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Motivation

precision LHC measurements

Higgs analysis multiloop scattering amplitudes
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Factorization theorem
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hadronic cross section =
Parton Distribution Functions ® hard scattering ® real radiation ® hadronization
1 our interest
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Towards 3-loop revolution

3-loop amplitude milestones

1—1 QCD [Tarasov et al. PRLB 1980)
¢ 2—1 QCD [Moch et al. arXiv:0508055)
2—2 SYM [Henn, Mistlberger arXiv:1608.00850)

first 3-loop 2—2 QCD results

qq — 7YY [Caola, Manteuffel, Tancredi arXiv:2011.13946)
qq — qq [Caola, Chakraborty, Gambuti, Manteuffel, Tancredi arXiv:2108.00055)
t gg — Y [PB, Caola, Manteuffel, Tancredi arXiv:2111.13595)
gg — gg [Caola, Chakraborty, Gambuti, Manteuffel, Tancredi arXiv:2112.11097]

challenge = complexity

# diagrams H oL ‘ 1L ‘ 2L ‘ 3L

qq — vy 2 10 143 2922
qq — qq 1 9 158 3584
99 = vy 0 6 138 3299
g9 — g9 4 81 1771 48723



https://www.sciencedirect.com/science/article/pii/0370269380903585
https://arxiv.org/abs/hep-ph/0508055
https://arxiv.org/abs/1608.00850
https://arxiv.org/abs/2011.13946
https://arxiv.org/abs/2108.00055
https://arxiv.org/abs/2111.13595
https://arxiv.org/abs/2112.11097
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Amplitude structure

consider 1-loop example diagram for g(p1) + g(p2) = v(—p3) +v(—pa)
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3-loop gg — v

, o oo s
2! “ 3.4 # diagrams 6 138 3299
. # integral families 1 2 3
— HE R # integrals 209 | 20935 | 4370070

# MIs 6 39 486
Qgraf result (kB 4 90 2820
amplitudes before IBPs [kB] 276 | 54364 | 19734644
amplitudes after IBPs [kB] 12 562 304409
expaned amplitudes [kB] 136 | 380 1195

2818 2704

2581 1 2366

complexity summary

color structure Tr{7*17%2} = %6“1“2
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Computation

overcome complexity with recently proposed new ideas

@ managing tensor structures

+ M + ] + ) W)

# independent structures = # helicity amplitudes I ® ® @ |
& project out unphysical (d — 4)-dim structures .- - :
ek ] ets

= 8 physical tensors

e

o reducing integrals to a minimal set
finite field reconstruction

& syzygy constraints }(ﬁm@ﬁh

= 4370070 'BF 486 integrals

e evaluating integrals T

differential equations in canonical Master Basis

& regularity requirement for boundary conditions
= 486 — 1 integral >@<

W

Making maximal use of physical constraints allows for
simple way of obtaining all but 1 integrals.
The bubble needs to be evaluated with traditional techniques.




All-plus helicity amplitude

finite part in the simplest helicity configuration yields

FEE) = Ai(@) n}2C3 + Aa(@) n2CACE + Dg(x) nypn? Ca + Aa(z) (0} )2Ca + As(2) n}2CE + Ao(w) (nY)2Cp + Ar(2) npn}?Cr + As(x) n3n?
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Ag(w) = - DA Pl 2 Z 0 )—%L%—anL1+ SLo — 2inLo + o
373 185 4519 1
——(J——Dnz ;2/1 m(j+mm 41 m+ Luzf—z ((Lo — L1)* + = ) X
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Agla) = 2LZ2T) — I8+ seloli— 3Lo— 2o+ mn O i = Wi gr + L (Lo — L1)? +77)
5Ly (L 2i, Ly(L 2imw) — L i)
Ailay = - kam Il 2 — SR 28 L gLy - 20 — 60 + 7 - 3+ ALex — 2 (Lo — L) +77)
As(z) = — Lu(L::m) Ll(L1+zm)I—z(L|+m) %L 7”rLU+7+m+2L0I7Ezz(<L07L‘)_+7r2)»
10Ly(Ly + 2iw) 32(Ly + im) 4Ly (Ly + 2im) 2 2 16 . 1 9 4
Ag(r) = — + == — —EL5+§L0L1+7L0+16@—§«2+§——Loz+ —a? (Lo — L1)* +77) ,
5L1(L +27) 10(Ly + im) — 8Ly (L1 + 2im 2 1 10 2 . 1
Ag(a) = a2 LS 2 | 213 b TLoLy — Lo+ 2imLo + 4G — = +5 — 3im — 2 Loz + 12 (Lo — L1)? +7%) ,
As(e)=—pom® oim,  where  Lo=In(z), Li=M(l—x).
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— — ++ helicity amplitude

