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Lecture IV



Gravitational Waves



Perturbed background (weak-field):

Flat metric              Perturbation

Einstein equations: nonlinear

Linearised vacuum Einstein equations:

Linearised Einstein equations 
in the presence of matter :

What are Gravitational Waves (GWs) ?

Mairi Sakellariadou -- Theory of Gravitational Waves 
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In an analogous way as for Maxwell theory:

§ Linearised Einstein equations are invariant under linearised general coordinate transformations

§ In contrast to the Lagrangian of Maxwell theory, the Lagrangian for linearised gravity is not 
strictly gauge invariant, but only invariant up to a local derivative 

§ Harmonic gauge condition (analogous to the Lorenz gauge in Maxwell theory) :

Linearised Einstein equations :

Linearised vacuum Einstein equations: standard relativistic wave equation

What are Gravitational Waves (GWs) ?
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In an analogous way as for Maxwell theory:

Linearised Einstein equations and  harmonic gauge conditions:

Consider linear combination:

To determine the evolution of a 
disturbance in a gravitational field   
in the harmonic gauge

Retarded solution

The general solution is then the sum of this particular solution of the inhomogeneous 
equation and the general solution of the homogeneous equation
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Homogeneous equation:  the linearised vacuum Einstein equation in the harmonic gauge 

Solution:

constant, symmetric polarisation tensor

constant, null wave vector

Plane waves are solutions to the linearised equations of motjon and the Einstein equations 
predict the existence of GWs travelling along null geodesics (at the speed of light)

The timelike component of the wave vector is referred to as the frequency w of the wave: 

10 parameters

4 parameters

Many are spurious, they can be eliminated 
by linearised coordinate transformations 

and Lorentz rotations
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Solution:

constant, symmetric polarisation tensor
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4 parameters

Many are spurious, they can be eliminated 
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and Lorentz rotations

Only two independent polarisations for a GW

Transverse traceless gauge:

What are Gravitational Waves (GWs) ?

Mairi Sakellariadou -- Theory of Gravitational Waves 

Homogeneous equation:  the linearised vacuum Einstein equation in the harmonic gauge 

Solution:

constant, symmetric polarisation tensor

constant, null wave vector

10 parameters

4 parameters

Many are spurious, they can be eliminated 
by linearised coordinate transformations 

and Lorentz rotations

Only two independent polarisations for a GW

Transverse traceless gauge:

What are Gravitational Waves (GWs) ?

Mairi Sakellariadou -- Theory of Gravitational Waves 



Consider a GW travelling in the          - direction: 

symmetric and traceless

Describes the distortion of 
spacetime geometry in the 
direction transverse to GW

Just looking at the gravitational field one cannot determine the physical effect of a passing GW

Consider its influence on the relative motion of nearby particles (geodesic equation)
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A family of nearby test particles, initially at rest, at a separation vector

A GW passing by will lead, to lowest order
in the perturbation           , to a 4-velocity: 

Geodesic deviation equation

The GW is transversally polarised  (the component        of        in the longitudinal direction  
of the wave is unaffected and the particles are only disturbed in directions ^ to the wave )

The movement of the particles in
the (1-2) plane is governed by:

equation of a 2-dim time-dependent harmonic oscillator, 
leading to oscillations of the test particles in the (1-2) plane

§
§
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Effect of a GW with 
polarisation       moving 
in the      -direction on a 
ring of test particles in 
the (              ) -plane 

Effect of a GW with 
polarisation       moving 
in the      -direction on a 
ring of test particles in 
the (              ) -plane 
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What are Gravitational Waves (GWs) ?

Circularly polarised waves:

§ Birkhoff’s theorem:   there can be no monopole radiation

§ Momentum conservation:  there can be no dipole radiation

the lowest possible mode of gravitational radiation is quadrupole radiation

Reduced (traceless) quadrupole moment 
tensor of the retarded energy density
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What are Gravitational Waves (GWs) ?

Circularly polarised waves:

§ Birkhoff’s theorem:   there can be no monopole radiation

§ Momentum conservation:  there can be no dipole radiation

the lowest possible mode of gravitational radiation is quadrupole radiation

Maxwell theory:  - the leading contribution arises from dipole radiation

- the radiated power of an electric quadrupole is also proportional
to the third derivative squared of the quadrupole moments

For 2 stars of equal mass M at distance 2r from each other, the prediction of GR is 
that the power radiated by the binary system is:
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This energy loss has 
actually been observed



Consider 2 objects at rest

: separation vector

A GW passing by will not modify their positions (they are at rest and stay at rest)
but

it will modify their relative position, i.e., 

Principles of LIGO-Virgo detectors

Geodesic deviation equation:

with linear order solution:

If a GW passes by, the relative position oscillates
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LIGO and Virgo detectors

LIGOLIGO

Virgo

Cascina (near Pisa)
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Principles of LIGO-Virgo detectors

by using a Michelson interferometer
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where gµ⌫ is the spacetime metric, ⌘µ⌫ in the Minkowski metric (representing flat

spacetime), and hµ⌫ is the metric perturbation. The generation of gravitational waves is

a consequence of general relativity, and can be predicted via the Einstein equation. To

first order in the metric perturbations, gravitational waves are created when the mass

quadrupole moment is accelerating, namely that it has a non-zero second derivative with

respect to time. Gravitational waves also carry energy and momentum. When a system

emits gravitational waves, it loses energy. The existence of gravitational waves was

first confirmed through the observation of the orbital decay of the binary pulsar PSR

1913+16 [7,25]; the rate at which the orbit for this system is decaying exactly matches

the prediction from general relativity for the loss of energy through gravitational wave

emission. This is also the reason for the coalescence of the binary black holes and

the binary neutron stars observed by Advanced LIGO and Advanced Virgo, such as

GW150914 [4], GW151226 [8], GW170104 [10], GW170608 [11], GW170814 [13] and

GW170817 [14].

After emission, a gravitational wave essentially travels as a plane wave. Imagine

a wave traveling in the z-direction. Just like electromagnetic radiation, there are

two possible polarizations, and the physical e↵ects are transverse to the direction of

propagation. We can arbitrarily choose our x and y axes. One polarization (which we

will call the + polarization will cause space to be expanded and contracted along these

x and y axes. The other polarization, which we will call the ⇥ polarization, will cause

space to be expanded and contracted along the x0 and y0 axes, where these axes are

rotated by 45o from the other axes.

Let us look in detail at the e↵ect of the + polarization. Consider the plane wave

moving in the z-direction

hij(z, t) = h+

0

B@
1 0 0

0 -1 0

0 0 0

1

CA

ij

e
i(kz�!t)

. (2)

Spacetime is stretched due to the strain created by the gravitational wave. Starting

with a length L0 along the x-axis, the gravitational wave causes the length to oscillate

like

L(t) = L0 +
h+L0

2
cos(!t) . (3)

There is a change in its length of

�Lx =
h+L0

2
cos(!t) . (4)

Along the y-axis, a similar length L0 subjected to the same gravitational wave oscillates

like

�Ly = �h+L0

2
cos(!t) . (5)

In this example, the x-axis stretches while the y-axis contracts, and then vice versa as

the wave propagates through the region of space. In terms of the relative change of the
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lengths of the two arms (at t = 0),

�L = �Lx ��Ly = h+L0 cos(!t) , (6)

or

h+ =
�L

L0

. (7)

The amplitude of a gravitational wave, h+, is the amount of strain that it produces on

spacetime. The other gravitational wave polarization (h⇥) produces a similar strain on

axes 45o from (x,y). The stretching and contracting of space is the physical e↵ect of

a gravitational wave, and detectors of gravitational waves are designed to measure this

strain on space.

1.2. Sources of Gravitational Waves

When searching for gravitational waves the signals are roughly divided into four

categories: coalescing binaries, unmodeled bursts (for example from core collapse

supernova), continuous waves (for example from pulsars), and stochastic. The signal

search techniques are then optimized for these particular signals.

Compact binary coalescence will produce a typical chirp-like signal. In the LIGO-

Virgo observational band, from 10Hz up to a few kHz, these signals will be made from

binary systems consisting of neutron stars (with masses ⇠ 1.4M�) and black holes

(with masses up to ⇠ 100M�). As the binary system’s orbit decays via energy loss

by gravitational wave emission, the two objects spiral into one another. The orbital

frequency increases, and consequently the gravitational wave frequency and amplitude

also increase. In addition to the inspiral (chirp) signal, there will also be a signal

associated with the merger of the two objects, and if a black hole is created, the ringdown

signal as the black hole approaches a axisymmetric form. Since the binary inspiral

signal is relatively straightforward to calculate, the LIGO-Virgo signal search is based

on comparing the data with templates. As the ability to predict the form of the signal

has improved, these templates now account for spin of the masses [26–28]. Once the

signals are detected, Bayesian parameter estimation routines are used to extract the

physical parameters of the system. These methods now incorporate the full extent of

the waveform: inspiral, the merger of the two masses, and the black hole’s ringdown

to a axisymmetric form [29]. It is interesting to note that stellar mass binary black

hole systems, similar to GW150914 [4], will also be visible in the proposed space-based

gravitational wave detector [30], the Laser Interferometer Space Antenna (LISA) [31,32].

LISA will be able to observe these systems weeks to years before they coalesce in the

LIGO-Virgo band. LISA will observe gravitational waves with frequencies between

0.1mHz to 100mHz. In this band LISA will also observe binary black hole systems

with masses up to ⇠ 107M�. Pulsar timing methods (whereby the regular radio signals

from pulsars are used like clocks in the sky, and the presence of a gravitational wave

would vary the arrival time of the pulses) will search for supermassive binary black holes
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Gravitational wave physics experiments
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Principles of LIGO-Virgo detectors
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Gravitational radiation from Binary systems: effect on the orbit

energy        by GW emission              period P 

bound system

The emission of GW radiation also tends to circularise elliptical orbits



Gravitational radiation from a Binary Pulsar

Binary pulsar: a pulsar and a compact companion (most likely also a neutron star) in 
orbit around their common centre of mass

Each star has a mass near                   and the orbital period is             hours 

Over period of one year:
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Indirect evidence from Hulse and Taylor

Orbit decays by 3mm per orbit
The rate of decrease of orbital period is 
76.5 microseconds / year

Discovered in 1974  by                                       
Russell Hulse and Joseph Taylor

Nobel prize in Physics (1993)

Measured energy losses in orbit (orbital energy 
converted to gravitational radiation) in agreement 
with prediction from post-Newtonian theory

Binary Pulsar PSR 1913+16

Unfortunately the radiation from the Hulse-Taylor system will be 
too weak and of too low frequency to be detectable by LISA
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Sources of Gravitational Waves

Pretty much anything dynamical that is “powerful enough”
(Though, in General Relativity, only non-spherical dynamics radiate)

e.g. Compact binary coalescence, 

Supernovae

But also more exotic potential sources

e.g. Electroweak first order Phase Transition, 

Cosmic Strings
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GW from strong sources: Binary Black Holes Coalescence

inspiral merger                    ringdown

Mairi Sakellariadou -- Theory of Gravitational Waves 

a binary system gradually spirals inward 
because of emission of GWs, and the resulting 
waveform increases in amplitude and in 
frequency, producing a characteristic “chirp”

the two objects 
plunge into each 
other and merge

the resulting system, typically a 
BH, finally settles down to its 
ground state, radiating away the 
energy stored in its exited modes

particularly 
difficult to model

nature of the 
source (BH or NS) 
is also important

GW from strong sources: Binary Black Holes Coalescence

Large separation,  low speed,  
weak gravitational field

Short separation, speed close 
to c, strong gravitational field Quasinormal modes

Post-Newtonian methods                    Numerical Relativity                 Perturbation theory
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Post-Newtonian expansion

The astrophysical sources more interesting for GW detection are held together by gravitational forces
The assumption that the velocity of the source and the space-time curvature are independent is no longer valid

For a self-gravitating system with total mass M and typical size d: 

measure of the 
strength of 
gravitational field 
near the source

As soon as we switch on the           corrections, we must also 
consider deviation of the background from flat spacetime

Slowly moving, weakly 
self-gravitating sources Assume a non-relativistic and self-gravitating source

Introduce:

Demand the source to be weakly stressed:

terms of        in 
the expansion

Plug into Einstein equations and equate terms of the same order in e
Use the harmonic gauge condition

Get the post-Newtonian (PN) metric
Obtain the equations  of motion of a test particle in the PN metric from the geodesic equation



GW signals

matched filtering techniques

hard to disentangle from 
instrumental noise

easier to search for as their arrival 
represents a change in the detector

emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

random nondeterministic phase evolution 
from a large number of distant sources



Penzias and Wilson (1965) discovered that the Universe 
is permeated by the CMB electromagnetic radiation

The Universe is permeated by a stochastic GWB generated in the early Universe

A background of GWs can also emerge from the incoherent superposition of a 
large number of astrophysical sources, too weak to be detected separately, and 
such that the number of sources that contribute to each frequency bin is much 
larger than one

Gravitational-Wave Background (GWB)



Mathematical characterization of the GWB

direction of the Galactic center twice every year.) From the figure, we also see that the expected
white-dwarf binary signal will be larger than that of the instrumental noise for LISA, thus con-
stituting an astrophysical foreground. This is atypical, however, as most expected GWBs will sit
below the instrumental noise (e.g., for advanced LIGO / Virgo, pulsar timing, CMB polarization
experiments), requiring observation over long periods of time to confidently detect.

