0 0 eiα31/2



 (1)

∆m2
31 = (2.40+0.24

−0.22)× 10−3 eV2, ∆m2
21 = (7.65+0.46

−0.40)× 10−5 eV2

sin2 θ23 = 0.5+0.14
−0.12, sin2 θ12 = 0.304+0.044

−0.032, sin2 θ13 = 0.01(≤ 0.040)

sin2 θ13 = 0.01+0.016
−0.011 (1σ)

S =
1
3




−1 2ω 2ω2

2ω2 −1 2ω
2ω 2ω2 −1





Z3 : GT

Z4 : GS , GTST 2

tan2 θ⊙ � tan2 θ⊙,TBM −
1
2
θc cos δ

Mu =




ig 1−i

2 g 0
1−i
2 g g + (1− i

2 )h k
0 k 1



 ytvu

h ≡ φ2
0 = 0.0053

1

angle, the corresponding mixing angle in the charged lepton sector, θe
12, is much suppressed due to

the GJ relations,

θe
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 θ⊙ � tan2 θ⊙,TBM − eiβθc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ�
0.

With θc � 0.22 and (φ0ψ�
0) being real, the factor eiβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2 θ⊙,TBM = 1/2, and the experimental best fit value, tan2 θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �2u : �u : 1, md : ms : mb = �2d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)
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which is parametrized by two parameters, giving the
three absolute neutrino masses [9] (see below). As these
interactions involve only the triplet representations of T �,
the relevant product rule is 3⊗ 3. Consequently, all CG
coefficients are real, leading to a real neutrino Majo-
rana mass matrix. The neutrino mass matrix given in
Eq. 16 has the special property that it is form diagonal-
izable [14], i.e. independent of the values of ξ0 and u0, it
is diagonalized by the tri-bimaximal mixing matrix,

UT
TBMMνUTBM = diag(u0 + 3ξ0, u0,−u0 + 3ξ0)

v2
u

MX
,

≡ diag(m1,m2,m3) . (17)

While the neutrino mass matrix is real, the complex
charged lepton mass matrix Me, which is diagonalized
by, V †

e,RMeVe,L = diag(me,mµ,mτ ), leads to a complex
VPMNS = V †

e,LUTBM (see below).
CPT Invariance and CP Violation.—Even though the

complexity of the Lagrangian arises in our model through
the complex CG coefficients, the hermiticity of the La-
grangian, which is required in order to have CPT invari-
ance, remains satisfied. This is easily seen using the com-
ponent form given in Eq. 11. Take the term URMuQL

for example. Its corresponding hermitian conjugate is

(URMuQL)† = (U†
Rγ0MuQL)† = QLM†

uUR . (18)

The hermiticity of the Lagrangian allows us to write, in
general,

L(�x, t) = αO(�x, t) + α∗
O
†(�x, t) , (19)

where O(�x, t) is some operator and α is some c-number.
Recall that, the charge conjugation C changes a left-
hande particle into a left-hande anti-particle, while the
parity P turns a left-handed particle into a right-handed
particle, and vice versa. Thus the CP transformation
converts a left-handed particle into a right-handed anti-
particle. Effectively,

O(�x, t) CP−→ O
†(−�x, t) , α

CP−→ α , (20)

The time reversal operator is antiunitary. It reverses the
momentum of a particle and flips its spin. Effectively,

O(�x, t) T−→ O(�x,−t) , α
T−→ α∗ , (21)

In the weak eigenstates, the interactions Lcc in Eq. 15 are
invariant under CP and T, as all coupling constants are
real. On the other hand, the Yukawa interactions violate
both CP and T. Using the up-quark sector again as an
example, for each conjugate pair specified by indices i
and j,

UR,i(Mu)ijQL,j + QL,j(M
†
u)jiUR,i

CP−→ QL,j(Mu)ijUR,i + UR,i(Mu)∗ijQL,j , (22)

UR,i(Mu)ijQL,j + QL,j(M
†
u)jiUR,i

T−→ UR,i(Mu)∗ijQL,j + QL,j(Mu)ijUR,i , (23)

The complexity of the mass matrix, giving rise to CP and
T violations, ensues from the complex CG coefficients in
T �. Here we have suppressed the space-time coordinates
the inversions of which under the transformations are as-
sumed implicitly. Due to its hermiticity, the Lagrangian
is CPT invariant,

URMuQL +QLM†
uUR

CPT−→ QLM†
uUR +URMuQL , (24)

Alternatively, in the mass eigenstates, the Yukawa inter-
actions are invariant under CP and T, while the charged
current interactions violate CP and T individually and
are invariant under CPT. Note that CP violation is in-
herent in the Lagrangian Eq.3, which is T � and SU(5)
invariant.

