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Introduction

Summary slides of week 1 
“Precision calculations for future e+e– colliders: targets and tools” 

7-17 June 2022, CERN 
https://indico.cern.ch/event/1140580/

M. Mangano, “Why FCC?” 
Theory Colloquium, 15 June 2022, CERN 

https://indico.cern.ch/event/1155782/
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Initial state radiation (ISR) 
Problem: presence in the cross section  of potentially large 
logarithms, due to collinear photon emissions in the initial state 

dσe+e−

Basically all precision observables at  colliders affected by ISR!e+e−
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Collinear factorisation
QED Parton Distribution Functions (PDFs)


 and , partons 

all-order, universal, resumming 
Γi/e+ Γj/e− i, j = e+, e−, γ, …

log(Q2/m2
e )

dσe+e− = ∑
ij

∫ dz+dz− Γi/e+(z+, μ2, m2
e ) Γj/e−(z−, μ2, m2

e ) d ̂σij(z+pe+, z−pe−, μ2) + 𝒪(m2
e /Q2)

Massive 
particle-level

cross section

Massless parton-level cross section 

computed order by order, process-specific
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QED PDFs Γα(z, μ2)

Well-known LL result for , which evolves a  at scale :Γe− δ(1 − z) μ2
0 = m2

e

ΓLL
e− (z, μ2) =

exp [(3/4 − γE)η]
Γ(1 + η)

η(1 − z)−1+η −
1
2

η(1 + z) + 𝒪(α2) , η =
α
π

log
μ2

m2
e

≡
α
π

L

(All-order large-z bulk + fixed-order terms known up to high order. 
Results with running  and soft “-1” also available.)α

In view of high-energy future colliders LL accuracy is insufficient and 
systematics not well defined in a LL-accurate picture

This work: NLL PDFs, ready for sensible phenomenology

Accuracy defined by counting the logs at the exponent:

leading log (LL) [ ], next-to-leading log (NLL) [also ], …(α L)k α(α L)k−1

Charge-conjugation implies 
Γα/e− = Γᾱ/e+ ≡ Γα
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NLL-accurate QED PDFs

• NLO initial conditions at scale  evolved at NLL up to  with all fermion 
families (lepton and quarks), in a variable flavour number scheme.


• PDFs in three different renormalisation schemes:  (where  runs),  and 
(where  is fixed); two different factorisation schemes:  and  (DIS-like, with 

NLO initial condition maximally simplified).


• Solution built out of a numerical evolution, with a switch to analytical expressions 
for , where the electron PDF  features a power-like integrable singularity.


• Photon-initiated partonic contributions (through the photon PDF ) naturally 
included in the collinear framework at NLL.

μ2
0 = m2

e μ2

MS α α(mZ)
Gμ α MS Δ

z → 1 Γe−

Γγ

(Frixione 1909.03886; Bertone, Cacciari, Frixione, Stagnitto 1911.12040; Frixione 2105.06688;  
Bertone, Cacciari, Frixione, Stagnitto, Zaro, Zhao 2207.XXXXX)
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Studies on physical cross sections
• Computed in the MG5_aMC framework, at NLO (EW) + NLL in  collisions.

• Processes:

‣  [pure QED, with real and virtual radiation limited to initial state]


‣  [full EW]


‣  [full EW] and  [pure QED]


•  (qualitatively similar results in the range 50-500 GeV)

• We focus on the cumulative cross section:

e+e−

e+e− → qq̄(γ)
e+e− → W+W−(X)
e+e− → tt̄(X) e+e− → tt̄(X)

μ = s = 500 GeV

σ(τmin) = ∫ dσ Θ(τmin ≤ M2
pp̄/s) , p = q, t, W+
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Impact of NLL

0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.9975

1.0000

1.0025

1.0050

1.0075

1.0100

1.0125

1.0150

NLO, NLL [¢, MS] / NLO, LL [MS]

NLO, NLL [¢, Æ(MZ)] / NLO, LL [Æ(MZ)]

e+e° ! tt̄, pure QED, 500 GeV

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.995

1.000

1.005

1.010

1.015

NLO, NLL [¢, MS] / NLO, LL [MS]

NLO, NLL [¢, Æ(MZ)] / NLO, LL [Æ(MZ)]

NLO, NLL [¢, Gµ] / NLO, LL [Gµ]

e+e° ! W+W°, 500 GeV

Non trivial pattern, impossible to account in some universal manner.

NLL-accurate PDFs are phenomenologically important for precision studies.
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Dependence on factorisation scheme
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°e° NLL MS / °e° NLL ¢

°e° LL / °e° NLL ¢

°∞ NLL MS / °∞ NLL ¢

°∞ LL / °∞ NLL ¢

1 2 3 4 5 6 7 8 9 10
log10(1 ° z)
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0.25
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1.00
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2.00

Ren. scheme MS, µ = 500 GeV

°e° NLL MS / °e° NLL ¢

°e° LL / °e° NLL ¢

°∞ NLL MS / °∞ NLL ¢

°∞ LL / °∞ NLL ¢

At the PDF level,  difference between  and  scheme.

Electron at NLL in the  scheme closer to the LL value.