(iii) Stochastic backgrounds can also di↵er in their power spectra2 as shown in Figure 7. Here
we plot simulated time-domain data (including the signals for an individaul BNS merger and
BBH ringdown3), histograms, and power spectra for three di↵erent types of GWBs. For these toy-
model simulations, we overlapped a su�cient number of individual BNS merger and BBH ringdown
signals to produce Gaussian-stationary confusion-limited GWBs (second and third columns). The
di↵erence between these backgrounds shows up in their power spectra (third column). The power
spectra for the BNS merger and BBH ringdown backgrounds have the same shape as those for an
individual BNS merger or BBH ringdown, scaled by the total number of sources contributing to
the background.

white noise 2Δt σ2

σ = 1

histograms power spectra

BBH ringdown 440 Hz

BNS chirp

f-7/3

(iii) They can also differ in power spectra depending on source

!16

Figure 7: Simulated time-domain data (including the signals for an individual BNS merger and
BBH ringdown), histograms, and power spectra for three di↵erent types of Gaussian-stationary
GWBs.

3 Mathematical characterization of a stochastic background

Since the individual signals comprising a GWB background are either too weak or too numerous
to individually detect, the combined signal for the background is for all practical purposes random,

2If x(t) is stationary time-domain data, then the power spectrum Px(f) is defined as the Fourier transform of
the correlation function C(t � t0) ⌘ hx(t)x(t0)i, or, equivalently, hx̃(f)x̃⇤(f 0)i = 1

2Px(f) �(f � f 0), where x̃(f) is the
Fourier transform of x(t). The factor of 1/2 is needed for a one-sided power spectrum; see also (4.15).

3Our toy-model simulation for BBH ringdown is simply a damped sinusoid with frequency 440 Hz. It has the
correct qualitative behavior for a BBH ringdown, but is not meant to be astrophysically realistic.
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similar to noise in an single detector. Hence, we need to describe the GWB statistically, in terms
of moments (i.e., ensemble averages) of the metric perturbations describing the GWB.

3.1 Plane-wave expansion

Recall that gravitational waves are time-varying perturbations to the geometry of space-time, which
propagate away from the source at the speed of light [34, 23]. In transverse-traceless coordinates
(t, ~x) ⌘ (t, xa), where a = 1, 2, 3, the metric perturbations corresponding to a plane wave (propa-
gating in direction k̂ ⌘ �n̂) have two degrees of freedom, corresponding to the amplitudes of the
plus (+) and cross (⇥) polarizations of the gravitational wave (Figure 8). The metric perturbation

+

x

y

x

y

x

y

z

x or y

z

x

z

y

(a) tensor-plus (b) tensor-cross

(c) vector-x (d) vector-y

(e) scalar-transverse (f) scalar-longitudinal

Figure 63: Graphical representation of the six di↵erent polarization modes. The circle
with a cross or arrow represents the direction of propagation of the gravitational wave.
The solid and dotted circles and ellipses denote deformations to a ring of particles 180�

out of phase with one another. Adapted from Figure 1 in [144].
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x

Figure 8: The two orthogonal polarizations of a gravitational wave. A circular ring of test particles
in the plane orthogonal to the direction of propagation of the wave are alternately deformed into
ellipses, as space is “squeezed” and “stretched” by the passing of the wave.

for the most general GWB can thus be written as a superposition of such waves:

hab(t, ~x) =

Z 1

�1
df

Z
d2⌦k̂

X

A=+,⇥
hA(f, k̂)eA

ab(k̂)ei2⇡f(t�k̂·~x/c) , (3.1)

where f denotes the frequency of the component waves, k̂ their direction of propagation, and
A = +, ⇥ their polarization. (The direction to a particular GW source is given by n̂ = �k̂.) The
quantities eA

ab(k̂) are polarization tensors, given by

e+
ab(k̂) = l̂a l̂b � m̂am̂b ,

e⇥
ab(k̂) = l̂am̂b + m̂a l̂b ,

(3.2)

where l̂, m̂ are any two orthogonal unit vectors in the plane orthogonal to k̂. Typically, for stochastic
background analyses, we take l̂, m̂ to be proportional to the standard angular unit vectors tangent
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(3.3)

For analyzing non-stochastic GW sources that have a symmetry axis (e.g., the angular momentum
vector for binary inspiral), one takes l̂ and m̂ to be rotated relative to ��̂ and �✓̂, where the
rotation angle is the polarization angle of the source.

11

similar to noise in an single detector. Hence, we need to describe the GWB statistically, in terms
of moments (i.e., ensemble averages) of the metric perturbations describing the GWB.

3.1 Plane-wave expansion

Recall that gravitational waves are time-varying perturbations to the geometry of space-time, which
propagate away from the source at the speed of light [34, 23]. In transverse-traceless coordinates
(t, ~x) ⌘ (t, xa), where a = 1, 2, 3, the metric perturbations corresponding to a plane wave (propa-
gating in direction k̂ ⌘ �n̂) have two degrees of freedom, corresponding to the amplitudes of the
plus (+) and cross (⇥) polarizations of the gravitational wave (Figure 8). The metric perturbation

+

x

y

x

y

x

y

z

x or y

z

x

z

y

(a) tensor-plus (b) tensor-cross

(c) vector-x (d) vector-y

(e) scalar-transverse (f) scalar-longitudinal

Figure 63: Graphical representation of the six di↵erent polarization modes. The circle
with a cross or arrow represents the direction of propagation of the gravitational wave.
The solid and dotted circles and ellipses denote deformations to a ring of particles 180�

out of phase with one another. Adapted from Figure 1 in [144].

149

x

y

x

y

x

y

z

x or y

z

x

z

y

(a) tensor-plus (b) tensor-cross

(c) vector-x (d) vector-y

(e) scalar-transverse (f) scalar-longitudinal

Figure 63: Graphical representation of the six di↵erent polarization modes. The circle
with a cross or arrow represents the direction of propagation of the gravitational wave.
The solid and dotted circles and ellipses denote deformations to a ring of particles 180�

out of phase with one another. Adapted from Figure 1 in [144].

149

x

Figure 8: The two orthogonal polarizations of a gravitational wave. A circular ring of test particles
in the plane orthogonal to the direction of propagation of the wave are alternately deformed into
ellipses, as space is “squeezed” and “stretched” by the passing of the wave.

for the most general GWB can thus be written as a superposition of such waves:

hab(t, ~x) =

Z 1

�1
df

Z
d2⌦k̂

X

A=+,⇥
hA(f, k̂)eA

ab(k̂)ei2⇡f(t�k̂·~x/c) , (3.1)

where f denotes the frequency of the component waves, k̂ their direction of propagation, and
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l̂ = + sin � x̂ � cos � ŷ = ��̂ ,
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l̂ = + sin � x̂ � cos � ŷ = ��̂ ,
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for the most general GWB can thus be written as a superposition of such waves:
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where f denotes the frequency of the component waves, k̂ their direction of propagation, and
A = +, ⇥ their polarization. (The direction to a particular GW source is given by n̂ = �k̂.) The
quantities eA

ab(k̂) are polarization tensors, given by

e+
ab(k̂) = l̂a l̂b � m̂am̂b ,

e⇥
ab(k̂) = l̂am̂b + m̂a l̂b ,

(3.2)

where l̂, m̂ are any two orthogonal unit vectors in the plane orthogonal to k̂. Typically, for stochastic
background analyses, we take l̂, m̂ to be proportional to the standard angular unit vectors tangent
to the sphere, so that {k̂, l̂, m̂} is a right-handed system (Figure 9):

k̂ = � sin ✓ cos � x̂ � sin ✓ sin � ŷ � cos ✓ ẑ = �r̂ ,
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(3.3)

For analyzing non-stochastic GW sources that have a symmetry axis (e.g., the angular momentum
vector for binary inspiral), one takes l̂ and m̂ to be rotated relative to ��̂ and �✓̂, where the
rotation angle is the polarization angle of the source.
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propagate away from the source at the speed of light [34, 23]. In transverse-traceless coordinates
(t, ~x) ⌘ (t, xa), where a = 1, 2, 3, the metric perturbations corresponding to a plane wave (propa-
gating in direction k̂ ⌘ �n̂) have two degrees of freedom, corresponding to the amplitudes of the
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3.2 Ensemble averages

The quantities hA(f, k̂) are the Fourier coe�cients of the plane wave expansion. Since the metric
perturbations for a stochastic background are random variables, so too are the Fourier coe�cients.
The probability distributions of the Fourier coe�cients thus define the statistical properties of the
background.

Without loss of generality, we can assume that the expected value of the Fourier coe�cients is
zero,

hhA(f, k̂)i = 0 , (3.4)

where angle brackets denote ensemble average over di↵erent realizations of the background. (The
di↵erent realizations could be thought of as the di↵erent backgrounds observed by di↵erent spatially-
located observers in a homogeneous and isotropic universe.) The second-order moments (i.e.,
quadratic expectation values) specify possible correlations between the Fourier coe�cients. For
example, if the background is unpolarized, stationary, and isotropic, then

hhA(f, k̂)h⇤
A0(f 0, k̂0)i =

1

16⇡
Sh(f)�(f � f 0)�AA0�2(k̂, k̂0) , (3.5)

where Sh(f) is the strain power spectral density of the background, having units of strain2 Hz�1. The
fact that the RHS is proportional to �(f � f 0) is a consequence of the assumption of stationarity—
i.e., that there is no preferred origin of time. That the RHS depends on the polarization indices
only via �AA0 is a consequence of the background being unpolarized—i.e., that the + and ⇥ polar-
ization components are statistically equivalent and uncorrelated with one another. Similarly, the
dependence on GW propagation directions only via �2(k̂, k̂0) is a consequence of exact isotropy—i.e.,
that the power in the GWB has no preferred direction, and that the GWs propagating in di↵erent
directions have uncorrelated phases.

If we drop the last assumption, allowing the background to be either anisotropic or statistically

isotropic, then the quadratic expectation values become

hhA(f, k̂)h⇤
A0(f 0, k̂0)i =

1

4
P(f, k̂)�(f � f 0)�AA0�2(k̂, k̂0) , (3.6)
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m̂ = � cos ✓ cos � x̂ � cos ✓ sin � ŷ + sin ✓ ẑ = �✓̂ .
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3.2 Ensemble averages

The quantities hA(f, k̂) are the Fourier coe�cients of the plane wave expansion. Since the metric
perturbations for a stochastic background are random variables, so too are the Fourier coe�cients.
The probability distributions of the Fourier coe�cients thus define the statistical properties of the
background.

Without loss of generality, we can assume that the expected value of the Fourier coe�cients is
zero,

hhA(f, k̂)i = 0 , (3.4)

where angle brackets denote ensemble average over di↵erent realizations of the background. (The
di↵erent realizations could be thought of as the di↵erent backgrounds observed by di↵erent spatially-
located observers in a homogeneous and isotropic universe.) The second-order moments (i.e.,
quadratic expectation values) specify possible correlations between the Fourier coe�cients. For
example, if the background is unpolarized, stationary, and isotropic, then

hhA(f, k̂)h⇤
A0(f 0, k̂0)i =

1

16⇡
Sh(f)�(f � f 0)�AA0�2(k̂, k̂0) , (3.5)

where Sh(f) is the strain power spectral density of the background, having units of strain2 Hz�1. The
fact that the RHS is proportional to �(f � f 0) is a consequence of the assumption of stationarity—
i.e., that there is no preferred origin of time. That the RHS depends on the polarization indices
only via �AA0 is a consequence of the background being unpolarized—i.e., that the + and ⇥ polar-
ization components are statistically equivalent and uncorrelated with one another. Similarly, the
dependence on GW propagation directions only via �2(k̂, k̂0) is a consequence of exact isotropy—i.e.,
that the power in the GWB has no preferred direction, and that the GWs propagating in di↵erent
directions have uncorrelated phases.

If we drop the last assumption, allowing the background to be either anisotropic or statistically

isotropic, then the quadratic expectation values become

hhA(f, k̂)h⇤
A0(f 0, k̂0)i =
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where

Sh(f) =

Z
d2⌦k̂ P(f, k̂) . (3.7)

Here P(f, k̂) is the strain power spectral density per unit solid angle, with units strain2 Hz�1 sr�1.
For statistically isotropic backgrounds, the angular power spectra Cl are the coe�cients of a Leg-
endre series expansion (2.1) of the two-point function C(✓) ⌘ hP(f, k̂)P(f, k̂0)isky avg, for all k̂, k̂0

having cos ✓ = k̂ · k̂0.
For Gaussian backgrounds, all cubic and higher-order moments are either identically zero or

can be written in terms of the second-order moments. Thus, the quadratic expectation values of
the Fourier coe�cients completely characterize the statistical properties of a Gaussian-distributed
background.

3.3 Energy density spectrum in gravitational waves

As mentioned above, Sh(f) is the strain power spectral density of the GWB. It can be related to
the (normalized) energy density spectrum

⌦gw(f) ⌘ 1

⇢c

d⇢gw

d ln f
=

f

⇢c

d⇢gw

df
, (3.8)

where d⇢gw is the energy density in gravitational waves contained in the frequency interval f to
f + df , and ⇢c ⌘ 3H2

0c2/8⇡G is the critical energy density (that needed to just close the universe
today). The result is [9]

Sh(f) =
3H2

0

2⇡2

⌦gw(f)

f3
, (3.9)

which makes use of the relation

⇢gw =
c2

32⇡G
hḣab(t, ~x)ḣab(t, ~x)i , (3.10)

which gives the energy density in gravitational waves in terms of the quadratic expectation values
of the metric perturbations. You are asked in Exercise A.2 to derive (3.9); to do so, you will also
need to use the plane-wave expansion (3.1) and the quadratic expectation values (3.5) or (3.6).

