Definition of quantum model r classical via Marchenko limits and cases Summary and Pers;

From quantum to classical theories:
the origin of the ODE/IM correspondence

Marco Rossi

Universita della Calabria and INFN Cosenza

July 5, 2022

Based on hep-th papers: arXiv:2106.07600 (with D. Fioravanti, INFN Bologna) and also
arXiv:2004.10722 (with D. Fioravanti; H. Shu, Beijing)

Marco Rossi

From quantum to classical thex



Definition of quantum model From quantum to classical via Marchenko Special limits and cases
(e]e] [e]e]e]e]

Summary and Perspectives
o

Outline

We start from a quantum integrable field theory (e.g. sine-Gordon),
characterised by functional relations (e.g. Baxter's TQ-system) between
operators

We associate to this quantum (integrable) model a classical model: PDEs
(Lax pair), ODEs. Tool: Marchenko equation marchenko ‘55

OppOSite arrow with respect to ODE/IM Dorey, Tateo; Bazhanov, Lukyanov, Zamolodchikov
’98;Gaiotto-Moore-Neitzke '08,09; Lukyanov, Zamolodchikov '10 in which:

One starts from ODEs — %5 4(x) + (’(’X%” + x2’V’) ¥(x) = Ex(x): connection
coefficients between different pairs of solutions are eigenvalues of
Q-operators of CFT minimal models

Generalisation: from PDEs (9w + V)W = (9% + V)W = 0: connection
coefficients between different pairs of solutions are eigenvalues of
Q-operators of sine-Gordon model.
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Functional relations

Define a quantum integrable model: example of sine-Gordon on a cylinder

1
167 [(00) — (0x0)?] +2mcos Bo, o(x+ A1) = o(x,1)

Different k-vacua: ¢ — ¢ 4 21/ = |Wx) — €W, ). Infinite number of
conserved charges I, .. They appear in asymptotic expansion at 6 — oo of
Oi(e) (+ sign of k). Vacuum eigenvalue of Q+ = Q.. Properties of Q..

» Entire quasi-periodic functions: QL (6 + ir) =

et (+2) o, (), 1 = 21K — 1/2,
quasi-period 7 = 7/(1 — 8?)

> TQ-system
T(6)Q+(8) = ;m(/+ )Qi(9+m) n eim(/+§)oi(9 —im)
where
T(0) = — [ =27l Q (0 + iT)Q_ (0 — in) — €27 Q. (6 — in)Q_ (6 + ,-w)]
2cosml

> Asymptotic behaviour In Q1 (0) ~ —woe’ — wpe™?, wo = —4%

82
2(1-52)
» Extensions: Homogeneous sine-Gordon model (many masses)
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From functional to integral equations

» Encode the properties of Q in an integral equation

do’ tanh 6o T (9’ + ,'Z) e*wo(e9+e9')7w0(e*9+e*9') |
47 2 2

+oo
Q:(0+i7/2) = q:(6) = [
eEO0-0q, (0’+i%) . qu(0) = Cot FE (015 )1 g~ woe? —ige—?

» The TQ-system holds due to the property (of the kernel):

Eir’gJr [tanh (X+ %r - ie) — tanh (X — %T + is)} =2mié(x), XxER.
> Define the functions X1 (0): q+(0)X+(0) = Q+(0 + iT/2)
> Make wy, Wy dynamical: wy — —iw’, wo — iw’

> Integral equation satisfied by X+ (w’, #'|9), A = €°:

dx X =)\ )it o N i B PN
T(Nez2)e XXy (w', w0
4N XN+ N ( ) +( 1)

+oo
Xi(w’,v'v’|0)=1:|:/
0
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Getting a Marchenko equation

» Let us define the Fourier of X1 — 1

Marco Rossi

Ke(w', &) = /Mf'e AXeE P XL (!, W [0) — 1].

Let us take the Fourier transform of the integral equation for X.. We get
Ke(w', & W) £ Fw' + & ') + f‘x’ ZiﬂKi(w’,s’; WHF(E + &) =0, &>w,
with F(x; @) = i [ dX e ™ *2% T(Ne'?).