𝒪(1) MS Δ
Δ
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Large-  analytical expressions for z Γe−

10

ΓNLL
e− (z, μ2) =

e−γEξ1e ̂ξ1

Γ(1 + ξ1)
ξ1(1 − z)−1+ξ1 h(z, μ2)

hMS(z, μ2) = 1 +
α(μ0)

π [(log
μ2

0

m2
− 1) (A(ξ1) +

3
4 ) − 2B(ξ1) +

7
4

+ (log
μ2

0

m2
− 1 − 2A(ξ1)) log(1 − z) − log2(1 − z)]

hΔ(z, μ2) =
α(μ)
α(μ0)

+
α(μ)

π
log

μ2
0

m2 (A(ξ1) + log(1 − z) +
3
4 )

ξ1 = 2t + 𝒪(α2)

̂ξ1 =
3
2

t + 𝒪(α2)

A(ξ1) =
1
ξ1

+ 𝒪(ξ1)

B(ξ1) = −
π2

6
+ 2ζ3ξ1 + 𝒪(ξ2

1)

Here shown in the  ren. scheme and with a single-fermion family; evolution with multiple fermion families with their mass 
thresholds and different ren. schemes (e.g. , ) amount to a redefinition of  and .

MS
α(mZ) Gμ ξ1

̂ξ1

Logarithmic terms artefacts of the  fac. scheme, absent in the  scheme.MS Δ

t =
1

2πb0
log

α(μ)
α(μ0)



At the cross section level,  difference between fact. schemes.

Large cancellations in the  fact. scheme.

𝒪(10−4 − 10−3)
MS

Dependence on factorisation scheme

0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.9990

0.9992

0.9994

0.9996

0.9998

1.0000

1.0002

1.0004

NLO, NLL [MS, MS] / NLO, NLL [¢, MS]

NLO, NLL [MS, Æ(MZ)] / NLO, NLL [¢, Æ(MZ)]

e+e° ! tt̄, pure QED, 500 GeV

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.999
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1.001

1.002

1.003

1.004

NLO, NLL [MS, MS] / NLO, NLL [¢, MS]

NLO, NLL [MS, Æ(MZ)] / NLO, NLL [¢, Æ(MZ)]

NLO, NLL [MS, Gµ] / NLO, NLL [¢, Gµ]

e+e° ! W+W°, 500 GeV
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Dependence on renormalisation scheme

0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.996

0.997

0.998

0.999

1.000

NLO, NLL [¢, MS] / NLO, NLL [¢, MS]

NLO, NLL [MS, MS] / NLO, NLL [¢, MS]

NLO, NLL [¢, Æ(MZ)] / NLO, NLL [¢, MS]

NLO, NLL [MS, Æ(MZ)] / NLO, NLL [¢, MS]

e+e° ! tt̄, pure QED, 500 GeV

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ømin

1.000

1.005
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1.015
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1.025

NLO, NLL [¢, MS] / NLO, NLL [¢, MS]

NLO, NLL [MS, MS] / NLO, NLL [¢, MS]

NLO, NLL [¢, Æ(MZ)] / NLO, NLL [¢, MS]

NLO, NLL [MS, Æ(MZ)] / NLO, NLL [¢, MS]

NLO, NLL [¢, Gµ] / NLO, NLL [¢, MS]

NLO, NLL [MS, Gµ] / NLO, NLL [¢, MS]

e+e° ! W+W°, 500 GeV

Ren. scheme dependence significantly larger than the fact. scheme one.

Mostly a normalisation effect.
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Impact of photon-induced contributions

Γγ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.995

1.000

1.005

1.010

1.015

1.020

1.025

1.030

NLO, NLL [¢, MS] +∞ / NLO, NLL [¢, MS]

NLO, NLL [MS, MS] +∞ / NLO, NLL [MS, MS]

NLO, NLL [¢, Æ(MZ)] +∞ / NLO, NLL [¢, Æ(MZ)]

NLO, NLL [MS, Æ(MZ)] +∞ / NLO, NLL [MS, Æ(MZ)]

NLO, NLL [¢, Gµ] +∞ / NLO, NLL [¢, Gµ]

NLO, NLL [MS, Gµ] +∞ / NLO, NLL [MS, Gµ]

e+e° ! W+W°, 500 GeV

• At LO, i.e. , both  and  feature 
a  channel.


• Photon PDF  only suppressed by a power 
of  w.r.t. , and peaked at small-  values.


Both effects can lead to physical effects 

e.g.  at small .


𝒪(α2) W+W− tt̄
γγ

Γγ
α Γe− z

W+W− τmin

Γe
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Conclusions
• First NLO+NLL predictions at high-energy  colliders, improving on accuracy 

but also important for an assessment of sources of theoretical uncertainties. 


• Impact of NLL PDFs local both in shape and size, hence impossible to account in 
a universal manner.


• Quite a few combinations of factorisation (  vs )  and renormalisation ( , 
, ) schemes have been assessed in the context of NLL computations.


• Photon-induced contributions not negligible and properly included in a NLL-
accurate evolution.


• Public code for NLL PDFs, eMELA: https://github.com/gstagnit/eMELA. 
PDFs with beamstrahlung effects are also provided.

e+e−

Δ MS MS
α(mZ) Gμ
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