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Summary

e Brief summary of time-like method for LO hadronic vacuum polarization contribution to

muon g-2

e Space-like method for LO hadronic vacuum polarization contribution to muon g-2

e NLO hadronic vacuum polarization contributions

e NNLO hadronic vacuum polarization contributions

The content is based on E.Balzani, S.L.. and M.Passera, arXiv:2112.05704
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Reminder: Time-like method

leading order (LO) hadronic vacuum polarization contribution to muon g-2.

0

a, ¥ (LO) = — / ds K@ (s/m?)ImIl(s) = 6931(40) x 10~ (WP20)

2 S

2

o (ete” — hadrons)
4ra?/(3s)

«

3 R(s) R(s) =

optical theorem — ImlI(s) =

e R(s) fluctuating at low energy due to resonance and particle production threshold effects

o K@) (s/m?): 1-loop QED g¢-2 contribution with a massive photon of mass /s

K® (s /m?) 1 z*(1 — x)
(s/ / P s Toyes

Z—) y(2) = =
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Space-like method: LO hadronic vacuum polarization contribution

oo

0
/dZ,ImK(Q)(z’) l/@lmﬂ(s) B

- , 2>0 5
A 7y s §—q
— 0 S0

o0 0
VP(LO) = & / 95 KO (s /m?)Tml(s) = - / %H(t)

T S ™
S0

the imaginary part for z < 0 is

2 —9 2_‘_2
ImK® (2 + ic) = m0(—2) [Z——z+ T 2

2 2(z —4)

| ImK2sinf) .
L 2 4

K®0)=1/2, K®()—=1/32) z—

K®)(z) > 0 for z > 0; there is no cut for 0 < z < 4.

Stefano Laporta, NLO and NNLO hadronic vacuum polarization contributions... , ICHEP 2022, Bologna, 8 July 2022 Page 4



Space-like method: LO hadronic vacuum polarization contribution

ImK (?)(2) espressed in terms of y(z) is simpler

K@ (s +ic) = 70(—)FO(1/y(z)),  FO@) = L1,

u—1

changing again variable in the dispersive integralt -y -z (t <0 —-y<-1—-0<zx<1)

r=1+1/y

HVP LO = AO‘had (t(l‘)) Lautrup Peterman de Rafael 1975

o x¥(x) =1—2x simple space-like kernel

o Aayp,q(t) = —1II(t) hadronic contribution to the running of the effective fine-structure

constant in the space-like region

The above expression was proposed for the first time (Carloni Calame Passera Trentadue

HVP
n

space-like region through scattering data.

Venanzoni 2015) to determine a measuring the electromagnetic effective coupling in the
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NLO hadronic vacuum polarization contributions

PN

4a 4b

e Class a: 1 HVP insertion in one photon line of 2-loop QED vertex diagrams

e (Class b: 1 HVP insertion in the photon line of 2-loop QED vertex with one electron vacuum

polarization

e Class c: 2 HVP insertion in the 1-loop QED vertex diagram

ay, " (NLO;4a) = —209.0 x 10"

ay, " (NLO; 4b) = +106.8 x 107"

) =

) =
ay, " (NLO;4c) = +3.5 x 10~
ay, " (NLO; total) = —98.7(9) x 10~

(Krause 1996, Hagiwara Liao Martin Nomura Toebner 2011, Kurz Liu Marquard Steinhauser 2014)

A
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NLO class 4a

We write the time-like expression

0. @)

HVP : _a [ds 4 2
ay " (NLO;da) = — / — 2K @ (s/m?) ImII(s)
S0

2K anomaly from all 2-loop QED diagrams with 1 massless photon and 1 photon of mass /s

(factor 2 due to normalization chosen)

~ Tz 4 %) —3Liz(—y) — 6Li3(y) + 2 (Liz(—y) + 2Li2(y)) Iny + 5 (In®y + 7%) In(y + 1) + In(1 — y) In* y}

. 1 2 2 3 2 . 2
i4+?3 (le(—y)+%+7{—2> (—%+176z —2Z> (le(y)—ilr12 y+1n(1—y)1ny—%>

(z—4)=z + V(z—4)z

2323 11522 1272 4)), _722 1722 2
144 72 36 3 /) "Y 48 24 — 2 )hryinz

234‘i+%>1“2“< V/F=r * V/E=E

_2 Sz _ 24 %) +52%1n% 2 4 (2134z42 R %) Inz+ 132 139 Barbieri Remiddi 1975

La?— Ir?ln2 + 2¢(3) = —0.328479
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NLO class 4a

