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RGEs in QCD
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RGEs in QCD

© Generic RGE 1n QCD:

R = (a,, PDF, TMD)

I" = appropriate
anomalous dimension

k = highest-order
known in f-expansion

© Knowledge of g, al

dInR
dl1n u

(u, a(n)) = I'(ar(p))

k
C(a(w) = ) T,ar ()
n=0

Uy

Ina,

k
_ n+1
T Bla,(p)) = Z:,)ﬁnas (1)

ows to resum NXLL tower of In(u/u,)

< Question: 1s 1t possi

ble to find an analytic expression for each tower?



Analytic solutions

Closed-form analytic solutions (4 = Bya,(up)In(u/py))



Analytic solutions

Closed-form analytic solutions (4 = Bya,(up)In(u/py))
LL: exact

1
at(p) = aswo)( - l)



Analytic solutions

Closed-form analytic solutions (4 = Bya,(up)In(u/py))

LL: exact
beyond LL: approximate (rely on P'I; RGE not satisfied)
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Analytic solutions

Closed-form analytic solutions (4 = Bya,(up)In(u/py))

LL: exact
beyond LL: approximate (rely on P'I; RGE not satisfied)

L g
asLL(/l) = as(ﬂ0)< | — /1> g2(/1)
1 In(1 — A
ab{VLL(M) — as(ﬂ0)< - /1) — aSZ(MO)('BﬂlO(nl(_ /1)2)> g3(/1)
1 In(1 — A A=A +1In(1 — 2) — g2 1n*(1 — A
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a(1) = alpy) g(4) + 0552 (Ho) &2(4) + af(,uo) g:(4) + -+
(purposely reminmiscent of threshold/qy resummation)



g-functions

~ NALL evolution of a:

k
aN () = aug) Y alug)g?)(A)
[=0



g-functions

~ NfLL evolution of a:

k
aN () = ape) Y al(u)g (1)
[=0

o Introduce a “resummation scale” = K
rées

A = Poor(po)In(p, o/ o) — Pooxs(pg)In



~ NfLL evolution of a:

g-functions

k
aN () = ape) Y al(u)g (1)
[=0

o Introduce a “resummation scale” = K
a res

] =

A

Poor(po)In(p,..5/ o)

— Boa(p)nk — g,(1), g,(4,1Ink), g3(4,Ink), -



g-functions

~ NfLL evolution of a:

k
aN () = ape) Y al(u)g (1)
[=0

o Introduce a “resummation scale” = K
a res

A
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g-functions

~ NfLL evolution of a:

k
aNM () = a(ug) ) al(up)g?) ()
[=0

~ Introduce a “resummation scale” ., = Ku

A
A= ﬁOas(/’lO)ln(/’lres//’tO) o ﬂOaS(/’lO)an — gl(/T), gz(/T, In K)a g:;([, In K)a
- 1
(p) —
g, (4) .
1 b _
gz(ﬁ)(,l) — =77 _—ﬁ—oln(l — A1) —pylnk

= x generates subleading corrections to analytic solution
= allows estimate of missing higher orders
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Scale variation

~ Analytic solution: x-variation 1n

M () = a(py) §1) + aZ(uy) &, In k)



Scale variation

~ Analytic solution: k-variation 1n

M () = a(py) §1) + aZ(uy) &, In k)

© Numerical solution: displace u by a factor &

B(u) = a(Eu)Pyl1 + as(«fﬂ)(% - 2By In &)l + O(&))
0



Scale variation

~ Analytic solution: k-variation 1n

M () = a(py) §1) + aZ(uy) &, In k)

© Numerical solution: displace u by a factor &

B(u) = a(Eu)Pyl1 + as(«fﬂ)(% - 2By In &)l + O(&))
0

New pg-function (different from g by subleading corrections):

ditferent solution —> estimate of higher-order corrections



Scale variation a, @ NLL

NLL evolutlon, ozs(MZ) = 0.118
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© Uncertainty bands comparable and strongly asymmetric
© Numerical band shrinking to zero at Z. mass, where coupling 1s exactly known
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a, evolution @ LL, NLL, NNLL

LL evolutlon, aS(MZ) = O 118
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PDFs

k = highest-order dInf
known in y-expansion dlnu

k
= y(as(w) = ) y,08 ' (w)
n=0



k = highest-order

known in y-expansion

~ We repeat the procedure outlined for ag:
[k
D alue)g\(X)
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PDFs

k = highest-order dInf
known in y-expansion dln u

= y(ag(p) = Z 2t ()

