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Motivation :: Muon (g - 2)

Significant discrepancy 
between the experiment and the 

SM prediction

[Muon g-2 Collaboration (2021)]

Standard Model prediction
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Motivation :: Muon (g - 2)

Affected by the largest 
theoretical error

Large QED background

High-precision calculation of 
electron-muon elastic scattering in QED
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Motivation :: Muon (g - 2)

Affected by the largest 
theoretical error

Large QED background

High-precision calculation of electron-
muon elastic scattering in QED

[Abbiendi, Carloni Calame, Marconi, Matteuzzi, 
 Montagna, Nicrosini, Passera, Piccinini, Tenchini, 
 Trentadue, Venanzoni (2017)]

More details on tomorrow talks by

Ettore Budassi and Riccardo Pilato 
@Strong interactions and Hadron Physics session 
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Target observable: cross section  related to the scattering amplitude

Feynman diagrams
@LO

@NLO

@NNLO

Virtual Real

Double-Virtual Real-Virtual Double-Real

Cross Section and Scattering Amplitudes in pQFT
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Target observable: cross section  related to the scattering amplitude

@LO

@NLO

@NNLO

Virtual Real

Double-Virtual Real-Virtual Double-Real

Cross Section and Scattering Amplitudes in pQFT

Feynman diagrams
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Anatomy of                      two-loop NNLO QED contributions

Two-loop Feynman integrals
➢ 4-point kinematics
➢ 4 mass-scales variables

➢ 2 Mandelstam 
➢ 2 masses 

Observation:

Simplification of the Dirac 
trace algebra

Opens the possibility of an 
analytical calculation

One less mass-scale 

Feynman integrals are (in general) UV and IR divergent
Using Dimensional Regularization: space-time is treated as a free parameter
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Crossing:                                vs. 

Crossing

From now on, we consider the cross-related di-muon production
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Di-muon production in QED: Feynman Diagrams

[Bonciani, Broggio, Di Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, Schubert, Torres Bobadilla, Tramontano, JR (2021)]
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FeynCalc, FeynArts
AIDA

Reduze, Kira

In-house Mathematica routines HandyG, GiNaC, 
PolyLogTools

The AIDA framework
[Mastrolia, Peraro, Primo, Torres (2016)]
[Mastrolia, Peraro, Primo, Torres, JR (To be published)]

[Chetyrkin, Tkachev (1981)]  [Laporta (2000)]
[von Manteuffel, Studerus (2012)]
[Maierhöfer, Usovitsch, Uwer (2018)]

[Bauer, Frink, Kreckel (2000)]
[Naterop, Signer, Ulrich (2019)]
[Duhr, Dulat (2019)]

[Mertig, Böhm, Denner (1991)]
[Shtabovenko, Mertig, Orellana (2016)]
[Hahn (2001)]

[Kotikov (1990)]  [Gehrmann, Remiddi (1999)]  [Henn (2013)] 
[Argeri, Di Vita, Mastrolia, Mirabella, Schlenk, Schubert, Tancredi (2014)]
[Mastrolia, Passera, Primo, Schubert (2017)]
[Di Vita, Laporta, Mastrolia, Primo, Schubert (2018)]
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UV Renormalization
is UV divergent

Renormalisation

Renormalisation constants:

where

Renormalisation schemes
● On-shell renormalisation
●         renormalisation

Renormalised interferences:

+ = UV finite



ICHEP 2022 Jonathan Ronca     –     Two-loop QED corrections to the di-muon production in e+ e- collisions, and related processes 12

Checks

How do we check these terms?