As in the LO case we write the dispersive relation for K (2) and II(¢?)

oo

0
(4) (5
K(4)():l/dz/ImK (Z),z>0 l/@lmﬂ(s):

T 2 —z T s s—q?
— S0

oo

/ 95 9 K@ (s/m?) TmTl(s) = —I1(t) [m2K D (t/m?)

(NLO; 4a) =
S

8%
7T2
S0

The imaginary part for z < 0 is obtained from K®)(z)

ImK W (2 + ie) = 70(—2) FV (1/y(2)) y(e) = SV < -1

F®) (y) ==3=bu =Tw=5u=3 (jy (—u) + 4Lia(u) + In(—u) In (1 — u)?(u + 1)))

6u2

u —U3 u2 u — U4— U3 u
(u+1)( 1;;72 +8u+6) In(u+ 1) + (-7 182u2+8 +7) In(1 — u)

4 2308 —37u’ +124u" —86u° —57u’+99u+78 | 12u"—11u’—T8u’+21u’+4u' —15u’+13u+6 In(—u)
72(u—1)2u(u+1) 12(u—1)3u(u+1)2

ImK ™ (2) also found independently by A.V.Nesterenko arXiv:2112.05009.
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NLO class 4a

_Im K4(sinP)
2 4
Re Kd4(s/nf)

144 36 3 54

K®(0) =174 La2 1721n243¢(3) = —0.328479 2-loop -2 KW(z) - 1 (—231“<Z> S %)
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NLO class 4a

space-like kernel ) (z):

-0.5]-

-10F

-15[

o kW(1)=-2 xA(0)=1;

o W (z) provides stronger weight a large ¢ < 0 (z — 1) than x®(z)
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NLO class 4a

— +10" LO
-108 NLO(a)

the integrands (o /7)k® () Aapaa(t(x)) (blue)  (a/7)?6™ (x) Acmad(t(x)) (

e LO integrand has a peak at x ~ 0.914

e NLO has an (integrable) logarithmic singularity at z — 1
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NLO class 4b and 4c

Ao

4a 4b

starting from time-like expressions one finds

aiVP(NLO; 4b) = = [ do 1P (2) Acnaa (H(2)) 2 (Al (t(2)) + AaP (i(2))

alVP(NLO; 4c) = dz K (2) (Aapaa (t(z)))”

HZ(Q)(t) = —Aq(t) renormalized one-loop QED vacuum polarization function

0= ()53 ea (s %)

Stefano Laporta, NLO and NNLO hadronic vacuum polarization contributions... , ICHEP 2022, Bologna, 8 July 2022 Page 12



NLO class 4a 4b 4c

— -108 NLO(a)

+108 NLO(b)
+108 NLO(c)

the 3 NLO integrands
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NLO class 4a: approrimated space-like kernels &%) ()

Asymptotic expansion for large s of K*)(s/m?) in powers of r = m?/s (Lautrup 1997)

(4) _ 231nr__ 223 2 (19In*r | 367Inr _ 377> | 8785
K'Y (r) =r 36 + +r 144 T 216 iz T 1152

3 ( 1411n° r 10079 1In r 88372 13072841
+r ( 30 + 3600 240 + 432000 )+

from this expansion we derive space-like kernel &%) ()

We use the mOdZﬁed ansatz Of [Groote Korner Pivovarov 2002] [Chakraborty Davies Kobonen Lepage VandeWater 2018]

KO(s/m?) = 1 [ag [ A lpﬁ?g] L(€) = G(€) + H(€) In€
0

= gt H(E) = ) bl P(€) = 3.0 pi€t. Integrating and expanding in 7, the
coefficients g;, h; and p; fit the coefficients of 7'+ Inr, v+ In? r, t1 respectively.