~ We repeat the procedure outhned for ay:
-k

U = g N (Dexp | Y allup)g?, () | flmo)
| =0

| P p <y>(,1)_—ﬁ—1n(1—z)
g/ (A =1+ as(ﬂo)ﬂ_ (n ~ _170> — "

0 Poo ) 124 _ vo Hiln(1—=2) + f5lnk
&) =~

b5 -4

© For the numerical solution: shift 4 by £ —> new anomalous dimension

7(1) = al&uyy + a7 Gy — forgIn &)



Scale variation PDF

Fyr(w) = go(4, Ink)exp (g,(4) + a,g,(4, Inx)) f(uy)

NLL evolution from pug = 100 GeV to u =5 GeV
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© Uncertainty bands of comparable size
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RGE uncertainties for F,

O Hps Hps E4 » Sppr uncertainty bands for F,(x) at Q = 10 GeV
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© up dominates at the largest x

~ s1ze of uncertainties

reduced at NNLO



RGE uncertainties for AF,/F,
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o &pg starts from 0 and saturates
very rapidly, staying significant
at large Q

o up and pp large at small Q,
then decrease with Q

© &, subdominant at low Q,

increases with QO

© s1ze ol uncertainties
reduced at NNLO

o &-uncertainties
still dominant at large Q



RGE uncertainties AF,/F,(Q) @ NLO

0.1 MSHT20 at Q¢ = 2 GeV, NLO, = = 0.01, as(Mz) = 0.118
. ' oo ' ' L ' '
S 00
o
9 _
E—Ol T pr/Q €[0.5:2]
4 ' T pr/Q €0.5: 2]
€a, € [0.5 : 2]
i  &ppr € [0.5: 2]
e ] —
10* 102
Q [GeV]
< &pr band grows with decreasing x:
relevant at large Q and low x
o &-uncertainties are cumulative:

increase with the evolution interval

—> potentially relevant at high scales

0.2

MSHT20 at Qo = 2 GeV, NLO, = = 0.001, as(M) = 0.118
1 1 1 1 1 LI I 1 1 1 1 1 1 LI I 1 1

0 pr/Q € [0.5:2]__
T pp/Q €]0.5 2]
€a, € [0.5: 2] i

" &ppr € [0.5: 2]
] ] ] ]

101 102
Q [GeV]
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RGE uncertainties AF2/F2(Q) @ NNLO

MSHT20 at Q¢ = 2 GeV, NNLO, = = 0.01, as(Mz) = 0.118
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Conclusions

~ We have studied the theoretical uncertainties stemming from solutions of RGE

© We extended the “g-functions” formalism commonly used in Sudakov
resummation to treat RGE uncertainties on the running coupling and the PDFs

© We quantified the effect of RGE uncertainties on the F, structure function and
found that they are significant in a kinematic regime relevant for PDF
extractions and collider phenomenology

o Outlook:

© collinear/ TMD PDF fit including RGE uncertainties

© Extension to Sudakov resummation. We aim at 1identitying an appropriate
use of scale variations to estimate theoretical uncertainties in both the
analytical and numerical approaches for the DY g;~spectrum







Perturbative hysteresis a,

ag " (w) = ay(ug) 81(4) + (o) 82(4)
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Perturbative hysteresis: PDF

Jver ()

= 80(/1_a In k)exp (8 1(/1_) + asgz(/l_, In K))f (#o)

NLL evolutlon

10% MSHJI'20nlo as1]18 T
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© numerical: no hysteresis
~ analytic: a few percent in low-x region

© no heavy-quark threshold
crossed 1n the evolution
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Analytic/numerical mismatch

fNLL(//l) — g(])VLL(;L_) exp (gl(/l_) + asg2(/1_)> f(ﬂO)
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© Mismatch can exceed 10% at very low and very high values of x
~ Gomparison with native evolution (from LHAPDYF) shows that

MMH'T (NNPDF) implements the numerical (analytic) evolution



exp ['y(")ln] =1+~™ x O(al), n>1.
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Solution of RGE for PDFs
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MSHT20 at Qo =2 GeV, LO + LL evolutlon to Q =5 GeV, as(Mz) =0.118
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MSHT20 at Qo =2 GeV, LO + LL evolution to Q = 200 GeV, as(Mz) =0.118
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MSHT20 at Qo = 2 GeV, NLO + NLL evolution to Q = 5 GeV, as(Mz) = 0.118
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MSHT20 at Qo = 2 GeV, NNLO + NNLL evolution to Q =5 GeV as(Mz) =0.118
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MSHT20 at Qo = 2 GeV, NNLO + NNLL evolution to Q = 20 GeV aS(MZ) = 0.118
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MSHT20 at Qo = 2 GeV, NNLO Q =50 GeV, as(Mz) = 0.118
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