Evaluating the interferences with 
HandyG and GiNaC

[Bonciani, Broggio, Di Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, Schubert, Torres Bobadilla, Tramontano, JR (2021)]
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Checks :: Literature

22

@one-loop in QCD
@one-loop in QED

Abelian, Color-stripped

Remainder of 
color factors

Full agreement with the abelian part of top-pair production

➢ Top-pair production admit a color decomposition like 
➢ 1-loop and 2-loop corrections already known in literature
➢ Abelian part get contributions from QED-like diagrams only 

in QCD in QED

[Czakon(2008)]
[Bonciani, Ferroglia, Gehrmann, Maitre, Studerus (2008)]
[Bärnreuther, Czakon, Fiedler (2014)]
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Checks :: IR structure
Two-loop IR poles from one-loop and tree (renormalised) contributions

IR Renormalisation Factor 

Anomalous dimension

Beta function

Full agreement with the direct calculation of the two-loop contribution

[Becher, Neubert (2009)]
[Hill (2017)]
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More diagrams (~220)
New topologies occur

BUT

No additional Master Integrals are required

Extension to two-loop top-pair production @ NNLO QCD
Full two-loop                @NNLO QCD 

calculation available only numerical

More particles and 
interactions
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More diagrams (~220)
New topologies occur

BUT

No additional Master Integrals are required

Extension to Two-loop top-pair production @ NNLO QCD
Full two-loop                @NNLO QCD 

calculation available only numerical

More particles and 
interactions
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Extension to two-loop top-pair production @ NNLO QCD
Evaluating the interferences with 

HandyG and GiNaC

[Mandal, Mastrolia, Torres Bobadilla, JR (2022)]

First fully-analytical 
calculation

Full agreement with 
the literature

[Czakon(2008)]
[Bonciani, Ferroglia, Gehrmann, Maitre, Studerus (2008)]
[Bärnreuther, Czakon, Fiedler (2014)]
[Badger, Hartanto, Zoia (2021)]
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Results: One-loop di-muon production @ NLO QED

Production region

[Bonciani, Broggio, Di Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, 
 Schubert, Torres Bobadilla, Tramontano, JR (2021)]
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Production region

[Bonciani, Broggio, Di Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, 
 Schubert, Torres Bobadilla, Tramontano, JR (2021)]

Results: Two-loop di-muon production @ NNLO QED
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Results: One-loop top-pair production @ NLO QCD

Production region

[Mandal, Mastrolia, Torres Bobadilla, JR (2022)]
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Results: Two-loop top-pair production @ NNLO QCD
Production region

Production region

[Mandal, Mastrolia, Torres Bobadilla, JR (2022)]
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Conclusions & Outlook
First QED analytical two-loop calculation for di-muon production process

Cross-checked against

➢ IR structure cross-checked against the SCET prediction

Complete automation through the AIDA framework

Electron-muon elastic scattering @NNLO QED is a crucial input for the MuonE experiment

Crossing: the two-loop contributions to di-muon production @NNLO QED via electron-positron annihilation

➢ Independent calculations

Extension to two-loop contributions to top-pair production via quark-antiquark annihilation @NNLO QCD 
Recent development: analytical one-loop squared contributions to di-muon production @NNLO QED

Inclusion of non-zero electron mass to electron-muon elastic scattering calculation: massification
Threshold expansion for both di-muon and top-pair production @NNLO

Grid of 10500 phase-space points has been generated

Inclusion of our contribution on MC generators
[Mitov, Moch (2006)]
[Becher, Melnikov (2007)]
[Engel, Gnendiger, Signer, Ulrich (2019)]
[Heller (2021)]



Thank you
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Reduction of Feynman Integrals

Idea:

will not depend on transverse directions

Direct integration 

Adaptive Integrand Decomposition Integration-by-parts Identities

➢ IBPs generate a linear system of Eqs.
➢ Relation between integrals
➢ Coefficient depending on scales and 

# of independent Eqs. = # of Master Integrals

[Chetyrkin, Tkachev (1981)]  [Laporta (2000)]
[Mastrolia, Peraro, Primo, Torres (2016)]
[Mastrolia, Peraro, Primo, Torres, JR (To be published)]
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Master Integrals
Master Integrals for
are known in literature.

Representation through Generalized PolyLogarithms

Letters

where

➢ O(4000) GPLs
➢ GPLs up to weight 4
➢ 18 letters

[Kotikov (1990)]  [Gehrmann, Remiddi (1999)]  [Henn (2013)] 
[Argeri, Di Vita, Mastrolia, Mirabella, Schlenk, Schubert, Tancredi (2014)]
[Mastrolia, Passera, Primo, Schubert (2017)]
[Di Vita, Laporta, Mastrolia, Primo, Schubert (2018)]
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