HVP(NLO 4a) dz 7™ () Aoy (t(z)),
() [

2—x ;1;2 o o
,5(4)(35): z(l—x) P(l—m)’ O<x<xu—(\/g—1)/2—0.618...
2;)}38[1(1;2:1:)1, xy <ax <l

e Original ansatz had In” 7 terms not fitted (i.e. H =0) — Error of 6% on aEVP(NLO; total),
e Error |eliminated | by our ezact NLO kernel £ (z) !
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NLO class 4a: approximated space-like kernels /%7(14)(:13)

Plot of the approximated kernels Rq(f)(x) for n =4, 5, 6,9, 17, 25 compared with exact x*)(z)

L7 )
(@p) (

100000 |

50000 -

-50000 -

-100000 |-

-150000 |-

-200000 |-

| 6)—44)— | . . . ! . : : ! -250000 |f
0.85 0.90 0.95 (

R (z): good approximation for x near 1 ( t — —o0);
Discontinuity for z = (v/5 — 1)/2 = 0.618 ( t = —m?)
Wild oscillations for small x, worse for large n.

For n = 25 up to ~ £10°°! But the integral reproduces the exact result with error 1072° — deep

numerical cancellations!.

Large n not necessary! | n = 4 | reproduces aEVP(NLO; 4a) with error

Useful method of approximation at NNLO
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NNLO hadronic vacuum polarization contributions

o o D
Y NN

6¢3, 6c¢4

a,, " (NNLO; 6a) = +8.0 x 10!

a, '¥(NNLO; 6b) = —4.1 x 10~
a,, " (NNLO; 6bll) = +9.1 x 107"
a,, " (NNLO; 6¢) = —0.6 x 10~
ay, ** (NNLO; 6d) = +0.005 x 10~
ay, ' (NNLO:; total) = +12.4(1) X 107" kurs Liu Marauard Steinhauser 2014

SN N

1,692 HVP with internal corrections already incorporated in NLO and LO
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NNLO class 6a 6b 6bll

K©2)(s/m?2): Only the first 4 terms of the expansion in power series of 7 = m?/s are known

They contain terms with 7™ Inr, #®In?r and 7™ In® r. As in NLO, we use an integral ansatz:

1

(6a) (6a)

KO ) = v fag | F 4 SO 1600~ GO0 4 HON @I+ S
0

G(6a)  f(6a) j(6a)  p(6a) Holynomials

3 3

3 3
GON(E) = g™ el, HONE =S he, T =370 PO =3 e
=0 i=0

i=0 1=0

§6a), 1 =0,1,2,3, in order to fit
the known coefficients of the asymptotic expansion in r of K (6% (s/m?). Then approximated

kernel £(6%) () is

(6a) }l(Ga) .(6a)

We integrate in £, expand in r, and we find g, , 7, andp

a1V P (NNLO; 6a) = (%)3 /1 dz 79 (z) Aay (t(z)),
0

£(60) () i) P(GC‘)(—ffx) , 0<z<z,=(V5-1)/2=0618...
K €Tr) =

x

The uncertainty due to the series approximation of K (6% is estimated to be less than O(10712)
The contributions of classes (6b) and (6bll) can be calculated similarly to class (6a).
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NNLO class 6a 6b 6bll

(6a)

do="0; ho = —%2;

367
s _ 3793, 122203,
01 =—gez h1 =

5184
. _ 35087, _ _ 43879427
J2 = 31600° hy =

648000 |
. _ 1592093, 14388407 ,
J3 = “43200 hs =

48000

1301 _ 1972
90 = a4 9

441277 355 25 ((3).
91 = Toseg T (— 555 +1nd) + o,
181n2) — 2194E),

_s0sledsier | q2 (oalant
92 = — “33880000 32400

_ 14588342017 2479681 113 ),
93 = “sevonon + 7 (—Tig0e- +112In2) +

x4 n’ 2085448 ¢(3

po = _18!]]84058800’5%%513 + 4181551 + 843231 2 + 67456 as + = ¢ +

42 (_1191494414663099 + m (180 —31In2)In2 + 1150732 ((31) _ 57536;) C£52;
p1= 134!]91(;]%5[]6919 44811827\- 98420 In%2 787360 a4 + 2255200 C(5)+

n2

+? (7235;‘3233249 —201122In2 + —9842‘;1 2 — 451040 ((3)) — BT189%89 (@),
p2 = _1306;80888101]%5453 + 330013#" + 80790 1114 92 + 1938960 ag + 773712((]]9 9 31+

