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Outline

q Loop-Tree Duality
q Reformulation of LTD
q Causal LTD representation

q Application of a quantum algorithm



3Minkowski space                         Euclidean space

q What does LTD do?

Opens any loop diagram to a forest of connected trees.
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q How does it do?

Exploits the Cauchy residue theorem to reduce the dimension
of the integration domain by one unit:

o S. Catani, T. Gleisberg, F. Krauss, G. Rodrigo and J. C. Winter, “From
loops to trees by-passing Feynman’s theorem,” JHEP 0809 (2008) 065.

LTD



Reformulation of LTD to all orders

oAguilera et al., “Open loop amplitudes and causality to all orders and powers
from the loop-tree duality”, Phys. Rev. Lett. 124 (2020) no.21, 211602.

LTD - Opening

oS. Ramıŕez-Uribe et al., “Universal opening of four-loop 
scattering amplitudes to trees”, JHEP 04, 129 (2021).

𝐽 ≡ 23 ∪ 34 ∪ 24

Unified description

4

Nested
residues
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LTD - Causal representation

1

2

12

3

L+ 1

+

1

2

12

3

L+ 1

+

1

2

12

3

L+ 1

4

o
A

gu
ile

ra
, 

H
er

ná
nd

ez
, 

R
od

ri
go

, 
Sb

or
lin

i, 
T

or
re

s,
 “

C
au

sa
l 

re
pr

es
en

ta
tio

n 
of

 m
ul

ti-
lo

op
 F

ey
nm

an
 in

te
gr

an
ds

 w
ith

in
 th

e 
lo

op
-tr

ee
 d

ua
lit

y”
 , 

JH
E

P
 0

1,
 0

69
 (2

02
1)

.

1

2

3
4

L+ 1

⊗ ⊗1

23
4

L+ 1

2

23 3

12

3
4

L+ 1

1

2

12

3

Causal representation is given in terms
of products of causal propagators,
interpreted as entangled thresholds.

oS. Ramıŕez-Uribe et al., “Universal opening of four-loop 
scattering amplitudes to trees”, JHEP 04, 129 (2021).
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oS. Ramírez-Uribe, A. E. Rentería-Olivo, G. Rodrigo, G. F. R. Sborlini, and L. Vale Silva, “Quantum 
algorithm for Feynman loop integrals” , JHEP 05, 100 (2022), arXiv:2105.08703 [hep-ph]. 

Bootstrap the LTD causal representation of 
representative multiloop topologies.

Two possible states: 
|1⟩		𝑜𝑟		|0⟩ Grover’s

quantum 
algorithm
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o Diffusion

4𝜃
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Flips the state |𝑥⟩ if 𝑥 ∈ |𝑤⟩ and leaves 
it unchanged otherwise. 

Performs a reflection around
the initial state |𝑞⟩

|𝑞⟩ = X
.
,�
	 ∑|𝑥⟩�

�

cos 𝜃 |𝑞P⟩ + sin 𝜃 |𝑤⟩
Orthogonal state

Winning state 
Mixing angle

Quantum algorithm
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4𝜃

𝜃
|𝑞P⟩

|𝑤⟩

2𝜃

−|𝑤⟩

𝑈=𝑈S|𝑞⟩

To consider → 𝜃 ≤ 𝜋/6	(𝑟 ≤ 𝑁/4)

𝑈=𝑈S
e|𝑞⟩ = cos 𝜃e |𝑞P⟩ + sin 𝜃e |𝑤⟩											𝜃e = 2𝑡 + 1 𝜃

What if  𝑟 > 𝑁/4 ?

Quantum algorithm
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Encodes the states of the internal
propagators.

|𝒒⟩

Stores binary clauses that probe if
two adjacent edges are oriented in
the same direction.

|𝒄⟩

|𝒂⟩ Stores the loop clauses probing if
all the qubits in each subloop
form a cyclic circuit.

𝑐k* ≡ 𝑞k = 𝑞* 									𝑐k* ≡ 𝑞k ≠ 𝑞*

Quantum algorithm
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Quantum algorithm
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Quantum algorithm
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𝑎$ = ¬	 𝑐$. ∧ 𝑐.t 	
𝑓 . 𝑎, 𝑞 = 𝑎$ ∧ 𝑞$ ∧ 𝑞v

ancillary qubit



Quantum algorithm
0 1

2

0 1

2

34

0 1

2

3

4

5

0

1

2

3

4

5
6

7

0

1

2

3

4

5 6

7

8

0

1

2

3

4

5 6

7

8

0

1

2

3

4

5 6

7

8

𝑎$ = ¬	 𝑐$. ∧ 𝑐.v ∧ 𝑐vw 	
𝑎. = ¬	 𝑐$. ∧ 𝑐.̅t 	
𝑎t = ¬	 𝑐tv ∧ 𝑐vw 	

𝑓 t 𝑎, 𝑞 = 𝑎$ ∧ 𝑎. ∧ 𝑎t ∧ 𝑞t

|01101〉 |01110〉 |01111〉

|00101〉 |00110〉 |00111〉

|10101〉 |10110〉 |10111〉

12



13

Quantum algorithm
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𝑎$ = ¬	 𝑐$. ∧ 𝑐.t 	
𝑎. = ¬	 𝑐$̅w ∧ 𝑐v̅w 	
𝑎t = ¬	 𝑐.̅y ∧ 𝑐w̅y
𝑎v = ¬	 𝑐t̅v ∧ 𝑐v̅y

𝑓 v 𝑎, 𝑞 = 𝑎$ ∧ 𝑎. ∧ 𝑎t ∧ 𝑎v ∧ 𝑞$
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q We have applied a quantum algorithm to Feynman loop integrals.

q A modification of Grover’s quantum algorithm was implemented in
two quantum simulators, IBM Qiskit and QUTE by CTIC.

q Causal singular configurations of multiloop Feynman integrals have
been efficiently identified.

Conclusions
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