compact result even for the most complicated helicity configuration

(3,fin) _
foiih =



https://arxiv.org/src/2111.13595v1/anc/HelAmpl_3L_HPLs.m

inematic dependence
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results can be evaluated numerically in [us]
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Outlook

future directions

phenomenological formal
o NNLO gg — vy e can we understand
differential cross section amplitude simplicity ?
o interesting background e why is only 1
for Higgs production boundary integral enough 7
e nontrivial signal-background interference e can we unveil
to constrain Higgs width hidden amplitude structure ?
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kinematics and color

Appendix :

kinematics 4-point process = 1 dimensionless variable

t
(Regge, forward) 0 <z =—- <1 (backward)
s

A = 69192 (470 (%“;)3 Ci A

color decomposition

where C; is a degree=3 monomial in {C4, C’F,nf,n}/,n}/2}

3 closed fermion loop types

Vo _ 2
ng? =305 Qf ny =3:Qy np=>3;1
NTI - > > S >
Ay Ay Ay Ay Ay
20— ¢ = ¢
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Appendix : te s in d=4—2¢ dimensions

3 (diagrams) # Lorentz indices >  # all invariant structures

#T; = 138 (Lorentz invariant tensors) — 81 (by tranversality €; - p; = 0)
— 47 (by gauge fixing €; - p;+1 = 0)
= 10 (independent in d dimensions)

T; = (p1 - €2p1 - €3p2 - €4P3 * €1, €3 - €4P1 - €2D3 - €1 €2 * €41 * €3P3 €1,
€2 - €3P2 - €4P3 - €1, €1 - €4P1 - €2P1 - €3, €1 - €3P1 - €2P2 €4,

€1 - €2P1 " €3P2 " €4, €1 * €2€3 - €4, €1 - €4€2 - €3, €1 - €3€2 - €4)
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Appendix : tensors in 4 dimensions

recent loop-univeral claim in the tHV scheme [Peraro, Tancredi arXiv:2012.00820] :
# tensors indpt in 4-dim =  # indpt helicity states  (here = 2%/2 = 8)

10 8
A=>"FT; =Y FT:
i=1 i=1

EHI 6”2 6“3 6#4

orthogonalization : projects out T'g, T1¢ from the physical 4-dim subspace

ST, | 8x8 dedim) 0
pol \ 0 2x2 (—2e-dim)/

gain : 1-1 correspondence between form factors and helicity amplitudes

Fi ‘:’Aii



https://arxiv.org/abs/2012.00820
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Appendix : tensor projectors

resulting tensors live purely in the unphysical —2e-dim subspace

T, =T, -

8
ji=

(PyT)T;, i=9,10, > PT; =3y

1 pol

_ 1 2T T To+T3+2T4—2T5 —Tg—T Ts —
Ty =To _3(_1_ 16 12 3 4 5 6 7+ 3+Ts>

su s t u

= 1 AT;  2Te To—T4—2T3+2T6+T5—T7 2T3 =
T10T10—3< Su1+?6_ 2 4 31— 6+ 15 7_3+T8>

and they vanish (Ve) for each fixed helicity configuration
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Appendix : tensor projectors
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Appendix : helicity amplitudes

evaluate tensors at fixed helicity configuration As = > Fi TX =85 fx
spinor weights
s _ li2)sa) s _ (12424 B _ eneand s _ (3234
T T 1ay(sa) TEET T 34y (28)(24) TR T (ay(18y(1a) TETT T 21y (2
s _ anEsee _ 1234 s _ (1324 B _ (2304
TR T sy 21y (23) T T gy T T e T T s

little group scalars

t2 (2Fs 2Fs — —_ t o =
--++:7<—6——’—fl)+fg(i+1‘+4)+¢(fz-f,,+f5-f7)

1\ s u's 2

t2 (2F3 — T 1— - —
fotrt = f(—$+f‘>+z<—*‘+—(ﬂ+frf2)>.