Numerical Predictions.—The predicted charged
fermion mass matrices in our model are parametrized in
terms of 7 parameters,

Mu

ytvu
=




ig 1−i

2 g 0
1−i
2 g g + (1− i

2 )h k

0 k 1



 , (25)

Md, MT
e

ybvdφ0ζ0
=




0 (1 + i)b 0

−(1− i)b (1,−3)c 0
b b 1



 , (26)

With b ≡ φ0ψ�
0/ζ0 = 0.0029, c ≡ ψ0N0/ζ0 = −0.0169,

k ≡ y�ψ0ζ0 = −0.029, h ≡ φ2
0 = 0.008 and g ≡ φ�30 =

−9 × 10−6, the following mass ratios are obtained, md :
ms : mb � θ4.7

c : θ2.7
c : 1, mu : mc : mt � θ8

c : θ3.2
c : 1,

with θc �
�

md/ms � 0.225. (These ratios in terms
of θc coincide with those give in [15].) We have also
taken yt = 1 and ybφ0ζ0 � mb/mt � 0.011. As a result
of the GJ relations, realistic charged lepton masses are
obtained. Making use of these parameters, the complex
CKM matrix is,




0.975e−i26.8o

0.225ei21.1o
0.00293ei164o

0.224ei124o
0.974e−i8.19o

0.032ei180o

0.00557ei103o
0.0317e−i7.33o

0.999



 . (27)

The values for |VCKM | elements are in agreement with
current experimental values. The predictions of our
model for the angles in the unitarity triangle and the
Jarlskog invariant in the quark sector are,

β ≡ arg
�
−VcdV ∗

cb

VtdV ∗
tb

�
= 21.3o, sin 2β = 0.676 , (28)

α ≡ arg
�
−VtdV ∗

tb

VudV ∗
ub

�
= 114o , (29)

γ ≡ arg
�
−VudV ∗

ub

VcdV ∗
cb

�
= δq = 44.9o , (30)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 1.45× 10−5 , (31)

where δq is the CP phase in the standard parametriza-
tion. In terms of the Wolfenstein parameters, we have

7  parameters in 
charged fermion 

sector

α ≡ arg
�
−VtdV ∗

tb

VudV ∗
ub

�
= 110o , (35)

γ ≡ arg
�
−VudV ∗

ub

VcdV ∗
cb

�
= δq = 45.6o , (36)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 2.69× 10−5 , (37)

A = 0.798 (38)
ρ = 0.299 (39)
η = 0.306 (40)

The mass ratios within the same sectors do not have RG corrections. With
the parameters chosen, we get

md : ms : mb = θ4.6
c : θ2.7

c : 1 , (41)
mu : mc : mt = θ7.5

c : θ3.7
c : 1 . (42)

Eq. 43 agree with Rosner et al (with θc � 0.23), which gives

md : ms : mb = θ4.7
c : θ2.7

c : 1 , (43)

In Eq. 42, mc agrees with Rosner et al, while both mu and mc agree with
Fusaoka et al (hep-ph/9712201, PRD57, 3986, 1998), which has, at Mz,

mu : mc : mt = (0.0000142− 0.0000164) : (0.00318− 0.00436) : 1 (44)
� θ7.5

c : θ3.7
c : 1 . (45)

The complex CKM matrix can be rewritten in the Standard Form by re-
defining the quark fields through two diagonal phase matrices:

Vckm →




e−iα1 0 0

0 e−iα2 0
0 0 e−iα3





·




0.974e−i25.4o

0.227ei23.1o
0.00412ei166o

0.227ei123o
0.973e−i8.24o

0.0412ei180o

0.00718ei99.7o
0.0408e−i7.28o

0.999



 ·




e−iβ1 0 0

0 e−iβ2 0
0 0 1





=




0.974 0.227 0.00412e−i45.6o

−0.227− 0.000164ei45.6o
0.974− 0.0000384ei45.6o

0.0411
0.00932− 0.00401ei45.6o −0.0400− 0.000935ei45.6o

1



 ,

(46)

with
α1 = 211.6o, α2 = 180o, α3 = 0, β1 = 123o, β2 = 171.5o . (47)

and

|VCKM | =




0.974 0.227 0.00412
0.227 0.973 0.0412

0.00718 0.0408 0.999



 (48)
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Results from CKMFitter (Moriond 2009) at 3σ are

A = 0.767− 0.841 (11)
λ = 0.2227− 0.2277 (12)
ρ = 0.087− 0.212 (13)
η = 0.307− 0.389 (14)
J = (2.69− 3.37)× 10−5 (15)

The three angles of the unitarity triangle:

α = 76o − 110o (direct meas.) , (16)
β = 20.1o − 30.2o (meas. not in the fit) , (17)
γ = 18o − 130o (dir. meas.) . (18)

And the 3σ allowed range for the CKM matrix elements are

|Vud| = 0.974 (19)
|Vus| = 0.2227− 0.2277 (20)
|Vub| = 0.0031− 0.00395 (measurement not in the fit) (21)
|Vcd| = 0.2226− 0.2276 (22)
|Vcs| = 0.9735 (23)
|Vcb| = 0.0388− 0.0464 (measurement not in the fit) (24)
|Vtd| = 0.00795− 0.00915 (25)
|Vts| = 0.0385− 0.0415 (26)
|Vtb| = 0.999 (27)

With the following input parameters,

b ≡ φ0ψ
�
0/ζ0 = 0.00304 (28)

c ≡ ψ0N0/ζ0 = −0.0172 (29)
k ≡ y�ψ0ζ0 = −0.0266 (30)
h ≡ φ2

0 = 0.00426 (31)
g ≡ φ�30 = 0.0000145 (32)

Making use of these parameters, the complex CKM matrix is,



0.974e−i25.4o

0.227ei23.1o
0.00412ei166o

0.227ei123o
0.973e−i8.24o

0.0412ei180o

0.00718ei99.7o
0.0408e−i7.28o

0.999



 . (33)

The predictions of our model for the angles in the unitarity triangle and the
Jarlskog invariant in the quark sector are,

β ≡ arg
�
−VcdV ∗

cb

VtdV ∗
tb

�
= 23.6o, sin 2β = 0.734 , (34)

2
α ≡ arg

�
−VtdV ∗

tb

VudV ∗
ub

�
= 110o , (35)

γ ≡ arg
�
−VudV ∗

ub

VcdV ∗
cb

�
= δq = 45.6o , (36)

J ≡ Im(VudVcbV
∗
ubV

∗
cs) = 2.69× 10−5 , (37)

A = 0.798 (38)
ρ = 0.299 (39)
η = 0.306 (40)

The mass ratios within the same sectors do not have RG corrections. With
the parameters chosen, we get

md : ms : mb = θ4.6
c : θ2.7

c : 1 , (41)
mu : mc : mt = θ7.5

c : θ3.7
c : 1 . (42)

Eq. 43 agree with Rosner et al (with θc � 0.23), which gives

md : ms : mb = θ4.7
c : θ2.7

c : 1 , (43)

In Eq. 42, mc agrees with Rosner et al, while both mu and mc agree with
Fusaoka et al (hep-ph/9712201, PRD57, 3986, 1998), which has, at Mz,

mu : mc : mt = (0.0000142− 0.0000164) : (0.00318− 0.00436) : 1 (44)
� θ7.5

c : θ3.7
c : 1 . (45)

The complex CKM matrix can be rewritten in the Standard Form by re-
defining the quark fields through two diagonal phase matrices:

Vckm →


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



·
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0.999



 ·
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1



 ,

(46)

with
α1 = 211.6o, α2 = 180o, α3 = 0, β1 = 123o, β2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(48)
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The complex CKM matrix can be rewritten in the Standard Form by re-
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



·
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0.227ei23.1o
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0.973e−i8.24o
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
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


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



=


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0.974 0.227 0.00412e−i45.6o
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0.0411
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1



 ,

(46)

with
α1 = 211.6o, α2 = 180o, α3 = 0, β1 = 123o, β2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(48)
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predicting: 9 masses, 3 mixing angles, 1 CP 
Phase; all agree with exp within 3σ

form diagonalizable [14], i.e. independent of the values of ξ0 and u0, it is
diagonalized by the tri-bimaximal mixing matrix, UT

TBMMνUTBM = diag(u0 +

3ξ0, u0,−u0 + 3ξ0)
v2
u

MX
≡ diag(m1,m2,m3). While the neutrino mass matrix

is real, the complex charged lepton mass matrix Me, which is diagonalized by,
V †
e,RMeVe,L = diag(me,mµ,mτ ), leads to a complex VPMNS = V †

e,LUTBM (see
below).