In addition to Sh(f) and ⌦gw(f), one sometimes describes the strength of a GWB in terms of
the (dimensionless) characteristic strain hc(f) defined by

hc(f) =
p

fSh(f) . (3.11)

For backgrounds described by a power-law dependence on frequency,4

hc(f) = A↵

✓
f

fref

◆↵

, ⌦gw(f) = ⌦�

✓
f

fref

◆�

, (3.12)

where ↵ and � are spectral indices, and A↵ and ⌦� are the amplitudes of the characteristic strain
and energy density spectrum, respectively, at some reference frequency f = fref . Using the above
definitions and relationships between ⌦gw(f), Sh(f), and hc(f), we have

⌦� =
2⇡2

3H2
0

f2
refA

2
↵ , � = 2↵ + 2 . (3.13)

4There is no sum over ↵ or � in the following expressions.
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At lower frequencies between ⇠10�9 Hz and 10�7 Hz (corresponding to periods of order decades
to years), pulsar timing arrays can be used to search for the GWB produced by the inspiral
and merger of supermassive black-holes (SMBHs) in the centers of distant galaxies. A pulsar
timing array basically functions as a galactic-scale gravitational-wave detector, with the radio pulses
emitted by each pulsar behaving like ‘ticks’ of an extremely stable clock. By carefully monitoring the
arrival times of these radio pulses, one can search for a GWB by looking for correlated modulations
in the arrival times induced by a passing gravitational wave [44, 15, 24].

In addition to these astrophysical GWBs associated with stellar-mass or supermassive BHs and
NSs, one also expects backgrounds of cosmological origin, produced in the very early universe [22],
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As mentioned above, Sh(f) is the strain power spectral density of the GWB. It can be related to
the (normalized) energy density spectrum

⌦gw(f) ⌘ 1
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d⇢gw

df
, (3.8)

where d⇢gw is the energy density in gravitational waves contained in the frequency interval f to
f + df , and ⇢c ⌘ 3H2

0c2/8⇡G is the critical energy density (that needed to just close the universe
today). The result is [9]

Sh(f) =
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⌦gw(f)

f3
, (3.9)

which makes use of the relation

⇢gw =
c2

32⇡G
hḣab(t, ~x)ḣab(t, ~x)i , (3.10)

which gives the energy density in gravitational waves in terms of the quadratic expectation values
of the metric perturbations. You are asked in Exercise A.2 to derive (3.9); to do so, you will also
need to use the plane-wave expansion (3.1) and the quadratic expectation values (3.5) or (3.6).

In addition to Sh(f) and ⌦gw(f), one sometimes describes the strength of a GWB in terms of
the (dimensionless) characteristic strain hc(f) defined by

hc(f) =
p

fSh(f) . (3.11)

For backgrounds described by a power-law dependence on frequency,4

hc(f) = A↵

✓
f

fref

◆↵

, ⌦gw(f) = ⌦�

✓
f

fref

◆�

, (3.12)

where ↵ and � are spectral indices, and A↵ and ⌦� are the amplitudes of the characteristic strain
and energy density spectrum, respectively, at some reference frequency f = fref . Using the above
definitions and relationships between ⌦gw(f), Sh(f), and hc(f), we have

⌦� =
2⇡2

3H2
0

f2
refA

2
↵ , � = 2↵ + 2 . (3.13)

4There is no sum over ↵ or � in the following expressions.
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where ↵ and � are spectral indices, and A↵ and ⌦� are the amplitudes of the characteristic strain
and energy density spectrum, respectively, at some reference frequency f = fref . Using the above
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For standard inflationary backgrounds, ⌦gw(f) = const, for which � = 0 and ↵ = �1. For GWBs
associated with binary inspiral, ⌦gw(f) / f2/3 (as we shall show below), for which � = 2/3 and
↵ = �2/3. This last dependence is valid for both compact binary coalescences consisting of NSs
and/or stellar-mass BHs (relevant for advanced LIGO, Virgo, etc.), and also for SMBH binaries
(relevant for pulsar timing searches).

3.4 Calculating ⌦gw(f) for an astrophysically-generated background

There is a relatively simple formula for calculating the energy density spectrum ⌦gw(f) produced
by a collection of discrete astrophysical GW sources distributed throughout the universe [38]:

⌦gw(f) =
1

⇢c

Z 1

0
dz n(z)

1

1 + z

✓
fs

dEgw

dfs

◆����
fs=f(1+z)

. (3.14)

We will call this the “Phinney formula”, since it was first written down by E.S. Phinney in an
unpublished paper in 2001. For this expression, one needs only the comoving number density of
sources n(z) as a function of the cosmological redshift z, and the energy spectrum of an individual
source dEgw/dfs as measured in its rest frame. The source frame frequency fs is related to the
observed (present-day) frequency f via fs = f(1 + z). The factor of 1/(1 + z) in the integrand is
needed to redshift the energy measured in the source frame to that measured today. Note that the
right-hand side of (3.14) is just the right-hand side of (3.8) expanded in terms of its contribution
from individual sources.

The above relationship can also be written in terms of the comoving rate density R(z), which
is related to the comoving number density n(z) via

n(z) dz = R(z) |dt|t=t(z) . (3.15)

The final result is

⌦gw(f) =
f

⇢cH0

Z 1

0
dz R(z)

1

(1 + z)E(z)

✓
dEgw

dfs

◆����
fs=f(1+z)

, (3.16)

where
E(z) ⌘

p
⌦m(1 + z)3 + ⌦⇤ (3.17)

is a cosmological factor that arises when evaluating dt/dz [43]. ⌦m and ⌦⇤ are the fractional
energy densities for matter (ordinary baryonic matter plus dark matter) and dark energy, with
numerical values roughly equal to 0.30 and 0.70, respectively. Exercise A.3 asks you to prove this
“rate-version” of the Phinney formula, filling in some of the cosmology-related details.

3.4.1 Example: ⌦gw(f) for binary inspiral

To illustrate the Phinney formula in action, we will verify the ⌦gw(f) / f2/3 power-law dependence
for binary inspiral, which we stated without proof at the end of Section 3.3. Since we are interested
here only in the frequency dependence of ⌦gw(f), we just need to calculate the energy spectrum
dEgw/dfs for a single binary system.

So let us consider two masses, m1 and m2, in circular orbits around their common center of
mass (Figure 10). We make the standard definitions

r ⌘ r1 + r2 , M ⌘ m1 + m2 , µ ⌘ m1m2

m1 + m2
(3.18)
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To illustrate the Phinney formula in action, we will verify the ⌦gw(f) / f2/3 power-law dependence
for binary inspiral, which we stated without proof at the end of Section 3.3. Since we are interested
here only in the frequency dependence of ⌦gw(f), we just need to calculate the energy spectrum
dEgw/dfs for a single binary system.

So let us consider two masses, m1 and m2, in circular orbits around their common center of
mass (Figure 10). We make the standard definitions
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For standard inflationary backgrounds, ⌦gw(f) = const, for which � = 0 and ↵ = �1. For GWBs
associated with binary inspiral, ⌦gw(f) / f2/3 (as we shall show below), for which � = 2/3 and
↵ = �2/3. This last dependence is valid for both compact binary coalescences consisting of NSs
and/or stellar-mass BHs (relevant for advanced LIGO, Virgo, etc.), and also for SMBH binaries
(relevant for pulsar timing searches).

3.4 Calculating ⌦gw(f) for an astrophysically-generated background

There is a relatively simple formula for calculating the energy density spectrum ⌦gw(f) produced
by a collection of discrete astrophysical GW sources distributed throughout the universe [38]:
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We will call this the “Phinney formula”, since it was first written down by E.S. Phinney in an
unpublished paper in 2001. For this expression, one needs only the comoving number density of
sources n(z) as a function of the cosmological redshift z, and the energy spectrum of an individual
source dEgw/dfs as measured in its rest frame. The source frame frequency fs is related to the
observed (present-day) frequency f via fs = f(1 + z). The factor of 1/(1 + z) in the integrand is
needed to redshift the energy measured in the source frame to that measured today. Note that the
right-hand side of (3.14) is just the right-hand side of (3.8) expanded in terms of its contribution
from individual sources.

The above relationship can also be written in terms of the comoving rate density R(z), which
is related to the comoving number density n(z) via

n(z) dz = R(z) |dt|t=t(z) . (3.15)
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of the relative separation, total mass, and reduced mass of the system. In terms of these quantities,
Kepler’s third law and the total orbital energy of the system can be written as

!2r3 = GM , Eorb = �GMµ

2r
, (3.19)

where ! ⌘ 2⇡forb is the orbital angular frequency. The power emitted in GWs comes from the
orbital energy
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which implies that the energy spectrum is given by
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It is now a relatively simple matter to evaluate the RHS of the last expression, using Kepler’s law
to replace all occurences of r and ṙ with expressions involving ! and !̇. The final result is

dEgw

dfs
⇠ M5/3

c f�1/3
s , M5/3

c ⌘ M2/3µ , (3.22)

where Mc is the chirp mass of the system, and where we have ignored all numerical factors. Note
that we also replaced the orbital angular frequency ! by the GW frequency fs = 2forb, with the
factor of 2 arising for quadrupolar radiation in general relativity.5 Returning now to (3.16), we
substitute fs = (1 + z)f and multiply by the factor of f outside the integral to get ⌦gw(f) / f2/3

as claimed.

4 Correlation methods

As discussed above, a stochastic background of GWs is described by a random signal, which looks
like noise in a single detector. As such, standard search techniques like matched filtering [67, 25],

5For elliptical orbits, one should average the radiated power, etc., over a period of the orbit. There will also be
contributions to the gravitational radiation from harmonics other than just the quadrupole [37].
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where Mc is the chirp mass of the system, and where we have ignored all numerical factors. Note
that we also replaced the orbital angular frequency ! by the GW frequency fs = 2forb, with the
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substitute fs = (1 + z)f and multiply by the factor of f outside the integral to get ⌦gw(f) / f2/3
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where Mc is the chirp mass of the system, and where we have ignored all numerical factors. Note
that we also replaced the orbital angular frequency ! by the GW frequency fs = 2forb, with the
factor of 2 arising for quadrupolar radiation in general relativity.5 Returning now to (3.16), we
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As discussed above, a stochastic background of GWs is described by a random signal, which looks
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contributions to the gravitational radiation from harmonics other than just the quadrupole [37].
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where Mc is the chirp mass of the system, and where we have ignored all numerical factors. Note
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substitute fs = (1 + z)f and multiply by the factor of f outside the integral to get ⌦gw(f) / f2/3

as claimed.

4 Correlation methods

As discussed above, a stochastic background of GWs is described by a random signal, which looks
like noise in a single detector. As such, standard search techniques like matched filtering [67, 25],

5For elliptical orbits, one should average the radiated power, etc., over a period of the orbit. There will also be
contributions to the gravitational radiation from harmonics other than just the quadrupole [37].

15

Eorb = � GMu
2r

r � r1 + r2
M � m1 + m2
� � m1m2

m1 + m2

�c � (m1m2)3/5

(m1 + m2)1/5 = �3/5M2/5

x

y

m1

m2

ωt
r1

r2

Figure 10: Two masses m1, m2 in orbit around their common of mass.

of the relative separation, total mass, and reduced mass of the system. In terms of these quantities,
Kepler’s third law and the total orbital energy of the system can be written as

!2r3 = GM , Eorb = �GMµ

2r
, (3.19)

where ! ⌘ 2⇡forb is the orbital angular frequency. The power emitted in GWs comes from the
orbital energy

dEgw

dt
= �dEorb

dt
, (3.20)

which implies that the energy spectrum is given by

dEgw

dfs
=

dt

dfs

dEgw

dt
= � dt

dfs

dEorb

dt
. (3.21)

It is now a relatively simple matter to evaluate the RHS of the last expression, using Kepler’s law
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to replace all occurences of r and ṙ with expressions involving ! and !̇. The final result is

dEgw

dfs
⇠ M5/3

c f�1/3
s , M5/3

c ⌘ M2/3µ , (3.22)

where Mc is the chirp mass of the system, and where we have ignored all numerical factors. Note
that we also replaced the orbital angular frequency ! by the GW frequency fs = 2forb, with the
factor of 2 arising for quadrupolar radiation in general relativity.5 Returning now to (3.16), we
substitute fs = (1 + z)f and multiply by the factor of f outside the integral to get ⌦gw(f) / f2/3

as claimed.

4 Correlation methods

As discussed above, a stochastic background of GWs is described by a random signal, which looks
like noise in a single detector. As such, standard search techniques like matched filtering [67, 25],

5For elliptical orbits, one should average the radiated power, etc., over a period of the orbit. There will also be
contributions to the gravitational radiation from harmonics other than just the quadrupole [37].

15

Eorb = � GMu
2r

r � r1 + r2
M � m1 + m2
� � m1m2

m1 + m2

�c � (m1m2)3/5

(m1 + m2)1/5 = �3/5M2/5

x

y

m1

m2

ωt
r1

r2

Figure 10: Two masses m1, m2 in orbit around their common of mass.

of the relative separation, total mass, and reduced mass of the system. In terms of these quantities,
Kepler’s third law and the total orbital energy of the system can be written as

!2r3 = GM , Eorb = �GMµ

2r
, (3.19)

where ! ⌘ 2⇡forb is the orbital angular frequency. The power emitted in GWs comes from the
orbital energy

dEgw

dt
= �dEorb

dt
, (3.20)

which implies that the energy spectrum is given by

dEgw

dfs
=

dt

dfs

dEgw

dt
= � dt

dfs

dEorb

dt
. (3.21)

It is now a relatively simple matter to evaluate the RHS of the last expression, using Kepler’s law
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which correlate the data against known, deterministic waveforms (e.g., BBH chirps) won’t work
when trying to detect a GWB. Instead, we have to consider other possibilities:

(i) One possibility is to know the noise sources in our GW detector well enough (in both
amplitude and spectral shape) that we can attribute any unexpected excess “noise” to a GWB.
This was basically how Penzias and Wilson initially detected the CMB; they saw an excess noise
temperature of ⇠ 3.5� K in their radio antenna that they could not attribute to any other noise
source [36]. This is also what one hopes to do with LISA, because the time-delay interferometry
(TDI) [17] data combinations that one uses to remove the laser frequency noise are orthogonal
to one another [40]. Thus, one cannot cross-correlate these data streams to look for a GWB.
Instead, one must properly model the instrumental noise and astrophysical foreground (galactic
WD binaries) in order to have a chance to detect a cosmological GWB. Studies by Adams and
Cornish [5, 6] have shown that you can separate the detector noise, astrophysical foreground,
and cosmological background using di↵erences in their spectral shapes and the modulation of the
astrophysical background due to LISA’s motion around the Sun (Figure 6).