This has the structure of a Marchenko equation (quantum inverse
scattering: from S-matrix and bound states to Schroedinger equation)

For the ODE (Schroedinger) we are going to construct such data are
encoded in T, vacuum eigenvalue of the transfer matrix a quantum
integrable model.
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From Marchenko to Schroedinger

Standard procedure:

> Define the wave function v (W', #'|0) = e~ */'X Xy (W', W'|0),
Xe(W,W')0) -1 = /+°° 9 i N (w6 W), A=
w2
» Differentiate (twice) and use Marchenko equation: we get
82 /=1 /=1 ’o=1 ! =
Sz W W 10) + & P (W W'10) = us (W W ) (W, W16),
with potentials
d Ke(w',w';w')
dw’ 2r
» Explicit solution of Marchenko equation gives access to the potential and
the (Jost) wave function. The potential is
ur (W w') = F,2n+ (Byn)? , n=Indet(1 + V) — Indet(1 — V)

T(0+i3) e—ziw’ee+2iw’e*9

—g’
Am cosh £ 2‘9

)

ur (W w'y = -2

V(,0') =
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Wave function and first Lax

. !
> The wave function is . (w', #'|6) = Xa (w', #'|8)e~™ >’

_ a9’ e—o’ _
Xe(w #w10) = 2% [ §e" 7 V(o0 )X (w' W 10')
vy

and satisfies the ’ Ty-system’ (extension of TQ-system)
T (0 + %) Y (W, W0) = Fipa (W, W' |0 + im) £ ip (W, W'|0 — im).
» To summarise, we have obtained two Schroedinger equations

> _ _ _ -
Sz bW H10) + & s (W, W 10) = v (W W ) (W, W(6),

> Introduce D, = 9y + [8wn o® — et ot — 5™
04n
ez 1
0+
D= (Dn 0 ) w— e_TTL(aw + Own)Y+
0o D ’ 6—n
e 2 Y_
0—
e 2 (O — Oun)io_
» The first order matrix equation DV = 0 is equivalent to Schroedinger
equations in w'.
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Second Lax
» Introduce the 'conjugate’ differential equation
82
ow'2
» Introduce D,, = 9z — 30amo° — e*‘)*"a* —e """ and

PP (W' W'10) + e 2l (w W' 0) = D (W, W )i (W', W0).

(aw + Own) 2

R D 0 ) bar w"a'
D= (" = ;o whr =
<° Dn ee2 (0w — Bam)™
Bt
> The first order matrix equation DW®*" = 0 is equivalent to Schroedinger
equations in w'.
> Jost solutions are the functions 5" (w’, W'|0) = 1. (W', W'| — 8).

> Property VR (W, W'|0) = Y5 (W', W'|0)eT" ™™ It follows that
v = —e?Wb From [D, D]V = 0 we get
OwOym = 2sinh 2n,

i.e. that n satisfies the classical sinh-Gordon equation.
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Conformal limit

> Potentials vy (w’, W') of Schroedinger equations are complicated
functions (Fredholm determinants)

» Simplifications occur in the conformal limit, when masses (w) — 0,
w' — 0 and w’ scales as

aw’ _
o = \/p(x)e ¢ 9 +oo

with p a polynomial (6 'rapidity’).

» Then, the new wave functlon Y (x) = by (W)p(x) "% + satisfies the ODE

/(/+1)>

w“‘(x) + (p(x) + W (x) = 0

which agrees and generallses ODEs considered by Dorey and Tateo
and Bazhanov, Lukyanov, Zamolodchikov.
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Special case

> Particular case: 32 = 2/3,/ = 0 which imply T = 1
> Now 7 = Indet(1 + V) — Indet(1 — V), with

—2iw’ &% +2iw’ e— ¢
v,y =2 -

—o’!
47 cosh 2 29

> The field  depends only on t = 4v/w'Ww’, w' = t/4€'¢ and the
sinh-Gordon equation reduces to the Painlevé /ll; equation:
1d /. d 1
T <tEn(1)) =3 sinh 2n(t)
> The wave functions 1 (t|6 + ip) depend on t, 6 + ip only. They satisfy
differential equations in t and 6. This means that
Q+(0) = ¥+ (t = 4wy|0) satisfy also differential equations (in 6).
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Summary and Perspectives

» We have given an explanation for the occurrence of the ODE/IM
correspondence. The idea is that functional relations (TQ-system)
between eigenvalues of operators T, Q of a quantum integrable model
are equivalent to a Marchenko equation. From a Marchenko equation
one gets Schroedinger equations by a standard procedure.

» We have proved this in the case of vacuum eigenvalues of 7, Q for
(Homogeneous) sine-Gordon model. Since the TQ-system holds for
operators, construction of (the at present unknown) Schroedinger
equations corresponding to excited states eigenvalues of T, Q is feasible

» More in general: TQ-system is ubiquitous in quantum integrable models,
since it is equivalent to Bethe Ansatz. In principle, we can derive
Schroedinger equations corresponding to generic states of a generic
quantum model (e.g. spin chain).
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