2 Numerical Predictions

The predicted charged fermion mass matrices in our model are parametrized in
terms of 7 parameters [8],

Mu

ytvu
=




ig 1−i

2 g 0
1−i
2 g g + (1− i

2 )h k
0 k 1



 , (15)

Md, MT
e

ybvdφ0ζ0
=




0 (1 + i)b 0

−(1− i)b (1,−3)c 0
b b 1



 . (16)

With b ≡ φ0ψ�
0/ζ0 = 0.00304, c ≡ ψ0ζ �0/ζ0 = −0.0172, k ≡ y�ψ0ζ0 = −0.0266,

h ≡ φ2
0 = 0.00426 and g ≡ φ�3

0 = 1.45 × 10−5, the following mass ratios are
obtained, md : ms : mb � θ4.7

c : θ2.7
c : 1, mu : mc : mt � θ7.5

c : θ3.7
c : 1, with

θc �
�

md/ms � 0.225. (These ratios in terms of θc coincide with those give
in [15].) We have also taken yt = 1.25 and ybφ0ζ0 � mb/mt � 0.011 and have
taken into account the renormalization group corrections. As a result of the
GJ relations, realistic charged lepton masses are obtained. Making use of these
parameters, the complex CKM matrix is,




0.974e−i25.4o 0.227ei23.1

o
0.00412ei166

o

0.227ei123
o

0.973e−i8.24o 0.0412ei180
o

0.00718ei99.7
o

0.0408e−i7.28o 0.999



 . (17)

b ≡ φ0ψ
�
0/ζ0 = 0.00304

c ≡ ψ0ζ
�
0/ζ0 = −0.0172

k ≡ y�ψ0ζ0 = −0.0266

h ≡ φ2
0 = 0.00426

g ≡ φ�3
0 = 1.45× 10−5

The predictions of our model for the angles in the unitarity triangle are,
β = 23.6o (sin 2β = 0.734), α = 110o, and γ = δq = 45.6o, (where δq is
the CP phase in the standard parametrization), and they agree with the di-
rect measurements within 1σ of BaBar and 2σ of Belle (M. Antonelli et al in
Ref. [16].) Except for observables whose experimental values are obtained from
direct measurements, comparison between the global fit results and predictions

5
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Frequent Questions & Answers

1. SUSY versus non-SUSY:

When the model is supersymmetrized, the Yukawa Lagrangian that we had in the non-SUSY
version then becomes the Yukawa superpotential in the SUSY version (the only change is to
interpret all the fields as chiral superfields).

The major change is in Higgs and flavon potentials.

2. Proton Decay:

• dimension-6 operators mediated by gauge bosons

3. Reality of the Yukawa couplings and VEVs:

4. Invariants of operator involving ∆45:

5. Alternative Seesaw:

6. Leptogenesis:

• Without the flavor effects:

yt = 1.25

Im(hh†) = 0

• Flavor effects:

Due to the hierarchy in the charged lepton Yukawa coupling constants, the Yukawa inter-
actions Ye, Yµ, Yτ reach equilibrium at different temperatures at 106, 109, and 1012 GeV,
respectively, as determined by Teq = Y

2
Mpl. If leptogenesis occurs at temperature above

1012 GeV, all three flavors are out of equilibrium and thus indistinguishable. One flavor
approximation applies in this region

If leptogenesis occurs at a scale below 1012 GeV, the one flavor approximation is no longer
valid.

• With flavor effects in the usual (i.e. Altarelli-Feruglio) seesaw:

In the usual seesaw realization, with

Wusual
ν = H5FN +NN(ξ + η) , (1)

the resulting RH Majorana mass matrix (MRR) and Dirac neutrino Yukawa matrix (hD)
are

MRR =




2ξ0 + η0 −ξ0 −ξ0
−ξ0 2ξ0 −ξ0 + η0
−ξ0 −ξ0 + η0 2ξ0



Λ (2)

MD =




1 0 0
0 0 1
0 1 0



 v ≡ hDv (3)

The RH Majorana mass matrix is diagonalized by the TBM mixing matrix,

U
T
TBMMRRUTBM = diag(3ξ0 + η0, η0, 3ξ0 − η0)Λ (4)

In the basis where MRR and Me are diagonal, the Dirac neutrino Yukawa matrix reads,

h = U
T
TBMhDUeL (5)

1

CPV entirely from CG coefficients

Direct measurements @ 3σ
(ICHEP2010)

ybvdφ0ζ0

sin 2β = 0.672+0.069
−0.07

γ (deg) = 71+46
−45

α (deg) = 89+21
−13

τ(p → e
+π0) > 8.2× 1033 years (90% CL, SuperK 2009) (1)

τ(p → νK+) > 2.3× 1033 years (90% CL, SuperK 2005) (2)

V
†
e,RMeVe,L = diag(me,mµ,mτ )

V
T
ν,LMνVν,L = diag(m1,m2,m3)

V
†
u,RMuVu,L = diag(mu,mc,mt)

V
†
d,RMνVd,L = diag(md,ms,mb)

current bound: | �m� | ≡
����
�

i=1,2,3

miU
2
ie

���� (3)