+m? (— 122995599 1 6(85313 — 134651n2) In 2 + 1114360 ((3)) — 5571800 ¢(5);
py = 1274611882030 _ 986377n" _ 53340154 9 — 1280160 a4 + LBT20LE)

2 { 5809659289 2211440 {(3) 22833188 ¢(3) .
+r <W+4201n2(—823+127m2)— 0<0)) _ 2o <),

Table 1: The coefficients ggﬁa), hgsa), j}ﬁ'z), pgsa) = 0, 1,2,3) The superscript (6a) has been dropped for simplicity. In the
above coefficients, the Riemann zeta function ¢(k) = 3222 ; 1/n* and a4 = 332, 1/(2%n?) = Lis(1/2).

(6b)

65,
ho = 533

h=-82+p+ Enp;
hy =847 _ Q,o_+ 1in p;

_ _ 4109 | 2211 2 1763
hy=—400 4 28 In p;

= 135 (259 — 72p% + 276 In p);
—9l8 | et 3mp | 4967 | (301 4 gp2)Inp+ 41 p+ 2 ((3);
84170° | (3479 _ 44?) Inp — 81n% p— 12 ¢(3);

_ 501971 _ 113n2 + 2707%p _
~ 2520838 4 638r _ 4on2p 4 S4G" 1 (B8T 1 900,%) Inp + 12 In? p+ 56 ((3);

= 40500
_ 95510063063 _ 7975,2, (_ 5875145000693 + 752;222 + 1208;1% )1np+ (1133508 + 96p2) 3+

Po= 486000
224382331
810

+47201n? p 4 10671150097 | . — 281841, 9)

— 3272p% (687 + In 4);
M) Inp — 10 (446023 + 216p7) ¢(3)+
72 (_ 143%451463 + 33522561112) + 16 2 2 (48481 +90 ln2)
_22954%051095193 _ 912435#22 + (_ 18676':)0309691 + 78848802 + usssésew ) Inp+ (11033& e 1440p2) 3+
+1483481n? p + 208053048, | %«2(29597029 — 310485601n 2) — 320722 (5989 + In 512);
py = T2TEZUTIOTT 4 15403572 p — 12 (—31650719 + 397344072 + 8220240p%) In p — 280 (78283 + 27p?) {(3)
—100240 1n? p — 5136922075 | 35 22 (_ 9687650 4- 28160641n2) + 122722 (9055 + In 4096);

279489728279 179283 2280933773
P1=""Tos00 T Lrozgsn’s (T 3095409

_ 174712 1 2 1743501670
3 Inp 75 +

Table 2: The coefficients g§6b>, hgab), j}eb), p56b) (i = 0,1,2,3). The superscript (6b) has been dropped for simplicity. In the
above coefficients, p = me/m, the Riemann zeta function (k) = Y52, 1/n*, and a4 = 3232, 1/(2"n%) = Lis(1/2).

Stefano Laporta,

NLO and NNLO hadronic vacuum polarization contributions.. .

(6bl1)

& 9.
’ h’O -3

2

9p? _ 59 275 a3 ]
7 -éLv hl 9 - 18p 1np7
_ 41 2201p7 —
—a8 T 218 ha

3037 59092 ha =
900 216 3 =

485+ 35122 + 592 Inp

282617 _ 048122
6750 108

851 .
_ _g.u_ 1np’

Q - 47r2p+ 1502 + 72p? — 18p%In p + 62 In? 0
B .y 8 My, BT MnSt BT 1 o B2 107 g 3¢(B) o+ 20 ()

385 _ dln® _ 287\'2Q _ 89873p> _ 997x%p® _ 1961p° 21.2 5 _ lep? )
62 T2 3 5184 324 72— np+14p°In” p — 5((3) — 3=((3);

2 2 z %
- 2265’21570601 3?%3 24n’p 65957422(%) 2353?2721/) 694330 Inp 36P2 lnzl’ 42C(3) 15p%¢(3);
331566049270 7762 76312122
Y 583200 . 6313?” 972 ) 135 (7817 32124°)