(ii) Another possibility is to use data from multiple detectors. Then we can look for evidence of
a common disturbance in the multiple data streams that is consistent with each detector’s response
to GWs.

Currently, (i) is not an option for ground-based interferometers since, even though the individual
noise sources are understood pretty well, their amplitude is not known precisely enough to attribute
any observed excess power to GWs. One would need a really loud GWB relative to the detector
noise in order detect it in a way similar to Penzias and Wilson’s detection of the CMB. But (ii)
is an option as LIGO consists of two detectors, one in Hanford, WA, the other in Livingston,
LA [65]. Virgo [66], in Italy, provides a third detector, and soon we will have two more large-
scale interferometers: one in Japan, called Kagra [58], and the other in India, called IndIGO [64].
Cross-correlating data from multiple detectors works for detecting a GWB since, even though the
signal is random, it is the same signal in the di↵erent dectors (modulo the physical separation
and relative orientation of the detectors). In e↵ect, the random output of one detector is used as
a template for the data in another detector. As we shall see below, the signal-to-noise ratio of
the cross-correlation grows like the square-root of the observation time. Thus, although the GWB
might be weak relative to the noise, it can still be extracted from a cross-correlation measurement
if it is observed for a long enough period of time.

4.1 Basic idea

To illustrate the basic idea behind cross-correlation, we will consider first the simplest possible
scenario—i..e, a single sample of data from two colocated and coaligned detectors:

d1 = h + n1 ,

d2 = h + n2 .
(4.1)

Here h denotes the common GW signal component, and n1, n2 denote the corresponding instru-
mental noise components. Cross-correlating the data for this case amounts to simply taking the
product of the two data samples, Ĉ12 ⌘ d1d2. The expected value of the cross-correlation is

hĈ12i = hd1d2i = hh2i +����*0
hhn2i +����*0

hn1hi + hn1n2i , (4.2)

where hhn2i = 0 = hn1hi, since the GW signal and instrumental noise are not correlated with one
another. If we further assume that the noise in the two detectors is uncorrelated (which is a good
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product of the two data samples, Ĉ12 ⌘ d1d2. The expected value of the cross-correlation is
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product of the two data samples, Ĉ12 ⌘ d1d2. The expected value of the cross-correlation is
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valid assumption if the detectors are widely separated6), then hn1n2i = 0, leaving

hĈ12i = hh2i ⌘ Sh , (4.3)

which is just the variance (i.e., power) in the GW signal.

4.2 Extension to multiple data samples

The above analysis can be easily extended to the case of multiple samples:

d1i = hi + n1i ,

d2i = hi + n2i ,
(4.4)

where i = 1, 2, · · · , N . As before, we will assume that the two detectors are coincident and
coaligned, and that the noise in the two detectors are uncorrelated with the GW signal and with
one another

hn1ihji = 0 , hn2ihji = 0 , hn1in2ji = 0 . (4.5)

We will also assume that the GWB and detector noise are both white, which means

hhihji = Sh �ij , hn1in1ji = Sn1 �ij , hn2in2ji = Sn2 �ij , (4.6)

where Sh, Sn1 , Sn2 are the variances (i.e., power) in the GW signal and detector noise, respectively.7

For this case, our cross-correlation statistic is the average of the products of the individual data
samples

Ŝh ⌘ Ĉ12 ⌘ 1

N

NX

i=1

d1id2i , (4.7)

which, as we shall see below, is again an estimator of the power in the GWB (hence the “hat” over
the Sh on the LHS of this equation).

Using the above definitions and quadratic expectation values, it is easy to show that

µ ⌘ hĈ12i =
1

N

NX

i=1

hd1id2ii =
1

N

NX

i=1

hh2
i i = Sh . (4.8)

Thus, the cross-correlation statistic Ĉ12 is an (unbiased) estimator of the GW power Sh. The
variance in this estimator can be calculated via

�2 ⌘ hĈ2
12i � hĈ12i2 =

✓
1

N

◆2 NX

i=1

NX

j=1

(hd1id2id1jd2ji � hd1id2iihd1jd2ji) . (4.9)

To evaluate the RHS of the above equation, we make use of the identity

habcdi = habihcdi + hacihbdi + hadihbci , (4.10)

6Note that global magnetic fields, e.g., Schumann resonances, can produce environmental correlations in widely
separated detectors [53, 54, 13].

7The assumption that both the GWB and detector noise are white is made here just to simplify the analysis. One
can use cross-correlation methods for the more general case where the signal and noise power spectral densities are
non-trivial functions of frequency; see Section 4.3.
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which is valid for zero-mean Gaussian random variables. Using this identity and the quadratic
expectation values between the signal and noise, we end up with

�2 =
1

N
(S1S2 + S2

h) , (4.11)

where
S1 ⌘ Sn1 + Sh , S2 ⌘ Sn2 + Sh , (4.12)

are the total power in the detector output (consisting of both signal and noise power). Note that
the factor of 1/N in (4.11) comes from the double sum in (4.9) having non-zero contributions from
only the diagonal terms (i = j), which are all equal to one another.

Since the power in the GWB is expected to be weak compared to the detector noise, the variance
can be approximated as �2 ' S1S2/N , for which the expected signal-to-noise ratio is given by

⇢ ⌘ µ

�
' Shp

S1S2/N
'

p
N

Sh

Sn
, (4.13)

where
p

S1S2 '
p

Sn1Sn2 ⌘ Sn. This result verifies the statement made earlier that the signal-to-
noise ratio for a cross-correlation measurement grows like the square-root of the observation time
(in this case, the total number of samples).

4.3 Optimal filtering

To handle the case of physically-separated and misaligned detectors, we need to include the non-
trivial response of a GW detector to a GWB. We will do this in detail in Sections 6 and 7. Here,
it su�ces to simply define the overlap function (or overlap reduction function), denoted �12(f), as
the transfer function relating the strain power in the GWB, Sh(f), to the cross-correlated signal
power in the two detectors [18, 12]:

C12(f) ⌘ �12(f)Sh(f) . (4.14)

In terms of the quadratic expectation values of the GW signal in the two detectors, we have8:

hh̃1(f)h̃⇤
2(f

0)i =
1

2
�(f � f 0)�12(f)Sh(f) , (4.15)

where h̃1(f), h̃2(f) denote the Fourier transforms of the GW signal components h1(t), h2(t) in the
two detectors. For comparison, the (auto-correlated) power spectra of the detector noise Pn1(f),
Pn2(f) can be written in terms of the noise components ñ1(f), ñ2(f) via:

hñ1(f)ñ⇤
1(f

0)i =
1

2
�(f � f 0)Pn1(f) ,

hñ2(f)ñ⇤
2(f

0)i =
1

2
�(f � f 0)Pn2(f) ,

(4.16)

while the cross-correlated noise is assumed to be zero:

hñ1(f)ñ⇤
2(f

0)i = 0 . (4.17)

8The factor of 1/2 is included on the RHS so that the power spectrum is one-sided. In other words, the total
cross-correlated power in the GWB is given by the integral of �12(f)Sh(f) over just the positive frequencies. The
factor of �(f � f 0) is a consequence of stationarity.
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2(f

0)i =
1

2
�(f � f 0)Pn2(f) ,

(4.16)

while the cross-correlated noise is assumed to be zero:
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hñ1(f)ñ⇤
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hñ1(f)ñ⇤
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hh̃1(f)h̃⇤
2(f

0)i =
1

2
�(f � f 0)�12(f)Sh(f) , (4.15)

where h̃1(f), h̃2(f) denote the Fourier transforms of the GW signal components h1(t), h2(t) in the
two detectors. For comparison, the (auto-correlated) power spectra of the detector noise Pn1(f),
Pn2(f) can be written in terms of the noise components ñ1(f), ñ2(f) via:

hñ1(f)ñ⇤
1(f

0)i =
1

2
�(f � f 0)Pn1(f) ,

hñ2(f)ñ⇤
2(f

0)i =
1

2
�(f � f 0)Pn2(f) ,

(4.16)

while the cross-correlated noise is assumed to be zero:

hñ1(f)ñ⇤
2(f

0)i = 0 . (4.17)

8The factor of 1/2 is included on the RHS so that the power spectrum is one-sided. In other words, the total
cross-correlated power in the GWB is given by the integral of �12(f)Sh(f) over just the positive frequencies. The
factor of �(f � f 0) is a consequence of stationarity.
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GWs offer a new window for exploring late and early stages of the Universe

The importance of the recent direct direction of GWs from BH and NS mergers can hardly be over-emphasised

Even a non-detection of GWs allowed us to gain important information on cosmology, particle physics models 
and gravity

0

GWs offer a novel and powerful way to test

§ astrophysical models and large-scale-structure of the universe

§ beyond ΛCDM cosmological model 

§ physics beyond the Standard Model of particle physics

§ dark matter candidates (PBHS, axions, …)

§ modified gravity models

§ quantum gravity theories



Unique natural laboratories for studying behavior of 
cold, high-density nuclear matter.

Neutron'Stars

Behavior is governed by equation of state (EoS), 
relationship between pressure and density:

- determines relation between NS mass and radius
- determines stellar moment of inertial
- determines tidal deformability

Thus measurement of NS masses, radii, moments of 
inertia and tidal effects provide information about EoS.

Neutron Stars
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A search for the isotropic stochastic background using data from Advanced LIGO’s

second observing run

The LIGO Scientific Collaboration and The Virgo Collaboration

The stochastic gravitational-wave background is a superposition of sources that are either too
weak or too numerous to detect individually. In this study we present the results from a cross-
correlation analysis on data from Advanced LIGO’s second observing run (O2), which we combine
with the results of the first observing run (O1). We do not find evidence for a stochastic background,
so we place upper limits on the normalized energy density in gravitational waves at the 95% credible
level of ⌦GW < 6.0 ⇥ 10�8 for a frequency-independent (flat) background and ⌦GW < 4.8 ⇥ 10�8

at 25 Hz for a background of compact binary coalescences. The upper limit improves over the O1
result by a factor of 2.8. Additionally, we place upper limits on the energy density in an isotropic
background of scalar- and vector-polarized gravitational waves, and we discuss the implication of
these results for models of compact binaries and cosmic string backgrounds. Finally, we present a
conservative estimate of the correlated broadband noise due to the magnetic Schumann resonances
in O2, based on magnetometer measurements at both the LIGO Hanford and LIGO Livingston
observatories. We find that correlated noise is well below the O2 sensitivity.

Introduction— A superposition of gravitational waves
from many astrophysical and cosmological sources cre-
ates a stochastic gravitational-wave background. Sources
which may contribute to the stochastic background in-
clude compact binary coalescences [1–8], core collapse
supernovae [9–14], neutron stars [15–24], stellar core col-
lapse [25, 26], cosmic strings [27–31], primordial black
holes [32, 33], superradiance of axion clouds around black
holes [34–36], and gravitational waves produced during
inflation [37–45]. A particularly promising source is the
stochastic background from compact binary coalescences,
especially in light of the detections of one binary neutron
star and ten binary black hole mergers [46–53] by the
Advanced LIGO Detector, installed in the Laser Interfer-
ometer Gravitational-wave Observatory (LIGO) [54], and
by Advanced Virgo [55] so far. Measurements of the rate
of binary black hole and binary neutron star mergers im-
ply that the stochastic background may be large enough
to detect with the Advanced LIGO-Virgo detector net-
work [56, 57]. The stochastic background is expected to
be dominated by compact binaries at redshifts inaccessi-
ble to direct searches for gravitational-wave events [58].
Additionally, a detection of the stochastic background
would enable a model-independent test of general relativ-
ity by discerning the polarization of gravitational waves
[59, 60]. Because general relativity predicts only two ten-
sor polarizations for gravitational waves, any detection of
alternative polarizations would imply a modification to
our current understanding of gravity [61–63]. For recent
reviews on relevant data analysis methods, see [64, 65].

In this manuscript, we present a search for an isotropic
stochastic background using data from Advanced LIGO’s
second observing run (O2). As in previous LIGO and
Virgo analyses, this search is based on cross-correlating
the strain data between pairs of gravitational-wave de-
tectors [66, 67]. We first review the stochastic search
methodology, then describe the data and data quality
cuts. As we do not find evidence for the stochastic back-

ground, we place upper limits on the possible amplitude
of an isotropic stochastic background, as well as limits
on the presence of alternative gravitational-wave polar-
izations. We then give updated forecasts of the sensi-
tivities of future stochastic searches and discuss the im-
plications of our current results for the detection of the
stochastic background from compact binaries and cosmic
strings. Finally, we present estimates of the correlated
noise in the LIGO detectors due to magnetic Schumann
resonances [68], and discuss mitigation strategies that are
being pursued for future observing runs.
Method— The isotropic stochastic background can be

described in terms of the energy density per logarithmic
frequency interval

⌦GW(f) =
f

⇢c

d⇢GW

df
, (1)

where d⇢GW is the energy density in gravitational waves
in the frequency interval from f to f + df , and ⇢c =
3H

2
0 c

2
/(8⇡G) is the critical energy density required for a

spatially flat universe. Throughout this work we will use
the value of the Hubble constant measured by the Planck
satellite, H0 = 67.9 kms�1Mpc�1 [69].