�̃ q̃ H̃

����|
√
m1|+ |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) > 0

����|
√
m1|− |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) < 0

T
� → GS : �ζ� = ζ0 , �ζ �� = ζ �0

m1 = (3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

m2 = η20
(ζ0ζ �0vu)

2

s0Λ

m3 = −(−3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

1
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Numerical Results

• Diagonalization matrix for charged leptons

• MNS Matrix

• Neutrino Masses: using best fit values for ∆m2 

• Majorana phases: 

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(49)




0.838 0.542 0.0583e−i227o

−0.385− 0.0345ei227o
0.594− 0.0224ei227o

0.705
0.384− 0.0346ei227o −0.592− 0.0224ei227o

0.707



 (50)

→ |UMNS | =




0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707



 (51)

J� = −0.00967 (52)

Charged lepton diagonalization matrix:



0.997ei177o

0.0823ei131o
1.31× 10−5e−i45o

0.0823ei41.8o
0.997ei176o

0.000149e−i3.58o

1.14× 10−6 0.000149 1



 (53)
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sin2 2θatm = 1, tan2 θ⊙ = 0.419, |Ue3| = 0.0583 (54)

4

Note that these predictions do NOT depend on η0 and ξ0

prediction for Dirac CP phase:  δ = 227 degrees

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),
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J� = −0.00967 (51)

4

⇒ connection between leptogenesis
 & CPV in neutrino oscillation

2 independent parameters in neutrino sector

predicting:  3 masses, 3 angles, 3 CP Phases;
both θsol & θatm agree with exp

4

λ = 0.225, A = 0.637, ρ = 0.280 and η = 0.280. These
values are in agreement with current experimental re-
sults [16].

As a result of the GJ relations, our model predicts the
sum rule [9, 17] between the solar neutrino mixing angle
and the Cabibbo angle in the quark sector,

tan2 θ! ! tan2 θ!,TBM −
1

2
θc cos δ! . (32)

In addition, our model predicts θ13 ∼ θc/3
√

2. Numeri-
cally, the diagonalization matrix for the charged leptons
is,







0.997ei177o

0.08ei132o

1.2 × 10−5e−i45o

0.08ei41.9o

0.997ei177o

1.40 × 10−4e−i3.47o

10−6 1.4 × 10−4 1






. (33)

This leads to small deviation from the TBM pattern, giv-
ing

VPMNS =







0.837e−i179o

0.544e−i173o

0.0566ei138o

0.364e−i3.86o

0.609e−i173o

0.705ei3.45o

0.408ei180o

0.577 0.707






,

(34)
which gives sin2 θatm = 1, tan2 θ! = 0.422 and |Ue3| =
0.0566. The two VEV’s, u0 = −0.0593 and ξ0 = 0.0369,
give ∆m2

atm = 2.4 × 10−3 eV2 and ∆m2
! = 8.0 ×

10−5 eV2. As the three masses are given in terms of
two VEV’s, there exists a mass sum rule, m1 − m3 =
2m2, leading to normal mass hierarchy, ∆m2

atm > 0 [9].
The leptonic Jarlskog is predicted to be J! = −0.0094,
and equivalently, this gives a Dirac CP phase, δ! =
−46.9o in the standard parametrization. With such δ!,
the correction from the charged lepton sector can ac-
count for the difference between the TBM prediction and
the current best fit value for θ!. Our model predicts
(m1, m2, m3) = (0.0156,−0.0179, 0.0514) eV, with Ma-
jorana phases α21 = π and α31 = 0.

Our model has nine input parameters, predicting a to-
tal of twenty-two physical quantities: 12 masses, 6 mix-
ing angles, 2 Dirac CP violating phases and 2 Majorana
phases.

Conclusion.—We propose the complex group theoreti-
cal CG coefficients as a novel origin of CP violation. This
is manifest in our model based on SU(5) combined with
the double tetrahedral group, T ′. Due to the presence
of the doublet representations in T ′, there exist complex
CG coefficients, leading to explicit CP violation in the
model, while having real Yukawa couplings and scalar
VEVs. The predicted CP violation measures in the quark
sector are consistent with the current experimental data.
The leptonic Dirac CP violating phase is predicted to
be δ! ∼ −47o, which may be relevant for generating the
cosmological matter asymmetry.
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metry charges. See, e.g., M.-C. Chen, A. de Gouvea and
B. A. Dobrescu, Phys. Rev. D75, 055009 (2007); M.-
C. Chen, D. R. T. Jones, A. Rajaraman and H. B. Yu,
ibid. 78, 015019 (2008).

[14] For general conditions to obtain form diagonalizable neu-
trino mass matrix, see M.-C. Chen and S. F. King,
arXiv:0903.0125 [hep-ph].