45000
+( 72390521 + 4962727r _ 1237#) Plop+ (—3388 _ 80_7r) P2 1n2 p+

e (25642 4 18157240 _ 98,202 _ 16052 In p) ¢(3) — 12802¢(5);

py = 89380434843 | 248834878697," _ 172 (_533001 + 9110736p + 3110417p2) + 24 (180247 + 73530p7) +
+ (11}3;373 _ 1934307: + 3207r )p2]np+ (63269 +3007r2) P21n? pt
+25 (—13410977 + 100 (—292301 + 43272) p? 4 54000p% In p) ¢(3) + 3200,;2((5);
_ _ 6209532853 _ 29997466847p2 + Wz ( 114521 + 71840p+ 197014OQ ) _ (14685 + 6032P )+

2= 27000 19440
— 2 (190613 — 284736072 + 115207%) p® In p — 80 (1347 + 572) p? In” p+

P (—658509 + (—1431463 + 172872) p? + 21607 In p) ((3) — 6400p2((5);
— 49726331179 7324831423 3897971 145880, 3977785p° 14,4 2
P3 = 334000 T 7200 2L tn ( Te20 — 3 W&) + g2m* (8269 + 3419p%) +
+g5 (—81551 — 40152072 + 14407%) p? In p + 142 (1563 + 572) p%In® p+
+35 (—371889 + 16 (—50437 + 5472) p? + 1080p% In p) (3) + 11220 p2((5);

Table 3: The coefficients g(Sb”) h(6b”) gebll), pgeblt) @

In the above coefficients, p = me/m the Riemann zeta function ((k) = 322 ; 1/n*

=0,1,2,3). The superscript (6bll) has been dropped for simplicity.
,and ag = Y02 1/(27n) = Lis(1/2).
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NNLO class 6d

1
ail""(NNLO; 6d) = /
0
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NNLO class 6cl 6c3 6¢4

Gee:

6¢3, 64

al!V"(NNLO; 6¢) = a7 (NNLO; 6¢1) +a//V" (NNLO; 6¢2) +al) V¥ (NNLO; 6¢3) +aV" (NNLO; 6¢4)

) ) 6¢c4 separated
afVP(NNLO;6cl) = (— — —kP(x) Aozl(f)(t(a:)) [Aay (t(x))] multiplicity=3

afVP(NNLO;GcfS) _ 5o dz P (2) [Aan (t(2)]? Al (t(z)).

s

3
VP (NNLO; 6cd) = =
T

dz 3 (2) [Aan (H(2))]*Aa@ (t(2)).

/
/

affVF(6cl) = =5 x 10712, aflVF(6c2) = —1.8 x 10712, afIVF(6c3) = 0.9 x 10712, aflVF(6c4) = 0.1 x 10712
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NNLO class 6c2

This class requires double integrals

HVP , _ a’ dS dS (6¢2) /
a, " (NNLO;6c2) = ol s = — K% (s/m? s /m?)ImlIly(s) ImlI}, (s").
S0 S0

af’VP (NNLO; 6¢2) /dx /df’f RO (2, 2") Ao (t(z)) A (t(2")),

7(6¢2) (2, 2') space-like bidimensional kernel, r, <{z,2'} <1

R(6C2)(x,x/) _ 2—$2—£U G(602)<1—x,1—x/)

x3 x2 :L‘/2

From the leading terms of the known asymptotic expansion of K (62 (s/m?, s’ /m?):
s/s’ < 1lors/s'~1ors/s'>>1ands,s’>m? we getthe approximated space-like kernel

1855 — 1887” min(§,&) |, 9887” — 9765 min(¢,€)* | 6 (435 — 447%) min(¢, ¢)3

(6c2) N —
) = 13277 — 315) max(e, )2 | 13277 — 315) max(¢, €)F | 3272 — 315 max(e,&)?

Contribution of 6¢2 class is —1.8 x 1012

The uncertainty of this leading order approximation is estimated to be ~ 10~13
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Conclusions

We have provided simple analytic expressions to calculate HVP contrbutions to muon ¢-2 in
the space-like region up to NNLO.

Expressions are exact for LO and NLO; approximated for NNLO.

These results can be employed in lattice QCD computations of af Ve

These results can be employed in determinations of a{j VP from scattering data, like those

from MUonE experiment.
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The End

Thank You!
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