We use the optimal search for a stationary, Gaussian,
unpolarized, and isotropic stochastic background, which
is the cross-correlation search [64, 65, 70, 71] (however,
see [72]). For two detectors, we define a cross-correlation
statistic Ĉ(f) in every frequency bin

Ĉ(f) =
2

T

Re[s̃?
1(f)s̃2(f)]

�T (f)S0(f)
, (2)

where s̃i(f) is the Fourier transform of the strain time
series in detector i = {1, 2}, T is the segment duration
used to compute the Fourier transform, and S0(f) is the
spectral shape for an ⌦GW = const background given by

S0(f) =
3H

2
0

10⇡2f3
. (3)
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GWB from compact binary coalescence (CBC)

Upper Limits on the Isotropic Gravitational-Wave Background from Advanced

LIGO’s and Advanced Virgo’s Third Observing Run

The LIGO Scientific Collaboration, The Virgo Collaboration, and The KAGRA Collaboration⇤

(Dated: January 29, 2021)

We report results of a search for an isotropic gravitational-wave background (GWB) using data
from Advanced LIGO’s and Advanced Virgo’s third observing run (O3) combined with upper limits
from the earlier O1 and O2 runs. Unlike in previous observing runs in the advanced detector
era, we include Virgo in the search for the GWB. The results of the search are consistent with
uncorrelated noise, and therefore we place upper limits on the strength of the GWB. We find that
the dimensionless energy density ⌦GW  5.8 ⇥ 10�9 at the 95% credible level for a flat (frequency-
independent) GWB, using a prior which is uniform in the log of the strength of the GWB, with 99%
of the sensitivity coming from the band 20-76.6 Hz; ⌦GW(f)  3.4 ⇥ 10�9 at 25 Hz for a power-law
GWB with a spectral index of 2/3 (consistent with expectations for compact binary coalescences),
in the band 20-90.6 Hz; and ⌦GW(f)  3.9 ⇥ 10�10 at 25 Hz for a spectral index of 3, in the band
20-291.6 Hz. These upper limits improve over our previous results by a factor of 6.0 for a flat GWB,
8.8 for a spectral index of 2/3, and 13.1 for a spectral index of 3. We also search for a GWB arising
from scalar and vector modes, which are predicted by alternative theories of gravity; we do not
find evidence of these, and place upper limits on the strength of GWBs with these polarizations.
We demonstrate that there is no evidence of correlated noise of magnetic origin by performing a
Bayesian analysis that allows for the presence of both a GWB and an e↵ective magnetic background
arising from geophysical Schumann resonances. We compare our upper limits to a fiducial model
for the GWB from the merger of compact binaries, updating the model to use the most recent data-
driven population inference from the systems detected during O3a. Finally, we combine our results
with observations of individual mergers and show that, at design sensitivity, this joint approach may
yield stronger constraints on the merger rate of binary black holes at z & 2 than can be achieved
with individually resolved mergers alone.

I. INTRODUCTION

The gravitational-wave background (hereafter referred
to as the GWB or the background) is a superposition of
gravitational-wave (GW) sources that is best character-
ized statistically [1]. There are many possible astrophys-
ical and cosmological contributions to the background,
including distant compact binary coalescences (CBCs)
that cannot be resolved individually [2–6], core collapse
supernovae [7–11], rotating neutron stars [12–19], stellar
core collapses [20, 21], cosmic strings [22–26], primordial
black holes [27–29], superradiance of axion clouds around
black holes [30–33], phase transitions in the early uni-
verse [34–37], and GWs produced during inflation [38–40]
or in a preheating phase at the end of inflation [41, 42].
While some sources of the GWB, such as slow roll infla-
tion, have a fundamentally stochastic character, others
like the background from CBCs are a superposition of
deterministic sources.

The LIGO Scientific Collaboration and Virgo Collab-
oration have previously placed upper limits on isotropic
[43] and anisotropic [44] GWBs using data from the first
two observing runs, in the frequency range 20-1726 Hz.
The searches were performed by calculating the cross cor-
relation between pairs of detectors. An extension of this
method has been applied to searching for a background
of non-tensor modes [43, 45, 46]; see [47, 48] for recent

⇤ Full author list given at the end of the article.

reviews. Cross-correlation methods have also been ap-
plied to publicly released LIGO data [49] by other groups,
who have obtained similar upper limits [50–52]. A new
method that does not rely on the cross-correlation tech-
nique and targets the background from CBCs was pro-
posed in [53].

In this work we apply the cross-correlation based
method used in previous analyses to Advanced LIGO’s
[54] and Advanced Virgo’s [55] first three observing runs
(O1, O2, and O3). We do not find evidence for the GWB,
and therefore place an upper limit on the strength. Un-
like in previous observing runs, in this work we present
the headline results using a log uniform prior [56]. We
find two advantages to using a log uniform prior. First, a
log uniform prior gives equal weight to di↵erent orders of
magnitude of the strength of the GWBs, which is appro-
priate given our current state of knowledge. Second, a log
uniform prior is agnostic as to which power we raise the
strain data. It is not clear whether one should put a uni-
form prior on the strain amplitude, or the strength of the
GWB, which scales like the square of the strain. On the
other hand, the log uniform prior does not depend on the
exponent of the strain data. For completeness, we also
present results with a uniform prior on the strength of the
GWB in Section IV. Results with any other prior can be
obtained by reweighing the posterior samples available at
[57].

There are several new features in our analysis of the
O3 data. First, we incorporate Virgo, by cross correlating
the three independent baselines in the LIGO-Virgo net-
work and combining them in an optimal way [58]. Sec-
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Most important quantities describing each BBH are the masses and spins of each component BH

infrerred from 
observed BBHs

Truncated power-law BH mass distribution:

Beta distribution for the BH spins:

The total energy density varies over nearly two orders of magnitude

a new probe of population of compact objects

GWB from CBC: info about Compact Binaries
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1dim topological defects formed in the early universe as a result of a PT followed 
by SSB, characterised by a vacuum manifold with non-contractible closed curves

Generically formed in the context of GUTs
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In both cases the observable signal is dominated by high
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subleading terms in the above expressions.
In addition to cusps and kinks, collisions between prop-

agating kinks might also be an important source of GW
bursts [27, 28]. The radiation from these collisions is
isotropic rather than beamed, and has a waveform
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bursts of each type, fo,i. Let us write

fo,i = fb,i⇥

✓
⌫s �

2

l

◆
, (72)

where fb,i is the fraction of bursts that are beamed along
the observer’s past lightcone,

fb,c ⇡
✓
2
b

4
⇡

⇣
2
p

3⌫sl
⌘�2/3

,

fb,k ⇡ ✓b ⇡

 p
3⌫sl

4

!�1/3

,

fb,kk = 1.

(73)
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êo · vo

◆✓
⌫o�t

a

◆1/3

+ A
2
Nc

✓
1 �

2

3
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with the source anisotropies given by
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The dipole factor is straightforward to evaluate from
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spectively, a cross-correlation estimator for the IJ de-
tecor pair and its variance at frequency fa as detailed
in [50]. Following the same approach as in the O1
stochastic analysis we have used the frequency bins rang-
ing from 20 to 86 Hz. The gravitational-wave energy den-

sity, ⌦(M)
GW(fa;Gµ,Nk), is predicted by the cosmic string

model M = {A,B,C} and computed with Eq. 10 at fre-
quency fa.

For our Bayesian analysis, we specify priors for the
parameters in the cosmic string model, i.e., p(Gµ|IGµ)
and p(Nk|INk). The variables IGµ and INk denote the
information on the distributions of Gµ and Nk, which
are determined by theory predictions. For p(Gµ|IGµ),
we choose a log-uniform prior for 10�18  Gµ  10�6.
Here the upper bound is set by the cosmic microwave
background measurements [51–54]. The lower bound is
arbitrary, chosen for consistency with the study in [55];
we note, however, that our results remain almost un-
changed if we choose a smaller value for the lower bound
on Gµ. For p(Nk|INk), we aim at constraining Gµ for
each choice of Nk. Therefore the prior p(Nk|INk) is taken
to be a �-function for each value of Nk. The number of
kinks per loop oscillation Nk being fixed, the posterior
for the parameter Gµ is calculated according to Bayes’
theorem:

p(Gµ|Nk) / L(ĈIJ
a |Gµ,Nk)p(Gµ|IGµ)p(Nk|INk).(14)

We calculate 95% credible intervals for Gµ.

V. CONSTRAINTS

We show in Fig. 3 the region of the Gµ and Nk pa-
rameter space excluded at the 95% confidence level by
the burst and stochastic searches; the number of cusps
Nc being fixed to 1. For the stochastic search (Sec. IV)
we present constraints from the combined O1+O2+O3
data; for the burst search (Sec. III) we derive constraints
from the non-detection result using O3 data. We con-
sider three models for the Nambu-Goto cosmic string
loop distributions, dubbed A, B and C. For the latter
we choose two sets of benchmark numbers: for model C-
1 we set (�rad,�mat) = (0.45, 0.295) and for model C-2
(�rad,�mat) = (0.2, 0.45) (see the Supplemental Mate-
rial).

Using model A, the derived gravitational-wave power
spectrum is much weaker than in the other models, lead-
ing to weaker constraints. Model C-2 mimics the loop
production function of model A in the matter era and of
model B in the radiation era. In the frequency band of
LIGO–Virgo, the stochastic background is dominated by
the contribution from loops in the radiation era, hence
models B and C-2 give similar results. Conversely, the
gravitational-wave power spectrum obtained from model
C-1, which mimics the loop production function of model
A in the radiation era and of model B in the matter era,
presents more subtle features. Larger values of Gµ do

not necessarily produce larger signal amplitudes, creat-
ing structures in the constraint plot. For an analytical
understanding of these findings, we refer the reader to
[57]. For a better understanding of the loop visibility
domain in terms of redshift, we refer to the Fig. 2 of
[58].
The stochastic analysis leads to the following con-

straints on Gµ. For model A, we rule out the range
Gµ & (9.6 ⇥ 10�9 � 10�6). For model B, we rule out:
Gµ & (4.0 � 6.3) ⇥ 10�15. For model C-1, we rule out
Gµ & (2.1 � 4.5) ⇥ 10�15, aside from a small region
where Nk & 180. Finally, for model C-2, we rule out:
Gµ & (4.2� 7.0)⇥ 10�15.
The burst search upper limits are not as stringent as

the ones derived from the stochastic search. In particular,
the constraints on the string tension for model A are
too weak to be represented in the figure. The only case
where the burst analysis leads to tighter constraints, is
for model C-1 and for Nk > 70.
In the present analysis, the average number of cusps

per oscillation on a loop has been set to 1. It has been
shown that the number of cusps per period of string
oscillation scales with the number of harmonics on the
loop [59]. Note that with many cusps on the string, the
decay constant �d is enhanced and the lifetime of the loop
is hence greatly reduced. Consequently, a high number
of cusps on the loops gives qualitatively the same result
as increasing the number of kinks: for model A, the con-
straints are weakened, whereas for models B and C the
bounds are insensitive to Nc; this has been confirmed by
our numerical study.
One can also compare these results with limits ob-

tained from pulsar timing array measurements, and in-
direct limits from Big Bang nucleosynthesis and cosmic
microwave background data [56]. Repeating the analysis
done in [28] with Nk up to 200, we find that for model
A, the strongest limit comes from pulsar timing measure-
ments, excluding string tensions Gµ & 10�10. For model
B and C-1 the strongest limits are derived from the
LIGO–Virgo stochastic search. Finally, for model C-2,
the cosmic microwave background constraint is almost as
strong as the one obtained from the O1+O2+O3 stochas-
tic search. The next observing run, O4, will give us a new
opportunity to detect signals from cosmic strings.

VI. CONCLUSIONS

Using data from the third observing run of Advanced
LIGO and Virgo, we have performed a burst and a
stochastic gravitational wave background search to con-
strain the tension of Nambu-Goto strings, as a function
of the number of kinks per oscillation, for four loop dis-
tributions. We have tested models A and B already con-
sidered in the O1 and O2 analyses [49]. The current
constraints on Gµ are stronger by two and one orders of
magnitude for models A and B, respectively, when fix-
ing Nk = 1. In addition, we have used two variants of a
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LIGO–Virgo, the stochastic background is dominated by
the contribution from loops in the radiation era, hence
models B and C-2 give similar results. Conversely, the
gravitational-wave power spectrum obtained from model
C-1, which mimics the loop production function of model
A in the radiation era and of model B in the matter era,
presents more subtle features. Larger values of Gµ do

not necessarily produce larger signal amplitudes, creat-
ing structures in the constraint plot. For an analytical
understanding of these findings, we refer the reader to
[57]. For a better understanding of the loop visibility
domain in terms of redshift, we refer to the Fig. 2 of
[58].
The stochastic analysis leads to the following con-

straints on Gµ. For model A, we rule out the range
Gµ & (9.6 ⇥ 10�9 � 10�6). For model B, we rule out:
Gµ & (4.0 � 6.3) ⇥ 10�15. For model C-1, we rule out
Gµ & (2.1 � 4.5) ⇥ 10�15, aside from a small region
where Nk & 180. Finally, for model C-2, we rule out:
Gµ & (4.2� 7.0)⇥ 10�15.
The burst search upper limits are not as stringent as

the ones derived from the stochastic search. In particular,
the constraints on the string tension for model A are
too weak to be represented in the figure. The only case
where the burst analysis leads to tighter constraints, is
for model C-1 and for Nk > 70.
In the present analysis, the average number of cusps

per oscillation on a loop has been set to 1. It has been
shown that the number of cusps per period of string
oscillation scales with the number of harmonics on the
loop [59]. Note that with many cusps on the string, the
decay constant �d is enhanced and the lifetime of the loop
is hence greatly reduced. Consequently, a high number
of cusps on the loops gives qualitatively the same result
as increasing the number of kinks: for model A, the con-
straints are weakened, whereas for models B and C the
bounds are insensitive to Nc; this has been confirmed by
our numerical study.
One can also compare these results with limits ob-

tained from pulsar timing array measurements, and in-
direct limits from Big Bang nucleosynthesis and cosmic
microwave background data [56]. Repeating the analysis
done in [28] with Nk up to 200, we find that for model
A, the strongest limit comes from pulsar timing measure-
ments, excluding string tensions Gµ & 10�10. For model
B and C-1 the strongest limits are derived from the
LIGO–Virgo stochastic search. Finally, for model C-2,
the cosmic microwave background constraint is almost as
strong as the one obtained from the O1+O2+O3 stochas-
tic search. The next observing run, O4, will give us a new
opportunity to detect signals from cosmic strings.