[15] D. McKeen, J. L. Rosner and A. M. Thalapillil, Phys.
Rev. D76, 073014 (2007).
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[17] See also, S. Antusch and S. F. King, Phys. Lett. B631,
42 (2005).
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λ = 0.225, A = 0.637, ρ = 0.280 and η = 0.280. These
values are in agreement with current experimental re-
sults [16].

As a result of the GJ relations, our model predicts the
sum rule [9, 17] between the solar neutrino mixing angle
and the Cabibbo angle in the quark sector,

tan2 θ! ! tan2 θ!,TBM −
1

2
θc cos δ! . (32)

In addition, our model predicts θ13 ∼ θc/3
√

2. Numeri-
cally, the diagonalization matrix for the charged leptons
is,







0.997ei177o

0.08ei132o

1.2 × 10−5e−i45o

0.08ei41.9o

0.997ei177o

1.40 × 10−4e−i3.47o

10−6 1.4 × 10−4 1






. (33)

This leads to small deviation from the TBM pattern, giv-
ing

VPMNS =







0.837e−i179o

0.544e−i173o

0.0566ei138o

0.364e−i3.86o

0.609e−i173o

0.705ei3.45o

0.408ei180o

0.577 0.707






,

(34)
which gives sin2 θatm = 1, tan2 θ! = 0.422 and |Ue3| =
0.0566. The two VEV’s, u0 = −0.0593 and ξ0 = 0.0369,
give ∆m2

atm = 2.4 × 10−3 eV2 and ∆m2
! = 8.0 ×

10−5 eV2. As the three masses are given in terms of
two VEV’s, there exists a mass sum rule, m1 − m3 =
2m2, leading to normal mass hierarchy, ∆m2

atm > 0 [9].
The leptonic Jarlskog is predicted to be J! = −0.0094,
and equivalently, this gives a Dirac CP phase, δ! =
−46.9o in the standard parametrization. With such δ!,
the correction from the charged lepton sector can ac-
count for the difference between the TBM prediction and
the current best fit value for θ!. Our model predicts
(m1, m2, m3) = (0.0156,−0.0179, 0.0514) eV, with Ma-
jorana phases α21 = π and α31 = 0.

Our model has nine input parameters, predicting a to-
tal of twenty-two physical quantities: 12 masses, 6 mix-
ing angles, 2 Dirac CP violating phases and 2 Majorana
phases.

Conclusion.—We propose the complex group theoreti-
cal CG coefficients as a novel origin of CP violation. This
is manifest in our model based on SU(5) combined with
the double tetrahedral group, T ′. Due to the presence
of the doublet representations in T ′, there exist complex
CG coefficients, leading to explicit CP violation in the
model, while having real Yukawa couplings and scalar
VEVs. The predicted CP violation measures in the quark
sector are consistent with the current experimental data.
The leptonic Dirac CP violating phase is predicted to
be δ! ∼ −47o, which may be relevant for generating the
cosmological matter asymmetry.
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SuperK best fit:  δ = 220 degrees

Dirac phase the only 
non-vanishing leptonic CPV phase

of new physics models is not appropriate, because the global fit is based on the
Standard Model with loop corrections. (Nevertheless, even in this case, our pre-
dictions for the Wolfenstein paramteres, λ = 0.227, A = 0.798, ρ = 0.299 and
η = 0.306, are very close to the global fit values except for ρ. Our prediction for
the Jarlskog invariant, J ≡ Im(VudVcbV

∗
ubV

∗
cd) = 2.69×10−5, in the quark sector

also agrees with the current global fit value.) Potential direct measurements for
these parameters at the LHCb can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17]
between the solar neutrino mixing angle and the Cabibbo angle in the quark
sector, tan2 θ⊙ � tan2 θ⊙,TBM + 1

2θc cos δ�, with δ� being the leptonic Dirac
CP phase in the standard parametrization. In addition, our model predicts
θ13 ∼ θc/3

√
2. Numerically, the diagonalization matrix for the charged lepton

mass matrix combined with UTBM gives the PMNS matrix,




0.838e−i178o 0.543e−i173o 0.0582ei138

o

0.362e−i3.99o 0.610e−i173o 0.705ei3.55
o

0.408ei180
o

0.577 0.707



 , (18)

which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s,
u0 = −0.0593 and ξ0 = 0.0369, give ∆m

2
atm = 2.4 × 10−3 eV2 and ∆m

2
⊙ =

8.0×10−5 eV2. As the three masses are given in terms of two VEV’s, there exists
a mass sum rule, m1 −m3 = 2m2, leading to normal mass hierarchy, ∆m

2
atm >

0 [8]. The leptonic Jarlskog is predicted to be J� = −0.00967, and equivalently,
this gives a Dirac CP phase, δ� = 227o. With such δ�, the correction from the
charged lepton sector can account for the difference between the TBM prediction
and the current best fit value for θ⊙. Our model predicts (m1,m2,m3) =
(0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π and α31 = 0.