1\s s 2

t? (2Fs — Fs 1= = =
fr—tr=—7 (75 *]"1)+t(—8**( 2+]"3+]"5))~

4 u u 2

2 (2Fs  — Fs  1— = =
St = 7(—3+}‘1)+L(—R+—( r,+}‘7—}‘:,)>,

1\ s 2

2 (2Fs — Fs 1 — _
frod-=—7 <fﬁf}'1) +t<—8 7(}'1+J~'77}'3)) .

i\ u w 2

21— = = = _
f——++:*Ef1+5l(fz+f3—fa—f7)+2fg,
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Appendix : integral reduction

simplifying 4 x 106 integrals before the Integration by Parts (IBP) reduction

e map redundant crossings onto the 6 independent ones
& remove scaleless integrals — O(10) reduction

e map equivalent sectors into common family — O(2) reduction

2x10° 486

=Y ¢ ,[do) L ’BPZC M;(z)

i=1

taming the complexity of the IBP reduction

o solve IBP system with Laporta algorithm [Laporta arXiv:0102033)

v} (L,p) o) o)
fd BZM W =0 and Eieext(pfw —pz’?m)l{n].} =0

@ use ]Fp finite field arithmetic [Manteuffel, Schabinger arXiv:1406.45185]

N
C(d;z) = #;9;(d; ), where g~ %

° impose syzygy constraints [Gluza et al. arXiv:1009.0472] [Peraro arXiv:1905.08019]

]WD +b:D; =0

o partial fraction in d and x



https://arxiv.org/abs/hep-ph/0102033
https://arxiv.org/abs/1406.4513
https://arxiv.org/abs/1009.0472
https://arxiv.org/abs/1905.08019
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Appendix : Master Integrals

) grg = (et:eqas
Pt e

o differential equation [Henn, Mistlberger et al. arXiv:2002.09492)
dM (e;z) = ea(z) M(e; z) da
e solved perturbatively by Harmonic Polylogarithms (HPLs)

G(am, ...,a1;T) :/ i G(ap—1,...;a152), G(0,...,0;x) = L'I,ai € {0,1}
0 —— n!

Z— Qn
n times

o claim : can relate all boundary conditions Mo (e) to a single overall
normalization (3L sunrise <) if

: . Vs Qg.. €477
require  lim M(e;x) — s %6 My,s,., regular
s;5—0 J



https://arxiv.org/abs/2002.09492
https://arxiv.org/src/2111.13595v2/anc/3L_masters_w6.m
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Appendix : boundary Master Integrals

procedure summary

e canonical matrix a(x) with 3 poles z = 0,1, co

o iterative solution with arbitrary boundary constants c

M;(e,x) ~ €" ¢c;n @ HPLs(x)

e 6 crossed solutions i.e. z — {:r:, 11—z, %, z=l = _ l}
—x x rz—1’ x
careful analytic continuation s;; + ie : cross only 1 branch cut at a time
eg. T —1E— %:I:?is = m—>—z—>—%
e 3 UV regularity conditions

1(1)1111 M;(e; x) regular = linear relations between constants c;
x—0,1,00

@ solve recursively to 1 order higher to fix all but 1 boundary coefficient
en Csunrise,n

e mapping between topologies

(P _ (NPL) _
€-8- £2,0,0,0,0,0,0,0,2,0,0,0,2,0,1 = 42,0,0,0,0,0,0,0,2,0,0,0,2,1,0 —
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Appendix : finite part

€

2
coupling renormalization Zla]=1-— BTO (52) + (—g - %) (%)2 +0(ad)

M S scheme Sepéasy = p2as(p) Zas(p)], Se = (4m)ce” VEC

beta function Bo = %CA — %Tpnf, B1 = %C% —Trny (gCA + CF)
: (3,fin) _ £(3) _ 1) _ (2)

finite part fX = fX Zo fX e fX

IR operators [Catani arXiv:9802439)

_ _emerE (Ca fo
T = I(1—¢) (62 E)
1 280 e YE€D(1 — 2€) [ fo eVE
Io(e) = —511(6) (Il(e) —+ T) + W (? + K) T1(2¢) + QﬁHg
with

Hy= % [(S2+ & + U2 ) % + Tong (9 - (B + %) Ca) + 207303]



https://arxiv.org/abs/hep-ph/9802439
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