VI. CONCLUSIONS

Using data from the third observing run of Advanced
LIGO and Virgo, we have performed a burst and a
stochastic gravitational wave background search to con-
strain the tension of Nambu-Goto strings, as a function
of the number of kinks per oscillation, for four loop dis-
tributions. We have tested models A and B already con-
sidered in the O1 and O2 analyses [49]. The current
constraints on Gµ are stronger by two and one orders of
magnitude for models A and B, respectively, when fix-
ing Nk = 1. In addition, we have used two variants of a
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The one-dimensional limit

Nambu-Goto action
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The Nambu-Goto action describes an infinitely thin object

S = �µ

Z p
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= (t, ⇣) and �ab the induced metric on the string
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coördinates (✓s,�s) such that cos�1 (ês · êc) = ✓s. Ex-
panding in powers of ✓b, we find
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For the kink case, we approximate the fan as a great circle
on the unit sphere. This lets us choose coördinates such
that cos�1 (ês · êk) = |✓s � p/2|, which gives
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In both cases the observable signal is dominated by high
frequencies ⌫s � 1/l. This gives ✓

3
b ⌧ 1, so we neglect

subleading terms in the above expressions.
In addition to cusps and kinks, collisions between prop-

agating kinks might also be an important source of GW
bursts [27, 28]. The radiation from these collisions is
isotropic rather than beamed, and has a waveform
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Kinks are created in pairs propagating in opposite direc-
tions along the loop, so the number of kink collisions per
loop oscillation is

Nkk =
N
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with A a numerical constant, defined as

A ⌘
213/3p2

35/6� 2
�
1
3

� ⇡ 11.0978 (71)

Using the above we can deduce the observable fraction of
bursts of each type, fo,i. Let us write

fo,i = fb,i⇥
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where fb,i is the fraction of bursts that are beamed along
the observer’s past lightcone,
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B. SGWB decomposition

Summing the contributions from cusps, kinks, and kink-
kink collisions and using Eq. (28) to convert between ⌫s

and ⌫o, we obtain
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With reference to Sec. II D, we write this as
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where x ⌘ 1 + êo · vo as before. We therefore see that the
averaged isotropic background value (monopole) is
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with the source anisotropies given by
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The dipole factor is straightforward to evaluate from

Eqs. (33) and (75), noting that @
@x⇥

⇣
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SGWB from first order phase transition(FOPT): info Beyond the Standard Model 

Sources of GWs:
- Sound waves (coupling between scalar field and 

thermal bath)
- Bubble collisions
- Magnetohydrodynamic turbulence

SGWB: broken power law with peak frequency mainly determined by temperature of  FOPT

If                                                      (not accessible by LHC) : SGWB is within aLIGO/aVIRGO
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Motivation for the analysis

Models Beyond the Standard Model 
predict First Order Phase Transitions 
(FOPTs) in the early universe.
The energies involved are much 
larger than the energy scale of the 
Big Bang Nucleosynthesis and the 
CMB (unreachable at LHC) → 
stochastic gravitational waves can be 
an alternative probe. For example, 
their detection could explain: 

● Peccei-Quinn symmetry breaking
● High-scale Supersymmetry 

breaking
● Neutrino masses
● Origin of dark matter
● Inflationary  models  ending  in  a  

FOPT (sourced by bubble 
collisions)

Introduction to cosmological FOPTs

The Universe goes from a false vacuum (FV) to a true vacuum (TV). This happens via quantum 
or thermal nucleation of bubbles of the broken phase, separated from the surrounding unbroken 
phase by a wall.

This process generates shear stresses which source GWs. We can distinguish three sources: 
sound waves (SW), bubble collisions (BC) and magnetohydrodynamic turbulences  (the latter 
are negligible). Two separate approaches are considered in the analysis:
● A model-independent broken power law (BPL) describing main features of the anticipated 

power spectrum.
● A phenomenological model of bubble collision and sound waves as a function of physical 

parameters like temperature, wall velocity, or strength and duration of the FOPT.

Bubble collisions (BC)

Bayesian search and model selection [2]

Log-likelihood:
Cross-correlation estimator of the SGWB calculated 
using data from detectors I and J, and its variance [3]

Model with which we try to fit the data, which depends on 
the frequency and the model parameters θgw . 

𝝮gw(f,θgw)=𝝮cbc(f)+𝝮FOPT (f), where 𝝮cbc(f)=𝝮ref(f/25 Hz)⅔  and 𝝮FOPT (f) is the 
contribution from FOPTs, modelled by a BPL or by a phenomenological model [1]

𝝮gw(f,θgw)

[1] A. Romero, K. Martinovic, T. A. Callister, H. Guo, M. Martínez, 
M. Sakellariadou, F. Yang, Y. Zhao (arXiv:2102.01714 [hep-ph])
[2] V. Mandic, E. Thrane, S. Giampanis, and T. Regimbau, Phys. 
Rev. Lett.109, 171102 (2012), URL
[3] B. P. Abbott et al. (LIGO Scientific, Virgo), (arXiv:2101.12130 
[gr-qc])
[4] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.Lett. 120, 
091101 (2018), 1710.05837.

n1=3 by causality and n2=-4 for SW and -1 for BC

This narrow prior stems from estimates 
of the CBC background [4] 

First analysis approach: BPL

Data do not show evidence 
for any signal from FOPTs, 
as the Bayes factor (see 
definition in the blue box to 
the right) between signal 
and noise shows:

We do not have enough sensitivity to 
set upper limits  on f* or n2

Sound waves (SW)

Priors used in the analysis
Strength of the FOPT

Inverse duration of the FOPT

Temperature of the FOPT

Bubble wall velocity

Efficiencies of 
each source of 
GWs

Conclusions

The O1-O3 LIGO/Virgo data show no signal for stochastic GWs. Using a Bayesian approach, we set 95% CL upper 
limits on some of the parameters of different models describing cosmological FOPTs in the early Universe, leading 
to stochastic GW signals. We assumed astrophysical background contributions from CBC sources in addition to 
signals from  FOPTs. For the latter, we have chosen a model independent approach and then a phenomenological 
model with physics-driven parameters.  95% CL  upper limits on the normalised energy density from the CBC 
background of the order of 6x10-9 are placed. The LIGO-Virgo GW data has proved useful to place constraints on 
strong FOPTs at large temperatures.

Second analysis approach: phenomenological model

We can exclude these 
regions, that 
correspond to small β 
and large T

Data do not show evidence for any signal 
from FOPTs, as the Bayes factor between 
signal and noise shows:

We use the Bayes factors to show 
preference of one model over another: 

where N  is given by evaluating the log likelihood with 
𝝮gw=0 , and p(θgw)  is the prior on the GW model 
parameters.
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stochastic gravitational waves can be 
an alternative probe. For example, 
their detection could explain: 

● Peccei-Quinn symmetry breaking
● High-scale Supersymmetry 

breaking
● Neutrino masses
● Origin of dark matter
● Inflationary  models  ending  in  a  

FOPT (sourced by bubble 
collisions)

Introduction to cosmological FOPTs

The Universe goes from a false vacuum (FV) to a true vacuum (TV). This happens via quantum 
or thermal nucleation of bubbles of the broken phase, separated from the surrounding unbroken 
phase by a wall.

This process generates shear stresses which source GWs. We can distinguish three sources: 
sound waves (SW), bubble collisions (BC) and magnetohydrodynamic turbulences  (the latter 
are negligible). Two separate approaches are considered in the analysis:
● A model-independent broken power law (BPL) describing main features of the anticipated 

power spectrum.
● A phenomenological model of bubble collision and sound waves as a function of physical 

parameters like temperature, wall velocity, or strength and duration of the FOPT.

Bubble collisions (BC)

Bayesian search and model selection [2]

Log-likelihood:
Cross-correlation estimator of the SGWB calculated 
using data from detectors I and J, and its variance [3]

Model with which we try to fit the data, which depends on 
the frequency and the model parameters θgw . 

𝝮gw(f,θgw)=𝝮cbc(f)+𝝮FOPT (f), where 𝝮cbc(f)=𝝮ref(f/25 Hz)⅔  and 𝝮FOPT (f) is the 
contribution from FOPTs, modelled by a BPL or by a phenomenological model [1]
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n1=3 by causality and n2=-4 for SW and -1 for BC

This narrow prior stems from estimates 
of the CBC background [4] 

First analysis approach: BPL

Data do not show evidence 
for any signal from FOPTs, 
as the Bayes factor (see 
definition in the blue box to 
the right) between signal 
and noise shows:

We do not have enough sensitivity to 
set upper limits  on f* or n2

Sound waves (SW)

Priors used in the analysis
Strength of the FOPT

Inverse duration of the FOPT

Temperature of the FOPT

Bubble wall velocity

Efficiencies of 
each source of 
GWs

Conclusions

The O1-O3 LIGO/Virgo data show no signal for stochastic GWs. Using a Bayesian approach, we set 95% CL upper 
limits on some of the parameters of different models describing cosmological FOPTs in the early Universe, leading 
to stochastic GW signals. We assumed astrophysical background contributions from CBC sources in addition to 
signals from  FOPTs. For the latter, we have chosen a model independent approach and then a phenomenological 
model with physics-driven parameters.  95% CL  upper limits on the normalised energy density from the CBC 
background of the order of 6x10-9 are placed. The LIGO-Virgo GW data has proved useful to place constraints on 
strong FOPTs at large temperatures.

Second analysis approach: phenomenological model

We can exclude these 
regions, that 
correspond to small β 
and large T

Data do not show evidence for any signal 
from FOPTs, as the Bayes factor between 
signal and noise shows:

We use the Bayes factors to show 
preference of one model over another: 

where N  is given by evaluating the log likelihood with 
𝝮gw=0 , and p(θgw)  is the prior on the GW model 
parameters.

α : strength of FOPT
β : inverse duration of FOPT

O1+O2+O3: 

GW

Complex 
phenomenologic
al models 

Bubble collisions

Sound waves
T>

False vacuum separated by true 
vacuum by a barrier.
The unstable vacuum decays 
through bubble nucleation.       
After nucleation bubbles grow until 
they collide, eventually converting 
the whole Hubble volume into the 
new phase



Tests of General Relativity

In GR, GWs far from their source propagate along null geodesics with energy E and momentum p related by the 
dispersion relation

Extensions to GR may violate this, e.g. by giving a mass to the graviton.

To probe generalized dispersion relations, adopt a phenomenological modification to GR: 
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all GW transient signals were produced by merging Kerr black holes in agreement with
Einstein’s theory of General Relativity.

In addition, one can use the GWTC02 events to constrain parameters of phenomeno-
logical modifications to General Relativity. In the context of GR, GWs far from their source
propagate along null geodesics, with energy E and momentum p related by the dispersion
relation E2 = p2c2, with c denoting the speed of light. To investigate modifications to
General Relativity, a phenomenological approach was considered introducing a modified
dispersion relation [64]

E2 = p2c2 + Aa paca , with a = 0, 0.5, 1.0, 1.5, 2.5, 3.0, 3.5, 4.0 , (24)

with Aa and a two phenomenological parameters. Such an expression holds for a variety of
proposed extensions to General Relativity. For instance, a = 0, Aa > 0 represents massive
gravity with graviton mass mg = A1/2

0 c�2; note that General Relativity is recovered for
Aa, 8a. All cases apart a = 0 correspond to a Lorentz-violating dispersion relation.

In frequency-domain, the strain in Fourier space, within General Relativity, is

h̃( f ) = A( f )eiF( f ) , (25)

A non-zero Aa will lead to a frequency-dependent dephasing of the GW signal, dFa( f ),
building up as the GW propagates towards Earth. For a given model (i.e., given the values
of Aa, a) the dephasing dFa( f ) depends on the binary’s luminosity distance, the binary’s
detector-frame chirp mass, and the effective wavelength parameter used in the sampling,
defined in terms of binary’s redshift, and a distance parameter for a given cosmological
model.

Using the gravitational-wave transient catalogue GWTC02 [3] 90% credible upper
bounds on the absolute value of the modified dispersion relation parameter Aa as a function
of a where obtained in [22]. The analysis has shown no evidence for GW dispersion,
constraining the Lorentz-violating dispersion parameters. The obtained constraint on the
graviton mass is [22]

mg  1.76 ⇥ 10�23eV/c2 , (26)

with 90% credibility; it is an improvement of 1.8 over Solar System bounds.
Since we have only 3 active detectors, we cannot simultaneously constrain all six

possible GW polarisations allowed in generic metric theories of gravity. For GW transients,
one can then compare the likelihood of having purely scalar or purely vector polarisations
against the pure tensor case, predicted by General Relativity. Such an approach, using
multiple binary black hole signals reported in the gravitational-wave transient catalogue
GWTC02 [3], has shown [22] no evidence in favor of non-tensor GWs.

3.2. GW transients: tests of modified gravity models
Several modified gravity phenomenological models have been proposed in the litera-

ture, in an attempt to find an explanation for the dark energy. Gravitational waves offer
the means to test/constrain such modified gravity models by studying the propagation of
GWs across cosmological distances [24,25].