ξ0 = −0.0791 , η0 = 0.1707 , s0Λ = 1012 GeV (19)

|m1| = 0.00134 eV, |m2| = 0.00882 eV, |m3| = 0.0504 eV (20)

3 Leptogenesis

Due to the hierarchy in the charged lepton Yukawa coupling constants, the three
charged leptons, e, µ, τ If leptogenesis occurs at a scale below 1012 GeV, the
one flavor approximation is no longer valid.

In the usual seesaw realization, with

Wusual
ν = H5FN +NN(ξ + η) , (21)

the resulting RH Majorana mass matrix (MRR) and Dirac neutrino Yukawa
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sin 2β = 0.672+0.069
−0.07

γ (deg) = 71+46
−45

α (deg) = 89+21
−13

τ(p → e
+π0) > 8.2× 1033 years (90% CL, SuperK 2009) (1)

τ(p → νK+) > 2.3× 1033 years (90% CL, SuperK 2005) (2)

V
†
e,RMeVe,L = diag(me,mµ,mτ )

V
T
ν,LMνVν,L = diag(m1,m2,m3)

V
†
u,RMuVu,L = diag(mu,mc,mt)

V
†
d,RMνVd,L = diag(md,ms,mb)

current bound: | �m� | ≡
����
�

i=1,2,3

miU
2
ie

���� (3)

�̃ q̃ H̃

����|
√
m1|+ |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) > 0

����|
√
m1|− |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) < 0

m1 = (3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

m2 = η20
(ζ0ζ �0vu)

2

s0Λ

m3 = −(−3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

tan2 θ⊙,exp = 0.468

S0 = 1012 GeV

�S� = S0

1
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Predictions for LFV Radiative Decay

• SUSY GUTs: slepton-neutralino and sneutrino-chargino loop:

• CMSSM: at MGUT, slepton mass matrices flavor blind

• RG evolution: generate off diagonal elements in slepton mass matrices

• dominant contribution: LL slepton mass matrix

14Mu-Chun Chen, UC Irvine                                                                                                                            SuperB Meeting, 12/14/2010

very model 
dependent

Borzumati, Masiero (1986)

Hisano, Moroi, Tobe, Yamaguichi (1995)

Petcov, Profumo, Takanishi, Yaguna (2003)

good approximation to 
full evolution effects:



Predictions for LFV Radiative Decay

• in SUSY SU(5) x T’ model (normal hierarchy case):

• degenerate RH masses

•  ratios of branching fractions depend on mixing & light neutrino masses

• predicting  

• m0 = 50 GeV, M1/2 = 200 GeV, A0 = 7m0 :

• Br(τ → μ + γ) =1.38E-9

• Br(τ → e + γ) = 4.59E-11

• Br(μ → e + γ) = 9.23E-12
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Y+Y = 

inverted light neutrino mass

 pattern under investigation
M.-C.C., Mahanthappa, Petcov, and a 
student at SISSA, under preparation



Distinguishing Different Models: 
    SO(10) SUSY GUTs example with DM constraints
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Curing FCNC Problem: Family Symmetry vs MFV

• low scale new physics severely constrained by flavor violation

• Minimal Flavor Violation

• assume Yukawa couplings the only source of flavor violation

• Example: Warped Extra Dimension

• wave function overlap ⇒ naturally small Dirac mass

• non-universal bulk mass terms (c) ⇒ FCNCs at tree level ⇒ Λ > O(10) TeV

• FCNCs: present even in the limit of massless neutrinos 

• tree-level:  μ-e conversion, μ→3e, etc

• charged current 

• one-loop:  μ→e+γ, τ→e+γ, τ→μ+γ
• fine-tuning to get large mixing and mild mass hierarchy for neutrinos
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vew ∼ e−πkRMpl

ψ(0) ∼ e(1/2−c)ky

1

D’Ambrosio, Giudice, Isidori, Strumia (2002);
Cirigliano, Grinstein, Isidori, Wise (2005)



Curing FCNC Problem: Family Symmetry vs MFV

• Two approaches:

• Minimal Flavor Violation in RS

• T´ symmetry in the bulk for quarks & leptons:

