
Based on JCAP 06 (2020) 035, 2004.03574,  G. Jung, F. Oppizzi, A. Ravenni and M. Liguori

The integrated angular 
bispectrum of the CMB

Gabriel Jung 
Dipartimento di Fisica e Astronomia G. Galilei 

Università di Padova  

https://iopscience.iop.org/article/10.1088/1475-7516/2020/06/035


Non-Gaussianity in the CMB 
• Bispectrum   Three-point correlation function in harmonic space


• Main observable to search for non-Gaussianity (NG) in CMB anisotropies

• Many different shapes of NG, having different origins!
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Different origins of NG: 
• Primordial (e.g. local): amount and shape of NG depend on the model of inflation 

• Late-time (e.g. ISW-lensing): correlations between late-time effects modifying the 
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• Foregrounds (e.g. dust): some foregrounds (galactic and extra-galactic) emit in the 

same frequency range as the CMB  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Many bispectra (local, ISW-lensing, dust) peaks in the squeezed limit ( )

Correlations between large-scale and small-scale fluctuations


 Simpler estimator: integrated bispectrum 

ℓ3 ≪ ℓ2 ≃ ℓ3

⇒



Integrated bispectrum 
Position-dependent approach 
A physical approach to study NG by measuring how 
the power spectrum varies over the sky, initially 
introduced in Komatsu et al. (1403.3411) for large-
scale structure studies



Integrated bispectrum 

Method 
1. Divide the sky into patches of equal size

2. In each patch, measure basic quantities:


• Power spectrum (  small-scale fluctuations)

• Average value (  large-scale mode)


3. Determine their patch-by-patch correlation

4. Average over the full sky

⇒
⇒

Integrated bispectrum:   IBℓ ≡
1

Npatch ∑
patch

M̄patchCpatch
ℓ

Measures the modulation of small-scale fluctuations 
by a large-scale mode


 Probes the squeezed limit of the bispectrum⇒
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Integrated angular bispectrum 
Theoretical predictions of the integrated bispectrum are possible using azimuthally symmetric patches

Patch: W(Ω̂, Ω̂c) = ∑
ℓ

wℓ
2ℓ + 1

4π
Pℓ(Ω̂ . Ω̂c)

Center

Here  for  and 0 otherwisewℓ = 1 ℓ ≤ 10

Legendre polynomials
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In the weak non-Gaussianity regime, similar expression for the covariance: 


ICℓℓ′￼= ∑
ℓ1,ℓ2,ℓ3,ℓ4,ℓ5,ℓ′￼4ℓ′￼5

Cℓ1
Cℓ2

Cℓ3
wℓ3

wℓ4
wℓ5

wℓ′￼4
wℓ′￼5

ℱℓℓ1ℓ2ℓ3ℓ4ℓ5
× [wℓ3

(ℱℓ1ℓ2ℓ3ℓ′￼4ℓ′￼5
+ ℱℓ2ℓ1ℓ3ℓ′￼4ℓ′￼5

) + . . . ]
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Integrated angular bispectrum:


 Simple observable of NG (squeezed limit) for any 2D cosmological field

 Easy to estimate from data (only requires to measure power spectra)

 Easy to compute exactly analytically for any given bispectrum template


⇒
⇒
⇒



CMB integrated bispectrum
Local NG (1000 simulations)
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CMB integrated bispectrum
ISW-lensing (300 Planck CMB simulations)Local NG (1000 simulations)

-estimator:   ,fNL
̂fNL =

∑
ℓℓ′￼

IBobs
ℓ IC−1

ℓℓ′￼IBth
ℓ′￼

∑
ℓℓ′￼

IBth
ℓ IC−1

ℓℓ′￼IBth
ℓ′￼

IB-estimator Planck 2018
Local 7.1± 7.5 6.7± 5.6
ISW-lensing 0.8± 1.0 0.7± 0.3
Local (ISW-lensing removed) 5.0± 8.5 �0.5± 5.6

<latexit sha1_base64="qHNntWyCWeYfKBEicKaHpPOe908="></latexit>

Planck temperature data:




CMB integrated bispectrum
ISW-lensing (300 Planck CMB simulations)Local NG (1000 simulations)

Thermal dust (at 143 GHz)
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ISW-tSZ-tSZ
• C. Hill (1807.07324)  Many other correlations between secondary CMB 

anisotropies produce a bispectrum peaking in the squeezed limit 

• Largest contribution: correlations between ISW and tSZ

⇒



ISW-tSZ-tSZ
• C. Hill (1807.07324)  Many other correlations between secondary CMB 

anisotropies produce a bispectrum peaking in the squeezed limit 

• Largest contribution: correlations between ISW and tSZ

⇒

Bispectrum weights of ISW-tSZ-tSZ (summed over )ℓ3



ISW-tSZ-tSZ
• C. Hill (1807.07324)  Many other correlations between secondary CMB 

anisotropies produce a bispectrum peaking in the squeezed limit 

• Largest contribution: correlations between ISW and tSZ

⇒

Bispectrum weights of ISW-tSZ-tSZ (summed over )ℓ3

In Planck data 
Using cleaned single-frequency maps (SEVEM) 


Local ISW-lensing ISW-tSZ-tSZ
100 GHz 11.8± 10.9 0.4± 1.9 �5.8± 8.0
143 GHz 10.3± 8.7 0.7± 1.2 �4.1± 7.5

<latexit sha1_base64="3OD2LFShJ2LBalqxX2UCdWynjQQ="></latexit>

 ISW-tSZ-tSZ too small to have an impact on 
Planck results
⇒



ISW-tSZ-tSZ
• C. Hill (1807.07324)  Many other correlations between secondary CMB 

anisotropies produce a bispectrum peaking in the squeezed limit 

• Largest contribution: correlations between ISW and tSZ

⇒

Bispectrum weights of ISW-tSZ-tSZ (summed over )ℓ3

In Planck data 
Using cleaned single-frequency maps (SEVEM) 


Local ISW-lensing ISW-tSZ-tSZ
100 GHz 11.8± 10.9 0.4± 1.9 �5.8± 8.0
143 GHz 10.3± 8.7 0.7± 1.2 �4.1± 7.5

<latexit sha1_base64="3OD2LFShJ2LBalqxX2UCdWynjQQ="></latexit>

 ISW-tSZ-tSZ too small to have an impact on 
Planck results
⇒

Future ( ) 
• Large bispectrum when smaller scales are included

• Can bias primordial NG results 

• Contains useful cosmological information


ℓmax > 2000



Conclusions 

Integrated angular bispectrum: new pipeline for the study of squeezed NG 
• Simple: only requires to estimate power spectra

• Exact theoretical predictions (integrated bispectrum + covariance)

Valid for any 2D cosmological field defined on the celestial sphere 
• CMB:  

- Validation of the pipeline on simulations 
- Application to Planck data ( , ISW-lensing, ISW-tSZ-tSZ)


• Further applications for weak lensing  
- JCAP 06 (2021) 055, 2102.05521, G. Jung, T. Namikawa, M. Liguori, D. Munshi and A. Heavens 
- 2104.01185,  D. Munshi, G. Jung, T. D. Kitching, J. McEwen, M. Liguori, T. Namikawa, A. Heavens

f local
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Thanks for your attention !
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