In the context of General Relativity, gravitational waves travelling on a four-dimensional
Friedmann-Lemaître-Roberson-Walker background, obey the linearised evolution equation

h
00
A + 2Hh

0
A + k2hA = PA , (27)

where A = +,⇥ stands for the two polarisation plus and cross modes, primes denote
derivatives with respect to conformal time h, related to the cosmological time through
dh = dt/a(t) with a(t) the scale factor, H is the Hubble parameter in conformal time h, and
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FIG. 1. Deformation of a ring of freely-falling test particles under the six gravitational wave polarizations allowed in general metric theories
of gravity. Each wave is assumed to propagate in the z-direction (out of the page for the plus, cross, and breathing modes; to the right for
the vector-x, vector-y, and longitudinal modes). While general relativity allows only for two tensor polarizations (plus and cross), alternate
theories allow for two vector (x and y) and/or two scalar (breathing and longitudinal) polarization modes.

a priori only small deviations from general relativity. Ad-
ditionally, pure vacuum solutions like binary black holes are
not necessarily subject to these constraints. If, for example,
the scalar field interacts with curvature only through a linear
coupling to the Gauss-Bonnet term, scalar radiation is pro-
duced by binary black holes but not by binary neutron stars
[44, 45]. Alternatively, binary black holes can avoid the no-
hair theorem and obtain a scalar charge if moving through a
time-dependent or spatially-varying background scalar field
[46, 47].

A variety of exotic sources may generically contribute to
stochastic backgrounds of alternative polarizations as well.
Cosmic strings, for instance, generically radiate alternative
polarizations in extended theories of gravity and may there-
fore contribute extra polarization modes to the stochastic
gravitational-wave background [48, 49]. Another potential
source of stochastic backgrounds of alternative polarizations
are the so-called “bubble walls” generated by first order phase
transitions in the early Universe [50–52]. In scalar-tensor
theories, bubbles are expected to produce strong monopolar
emission [40]. Gravitational waves from bubbles are heavily
redshifted, though, and today may have frequencies too low
for Advanced LIGO to detect [51]. Bubble walls may there-
fore be a more promising target for future space-based detec-
tors like LISA than for current ground-based instruments.

Finally, we note that it is also possible for alternative po-
larizations to be generated more effectively from sources at
very large distances. There are several ways in which this
might occur. First, modifications to the gravitational-wave
dispersion relation can lead to mixing between different po-
larizations in vacuum (an effect analogous to neutrino oscilla-
tions). This can cause mixing between the usual tensor modes
[53], and also between tensor modes and other polarizations
[54, 55]. Thus alternative polarizations can be generated dur-
ing propagation, even if only tensor modes are produced at the
source. This effect would build with the distance to a given
gravitational-wave source. Such behavior is among the ef-
fects arising from generic Lorentz-violating theories of grav-
ity [56, 57]. While birefringence and dispersion of the stan-
dard plus and cross modes have been explored observation-
ally in this context [57, 58], the phenomenological implica-
tions of additional polarization modes remain an open issue at

present. Secondly, in many alternative theories fundamental
constants (such as Newton’s constant G) are elevated to dy-
namical fields; these fields may have behaved differently at
earlier stages in the Universe’s evolution [59, 60]. As a conse-
quence, local constraints on scalar emission may not apply to
emission from remote sources. Additionally, it is in principle
possible for local sources to be affected by screening mecha-
nisms that do not affect some remote sources [61].

III. STOCHASTIC BACKGROUNDS OF ALTERNATIVE
POLARIZATIONS

The stochastic background introduces a weak, correlated
signal into networks of gravitational-wave detectors. Searches
for the stochastic background therefore measure the cross-
correlation

Ĉ(f) / s̃
⇤
1(f)s̃2(f) (1)

between the strain s̃1(f) and s̃2(f) measured by pairs of de-
tectors (see Ref. [16] for a comprehensive review of stochastic
background detection methods).

We will make several assumptions about the background.
First, we will assume that the stochastic background is
isotropic, stationary, and Gaussian. Second, we assume that
there are no correlations between different tensor, vector, and
scalar polarization modes. We can therefore express the to-
tal measured cross-power hĈ(f)i as a sum of three terms due
to each polarization sector. Finally, we assume that the ten-
sor and vector sectors are individually unpolarized, with equal
power in the tensor plus and cross modes and equal power in
the vector-x and vector-y modes. This follows from the fact
that we expect gravitational-wave sources to be isotropically
distributed and randomly oriented with respect to the Earth. In
contrast, we cannot assume that the scalar sector is unpolar-
ized. Scalar breathing and longitudinal modes cannot be ro-
tated into one another via a coordinate transformation (as can
the tensor plus and cross modes, for instance), and so source
isotropy does not imply equal power in each scalar polariza-
tion. However, the responses of the LIGO detectors to breath-
ing and longitudinal modes are completely degenerate, and so
Advanced LIGO is sensitive only to the total power in scalar
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the vector-x, vector-y, and longitudinal modes). While general relativity allows only for two tensor polarizations (plus and cross), alternate
theories allow for two vector (x and y) and/or two scalar (breathing and longitudinal) polarization modes.
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tal measured cross-power hĈ(f)i as a sum of three terms due
to each polarization sector. Finally, we assume that the ten-
sor and vector sectors are individually unpolarized, with equal
power in the tensor plus and cross modes and equal power in
the vector-x and vector-y modes. This follows from the fact
that we expect gravitational-wave sources to be isotropically
distributed and randomly oriented with respect to the Earth. In
contrast, we cannot assume that the scalar sector is unpolar-
ized. Scalar breathing and longitudinal modes cannot be ro-
tated into one another via a coordinate transformation (as can
the tensor plus and cross modes, for instance), and so source
isotropy does not imply equal power in each scalar polariza-
tion. However, the responses of the LIGO detectors to breath-
ing and longitudinal modes are completely degenerate, and so
Advanced LIGO is sensitive only to the total power in scalar

Alternate 
gravity theories

The three-detector Advanced LIGO-Virgo network is 
generally unable to distinguish the polarization of 
transient GW signals, like those from BBHs

§ Two LIGO detectors are nearly co-oriented, leaving 
LIGO sensitive to only a single polarization mode 

§ Even if the LIGO detectors were more favourably-
oriented, a network of  at least six detectors is 
generically required to uniquely determine the   
polarization content of a GW transient 

Bayesian search

2

Gµ = 1.1⇥ 10
�6

(18)

Gµ = 2.1⇥ 10
�14

(19)

� ⌘ `

t
F(�) ⌘ t

4
n(t, `) (20)

C`
0
s (21)

/ 1

Tobs

(22)

⇡ 3⇥ 10
�29

(23)

20M�  MBH  100M� (24)

R0i0j (25)

⌦TVS(⌫) = ⌦
T

0

✓
⌫

⌫0

◆↵T

+ ⌦
V

0

✓
⌫

⌫0

◆↵V

+ ⌦
S

0

✓
⌫

⌫0

◆↵S

(26)

7 hypotheses:   TVS, TV, TS, VS, T, V, S

Equal prior probability to noise and signal 
models, as well as equal prior probability 
to the seven signal sub-hypotheses 

Equal prior probability to the non-GR and GR 
models and identically weight the six non-GR
sub-hypotheses 

consistency with GR-polarization modes



Tests of modified gravity

12 of 17

all GW transient signals were produced by merging Kerr black holes in agreement with
Einstein’s theory of General Relativity.

In addition, one can use the GWTC02 events to constrain parameters of phenomeno-
logical modifications to General Relativity. In the context of GR, GWs far from their source
propagate along null geodesics, with energy E and momentum p related by the dispersion
relation E2 = p2c2, with c denoting the speed of light. To investigate modifications to
General Relativity, a phenomenological approach was considered introducing a modified
dispersion relation [64]

E2 = p2c2 + Aa paca , with a = 0, 0.5, 1.0, 1.5, 2.5, 3.0, 3.5, 4.0 , (24)

with Aa and a two phenomenological parameters. Such an expression holds for a variety of
proposed extensions to General Relativity. For instance, a = 0, Aa > 0 represents massive
gravity with graviton mass mg = A1/2

0 c�2; note that General Relativity is recovered for
Aa, 8a. All cases apart a = 0 correspond to a Lorentz-violating dispersion relation.

In frequency-domain, the strain in Fourier space, within General Relativity, is

h̃( f ) = A( f )eiF( f ) , (25)

A non-zero Aa will lead to a frequency-dependent dephasing of the GW signal, dFa( f ),
building up as the GW propagates towards Earth. For a given model (i.e., given the values
of Aa, a) the dephasing dFa( f ) depends on the binary’s luminosity distance, the binary’s
detector-frame chirp mass, and the effective wavelength parameter used in the sampling,
defined in terms of binary’s redshift, and a distance parameter for a given cosmological
model.

Using the gravitational-wave transient catalogue GWTC02 [3] 90% credible upper
bounds on the absolute value of the modified dispersion relation parameter Aa as a function
of a where obtained in [22]. The analysis has shown no evidence for GW dispersion,
constraining the Lorentz-violating dispersion parameters. The obtained constraint on the
graviton mass is [22]

mg  1.76 ⇥ 10�23eV/c2 , (26)

with 90% credibility; it is an improvement of 1.8 over Solar System bounds.
Since we have only 3 active detectors, we cannot simultaneously constrain all six

possible GW polarisations allowed in generic metric theories of gravity. For GW transients,
one can then compare the likelihood of having purely scalar or purely vector polarisations
against the pure tensor case, predicted by General Relativity. Such an approach, using
multiple binary black hole signals reported in the gravitational-wave transient catalogue
GWTC02 [3], has shown [22] no evidence in favor of non-tensor GWs.

3.2. GW transients: tests of modified gravity models
Several modified gravity phenomenological models have been proposed in the litera-

ture, in an attempt to find an explanation for the dark energy. Gravitational waves offer
the means to test/constrain such modified gravity models by studying the propagation of
GWs across cosmological distances [24,25].

In the context of General Relativity, gravitational waves travelling on a four-dimensional
Friedmann-Lemaître-Roberson-Walker background, obey the linearised evolution equation

h
00
A + 2Hh

0
A + k2hA = PA , (27)

where A = +,⇥ stands for the two polarisation plus and cross modes, primes denote
derivatives with respect to conformal time h, related to the cosmological time through
dh = dt/a(t) with a(t) the scale factor, H is the Hubble parameter in conformal time h, and
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PA denotes the source term related to the anisotropic stress tensor. The GW propagation
equation above, gets modified in a generic modified gravity model into

h
00
A + 2[1 � d(h)]Hh

0
A + [c2

T(h)k
2 + m2

T(h)]k
2hA = PA , (28)

where three new quantities have been introduced. The function d(h) modifies the friction
term and hence affects the amplitude of a GW propagating across cosmological distances.
The tensor velocity cT can be in general time and scale dependent; in General Relativity
it is equal to the speed of light c. The mass of the tensor mode mT, can be non-zero in the
context of a modified gravity theory. These three quantities are in principle testable with
GW data.

The modification in the tensor sector leads to the gravitational-wave luminosity dis-
tance d(gw)

L (z), which is different from the standard electromagnetic luminosity distance

d(em)
L (z) = (1 + z)

Z z

0

dz̃
H(z̃)

, (29)

where
H(z) = H0

q
Wm(1 + z)3 + Wr(1 + z)4 + WDE(z) ,

with Wm, Wr and WDE the present matter density, radiation density and DE fractions,
respectively. A simple phenomenological parametrisation

X(z) ⌘
d(gw)

L (z)

d(em)
L (z)

= X0 +
1 � X0
(1 + z)n , (30)

which depends on the (positive) parameters X0 and n (with X0 = 1 in General Relativity)
has been proposed in [65]. This approach has been employed in [24] to test several modified
gravity models – Horndeski or the more general degenerate higher order scalar-tensor
theories, non-local infrared modifications of gravity, bi-gravity theories, as well as theories
with extra or varying dimensions – using standard sirens at GW detectors such as LISA
or third-generation ground based experiments. More precisely, constructing mock source
catalogues and performing Markov Chain Monte Carlo studies of the likelihood obtained
from LISA standard sirens combined with other cosmological datasets, it was found [24]
that the parameter X0 can be measured to the percent level accuracy.

In conclusion, it has been shown that the modified GW propagation is an important ob-
servable for advanced GW detectors; supermassibe black hole mergers binaries detectable
with LISA can provide a powerful probe of modified gravity and dark energy.

3.3. GW transients: information on dark matter (axion-like particles)
Pseudo-scalar (axion-like) particles are hypothetical scalar particles that appear in

many fundamental theories. String theory compactifications generally predict a number of
light axions; they represent one of the most compelling candidates for dark matter.

Consider axions that couple to nuclear matter in the same way as the QCD axion, but
with masses that are relatively light. Such axions can be sourced by compact objects with a
high nuclear density, for instance neutron stars. If the axion decay constant is fa . 1018,
neutron stars with radius of the order of 10 km will develop an axion profile, interpolating
from ±p fa near the neutron star surface to 0 at spatial infinity. For two neutron stars, with
each one within the axion’s Compton wavelength, la ⌘ 1/ma, the axion field mediates an
additional force, which at leading order is

Fa = �Q1Q2
4pr2 (1 + mar) exp[�mar]r̂ ; (31)
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Table 1. Mapping of the parametrisation in Eq. (2.31) to a number of frequently studied, rep-
resentative modified gravity models embedded in the Horndeski action (3.1) with luminal speed of
gravitational waves. For simplicity, we have employed the approximations ↵M0 ⌧ 1 (and n ⇠ 1).

to test the time evolution of G4 was already proposed in Ref. [13] and a preliminary forecast
at the level |M2

e↵
(z = 0) � 1| . 3.5 ⇥ 10�3 was estimated in Ref. [6] by adapting forecasts

on the accuracy that LISA can reach on H0. We specify the mapping between a range of
Horndeski models and the parametrisation in Eq. (2.31), which will enable us to interpret
the constraints on ⌅0 and n for given values of the model parameters. The mapping for
Horndeski scalar-tensor theories can be generally performed6 by specifying M2(0) and ↵M0

according to

⌅0 = lim
z!1

Me↵(0)

Me↵(z)
, (3.8)

n ' ↵M0
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. (3.9)

This overall “dictionary” is summarised in Table 1. Note that we assume the constraint
|⌅0 � 1| ⌧ 1 (and n ⇠ 1) and that all models recover Me↵(z ! 1) = MPl, hence, ⌅0 = M0,
and we set MPl ⌘ 1 for convenience. In Fig. 2 we illustrate the performance of the fit provided
by the parametrisation (2.31), with the values of ⌅0 and n given in eqs. (3.8) and (3.9), for
two examples embedded in the Horndeski action. We see that the parametrization (2.31)
works well.