• TBM neutrino mixing: common bulk mass term, no tree-level FCNCs

• TBM mixing and masses decouple: no fine-tuning

• realistic masses and mixing angles in quark sector

• no tree-level FCNCs in lepton sector and 1-2 family of quark sector

• Family Symmetry: alternative to MFV to avoid FCNCs in TeV scale new physics

• many family symmetries violate MFV ⇒ possible new FV contributions

M.-C.C., K.T. Mahanthappa, F. Yu (PLB2009);
A4: Csaki, Delaunay, Grojean, Grossmann

B. Massive Neutrino Case

To accommodate the massive neutrinos and lepton mixing, we introduce three right-

handed neutrinos in the model. As mentioned in Sec. II, the RH neutrinos reside in different

SU(2)R doublets from those that contain the iso-spin singlet charged leptons. The right-

handed neutrinos couple to the lepton doublets to form the Dirac mass terms. The relevant

Lagrangian in this case is given by

Llep
5D ⊃ LCLL + eCee + NCNN + H LYee + HLYνN . (13)

The smallness of neutrino masses is then archived by localizing the right-handed neutrinos

close to the Planck brane such that their overlap with the lepton doublets is small.

With the MFV assumption, the 5D bulk mass matrices are related to the 5D Yukawa

couplings as

Ce = aY †
e Ye, CN = dY †

ν Yν , CL = c(ξYνY
†
ν + YeY

†
e ) , (14)

where a, d, c are O(1) parameters. With three right-handed neutrinos, the global flavor

symmetry is U(3)L × U(3)e × U(3)N , with which one can rotate to a basis where either Ye

or Yν is diagonal. In the following analysis, we work in the basis in which Ye is diagonal and

it is denoted by Ŷe. In this basis, Yν can be written as Yν = V5DŶν , where V5D is the 5D

leptonic mixing matrix. All the flavor mixings in the lepton sector are generated by V5D. In

this basis, both Ce and CN are diagonal. However, due to the term which is proportional to

the parameter ξ, the 5D bulk mass matrix CL is not diagonal and it can be written as,

CL = c(ξV5DĈNV †
5D + Ĉe) , (15)

where ĈN ≡ dŶνŶ †
ν and Ĉe ≡ aŶeŶ †

e are diagonal. The eigevalues of CL give the zero

mode localization of the SU(2)L doublets along the fifth dimension. Eq. (15), which results

from the MFV assumption, leads to a set of conditions that constrain the 5D bulk mass

parameters.

The non-diagonal term in Eq. (15) is the source of the FCNC in the charged lepton

sector. Because this term is proportional to ξ, the size of the contributions to FCNC is thus

determined by the value of ξ, which turns out to be small to accommodate realistic lepton

masses, as we show below. Because Eq. (15) involves the unknown mixing matrix V5D, to

7

quark sector: A. Fitzpatrick, G. Perez, L. Randall (2007)
lepton sector: M.-C.C., H.B. Yu (2008)
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Summary

• SUSY SU(5) x T′ symmetry: near TBM lepton mixing & realistic CKM matrix

• deviations from TBM calculable due to GUT relations

• complex CG coefficients in T′: origin of CPV both in quark and lepton sectors

•  quark sector

• Leptonic Dirac CP phase: 
• the only non-vanishing leptonic CPV phase 

• sufficient leptogenesis can be generated

• interesting quark-lepton complementarity sum rules:

• predictions for LFV charged lepton decay related to light neutrino mass pattern

leptonic Dirac CP phase:  
δ = 227o 

(SuperK best fit: 220o)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(49)




0.838 0.542 0.0583e−i227o

−0.385− 0.0345ei227o
0.594− 0.0224ei227o

0.705
0.384− 0.0346ei227o −0.592− 0.0224ei227o

0.707



 (50)

→ |UMNS | =




0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707



 (51)

J� = −0.00967 (52)

Charged lepton diagonalization matrix:



0.997ei177o

0.0823ei131o
1.31× 10−5e−i45o

0.0823ei41.8o
0.997ei176o

0.000149e−i3.58o

1.14× 10−6 0.000149 1



 (53)

sin2 2θatm = 1, tan2 θ⊙ = 0.419, |Ue3| = 0.0583 (54)

tan2 θ⊙ � tan2 θ⊙,TBM +
1
2
θc cos δ (55)

4

angle, the corresponding mixing angle in the charged lepton sector, θ
e
12, is much suppressed due to

the GJ relations,

θ
e
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2
θ⊙ � tan2

θ⊙,TBM − e
iβ

θc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ
�
0.

With θc � 0.22 and (φ0ψ
�
0) being real, the factor e

iβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2
θ⊙,TBM = 1/2, and the experimental best fit value, tan2

θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ
�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �
2
u : �u : 1, md : ms : mb = �

2
d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ
�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)
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quark CP phase:  γ = 45.6 degrees
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