The first model we shall inspect is f(R) gravity [71], where the Einstein-Hilbert action
is generalised by R ! R + f(R). It can be mapped onto the action (3.1) by defining the
scalar field 2G4(�) ⌘ � ⌘ 1 + fR with fR ⌘ df/dR and G2 ⌘ �U(�) ⌘ 1

2
[f(R) � fRR].

Hence, one finds

⌅0 = M0 = (1 + fR0)
1/2 ' 1 +

1

2
fR0 , (3.10)

6 Note that one may have to specify M
2(z ! 1) whenever it does not reduce to M

2
Pl at early times. The

early time matching is usually necessary for the purpose of recovering GR. In the complementary late-time
regime, matching may be due to screening e↵ects in the laboratory at z = 0.
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The modification in the tensor sector leads to the gravitational-wave luminosity dis-
tance d(gw)

L (z), which is different from the standard electromagnetic luminosity distance

d(em)
L (z) = (1 + z)

Z z

0

dz̃
H(z̃)

, (29)

where
H(z) = H0

q
Wm(1 + z)3 + Wr(1 + z)4 + WDE(z) ,

with Wm, Wr and WDE the present matter density, radiation density and DE fractions,
respectively. A simple phenomenological parametrisation

X(z) ⌘
d(gw)

L (z)

d(em)
L (z)

= X0 +
1 � X0
(1 + z)n , (30)

which depends on the (positive) parameters X0 and n (with X0 = 1 in General Relativity)
has been proposed in [65]. This approach has been employed in [24] to test several modified
gravity models – Horndeski or the more general degenerate higher order scalar-tensor
theories, non-local infrared modifications of gravity, bi-gravity theories, as well as theories
with extra or varying dimensions – using standard sirens at GW detectors such as LISA
or third-generation ground based experiments. More precisely, constructing mock source
catalogues and performing Markov Chain Monte Carlo studies of the likelihood obtained
from LISA standard sirens combined with other cosmological datasets, it was found [24]
that the parameter X0 can be measured to the percent level accuracy.

In conclusion, it has been shown that the modified GW propagation is an important ob-
servable for advanced GW detectors; supermassibe black hole mergers binaries detectable
with LISA can provide a powerful probe of modified gravity and dark energy.

3.3. GW transients: information on dark matter (axion-like particles)
Pseudo-scalar (axion-like) particles are hypothetical scalar particles that appear in

many fundamental theories. String theory compactifications generally predict a number of
light axions; they represent one of the most compelling candidates for dark matter.

Consider axions that couple to nuclear matter in the same way as the QCD axion, but
with masses that are relatively light. Such axions can be sourced by compact objects with a
high nuclear density, for instance neutron stars. If the axion decay constant is fa . 1018,
neutron stars with radius of the order of 10 km will develop an axion profile, interpolating
from ±p fa near the neutron star surface to 0 at spatial infinity. For two neutron stars, with
each one within the axion’s Compton wavelength, la ⌘ 1/ma, the axion field mediates an
additional force, which at leading order is

Fa = �Q1Q2
4pr2 (1 + mar) exp[�mar]r̂ ; (31)
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complete, unique GW model in higher-dimensional grav-
ity, we use a phenomenological ansatz for the GW am-
plitude scaling and neglect all other effects of modified
gravity in the GW phase and amplitude. This approach
requires that gravity be asymptotically GR in the strong-
field regime, while modifications due to leakage into extra
dimensions start to appear at large distances from the
source. We therefore consider gravity modifications with
a screening mechanism, i.e., a phenomenological model
with a characteristic length scale Rc beyond which the
propagating GWs start to leak into higher dimensions.
In this model, the strain scales as

h /
1

d
GW
L

=
1

d
EM
L


1 +

✓
d
EM
L

Rc

◆n��(D�4)/(2n)

(2)

where D denotes the number of spacetime dimensions,
and where Rc and n are the distance scale of the screen-
ing and the transition steepness, respectively. Eq. (2)
reduces to the standard GR scaling at distances much
shorter than Rc, and the model is consistent with tests
of GR performed in the Solar System or with binary pul-
sars. Unlike the scaling relation considered in [70, 71],
notice that Eq. (2) reduces to the GR limit for D = 4
spacetime dimensions. An independent measurement of
the source luminosity distance from EM observations of
GW170817 allows us to infer the number of spacetime di-
mensions from a comparison of the GW and EM distance
estimates, for given values of model parameters Rc and
n. Constraints on the number of spacetime dimensions
are derived in a framework of Bayesian analysis, from the
joint posterior probability for D, d

GW
L

and d
EM
L

, given the
two statistically independent measurements of EM data
xEM and GW data xGW. The posterior for D is then
given by:

p(D|xGW, xEM) =

Z
p(dGW

L
|xGW)p(dEM

L
|xEM)�(D � D(dGW

L
, d

EM
L

, Rc, n)) dd
GW
L

dd
EM
L

. (3)

As in [19], we use a measurement of the surface brightness
fluctuation distance to the host galaxy NGC 4993 from
[73] to constrain the EM distance, assuming a Gaussian
distribution for the posterior probability p(dEM

L
|xEM),

with the mean value and standard deviation given by
40.7 ± 2.4 Mpc [73]. Contrary to [71], our analysis relies
on a direct measurement of d

EM
L

and is independent of
prior information on H0 or any other cosmological pa-
rameter. For the measurement of the GW distance, the
posterior distribution p(dGW

L
|xGW) was inferred from the

GW data assuming general relativity and fixing the sky
position to the optical counterpart while marginalizing
over all other waveform parameters [19]. Our analysis
imposes a prior on the GW luminosity distance that is
consistent with a four-dimensional Universe, but we have
checked that other reasonable prior choices do not signif-
icantly modify the results. We invert the scaling relation
in Eq. (2) to compute D(dGW

L
, d

EM
L

, Rc, n) in Eq. (3).
Fig. 3 shows the 90% upper bounds on the number of di-
mensions D, for theories with a certain transition steep-
ness n and distance scale Rc. Shading indicates the ex-
cluded regions of parameter space. Our results are con-
sistent with the GR prediction of D = 4.

Additionally, the data allows us to infer constraints on
the characteristic distance scale Rc of higher-dimensional
theories with a screening mechanism, while fixing D to
5, 6 or 7. The posterior for p(Rc|xGW, xEM) is ob-
tained from the joint posterior probability of Rc, d

GW

L

and d
EM

L
, fixing D instead of Rc in Eq. (3) and comput-

ing Rc(dGW
L

, d
EM
L

, D, n) by inverting the scaling relation

FIG. 3. 90% upper bounds on the number of spacetime di-
mensions D, assuming fixed transition steepness n and dis-
tance scale Rc. Shading indicates the regions of parameter
space excluded by the data.

in Eq. (2). Since we consider higher-dimensional mod-
els that allow only for a relative damping of the GW
signal, we select posterior samples with d

GW
L

> d
EM
L

,
leading to an additional step function ✓(dGW

L
� d

EM
L

) in
p(Rc|xGW, xEM). In Fig. 4, we show 10% lower bounds
on the screening radius Rc, for theories with a certain
fixed transition steepness n and number of dimensions
D > 4. Shading indicates the excluded regions of pa-
rameter space. For higher-dimensional theories of grav-
ity with a characteristic length scale Rc of the order of
the Hubble radius RH ⇠ 4 Gpc, such as the well known
Dvali-Gabadadze-Porrati (DGP) models of dark energy

Damping of the waveform due to gravitational leakage into extra dim 

GR:

Deviation depends on the number of dimensions D and would result to  
a systematic overestimation of the source          inferred from GW data 
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Table I of [19].
The long inspiral observed in GW170817 (relative to

previous binary black hole signals) allows us to place the
first stringent constraints on �'̂�2. Binaries comprised
of compact objects with additional charges that charac-
terize couplings with fields other than the metric will
generically support a time-varying dipole moment. Such
systems will emit dipole radiation in addition to the en-
ergy flux predicted in GR (given at leading order by the
quadrupole formula). Provided that this additional flux
is a small correction to the total flux, the dipole radi-
ation mainly induces a negative �1PN order correction
in the phase evolution. Writing the total energy flux
as FGW = FGR(1 + Bc

2
/v

2), the leading-order modifica-
tion to the phase due to theory-agnostic effects of dipole
radiation is given by �'̂�2 = �4B/7 [60, 61]. Combining
the PDFs shown in Fig. 1 obtained with the PhenomPNRT

and SEOBNRT waveforms and restricting to the physical
parameter space B � 0 corresponding to positive outgo-
ing flux, the presence of dipole radiation in GW170817
can be constrained to B  1.2 ⇥ 10�5. For compari-
son, precise timing of radio pulses from binary pulsars
can constrain |B| <

⇠ 6 ⇥ 10�8 [61]; this much stronger
constraint arises, in part, because of the much longer ob-
servation time over which the inspirals of binary pulsars
are tracked.

Though our bound on the dipole parameter B is weaker
than existing constraints, it is the first that comes di-
rectly from the nonlinear and dynamical regime of grav-
ity achieved during compact binary coalescences. In this
regard, we note that for general scalar-tensor theories
there are regions of parameter space where constraints
from both Solar System and binary pulsar observations
are satisfied, and yet new effects appear in the frequency
range of GW detectors, such as spontaneous scalariza-
tion [62] or resonant excitation [63, 64] of a massive field,
or dynamical scalarization [65–67].

CONSTRAINTS FROM GRAVITATIONAL WAVE
PROPAGATION

The propagation of GWs may differ in theories be-
yond GR, and the deviations depend on the distance that
the GWs travel. The search for such deviations provides
unique tests of relativity, particularly when the distance
inferred through GWs can be compared with an accu-
rate, independent distance measurement from EM obser-
vations. In GR, GWs propagate non-dispersively at the
speed of light with an amplitude inversely proportional
to the distance travelled. Using GW170817, we carry out
two different types of analyses to study the propagation
of GWs, looking for possible deviations from GR’s pre-
dictions. The first method implements a generic modifi-
cation to the GWs dispersion relation, adding terms that
correct for a massive graviton, and momentum depen-

dent dispersion that could be apparent in Lorentz vio-
lating models [68, 69]. The second modifies the distance
relation GWs follow in GR by adding correcting factors
accounting for the GW’s gravitational leakage into the
large extra dimensions of higher-dimensional theories of
gravity [70, 71].

Constraints on Modified Dispersion

In GR, gravitational waves propagate at the speed of
light and are non-dispersive, leading to a dispersion re-
lation E

2 = p
2
c
2. An alternative theory may generi-

cally modify this as E
2 = p

2
c
2 + A p

↵
c
↵, where A is

the coefficient of modified dispersion corresponding to
the exponent denoted by ↵ [68, 69]. When ↵ = 0, a
modification with A > 0 may be interpreted as due to
a non-zero graviton mass (A = m

2
g
c
4) [69]. It can be

shown that such modified dispersion relations would lead
to corrections to the GW phasing, thereby allowing us to
constrain any dispersion of GWs [69]. This method, im-
plemented in a Bayesian framework, placed bounds on
A corresponding to different ↵ using binary black hole
detections [16]. We apply the above method to constrain
dispersion of GWs in the case of the binary neutron star
merger GW170817 [1]. We find that GW170817 places
weaker bounds on dispersion of GWs than the binary
black holes. For instance, the bound on the graviton
mass mg we obtain from GW170817 is 9.51⇥10�22 eV/c2,
which is weaker compared to the bounds reported in [16].
This is not surprising as GW170817 is the closest source
detected so far, and for the same SNR propagation-based
tests such as this are more effective when the sources are
farther away. This method complements the bounds on
non-dispersive standard model extension coefficients [72]
reported in [2] from GW170817.

Constraints on the Number of Spacetime
Dimensions

In higher-dimensional theories of gravity the scaling
between the GW strain and the luminosity distance of the
source is expected to be modified, suggesting a damping
of the waveform due to gravitational leakage into large
extra dimensions. This deviation from the GR scaling
hGR / d

�1
L

depends on the number of dimensions D > 4
and would result in a systematic overestimation of the
source luminosity distance inferred from GW observa-
tions [70, 71]. A comparison of distance measurements
from GW and EM observations of GW170817 allows us
to constrain the presence of large additional spacetime
dimensions. We assume, as is the case in many extra-
dimensional models, that light and matter propagate in
four spacetime dimensions only, thus allowing us to infer
the EM luminosity distance d

EM
L

. In the absence of a

by the source, detected at a point on a sphere of radius demL :

F =:
L

4⇡(demL )2
. (2.2)

In standard GR, the proper distance of a source emitting a single photon is a(t0) r =: a0r
measured by an observer at Earth at the present time t0. Taking into account the redshift
of power L = (energy)/(time) / (a/a0)/(a0/a) = a2/a2

0
of photons reaching the observer at

di↵erent times, one gets [59]

demL =
a2
0

a
r . (2.3)

In the absence of spatial curvature, r can be written as r = ⌧0 � ⌧(z), in terms of the redshift
1 + z = a0/a, where ⌧ denotes conformal time. Setting a0 = 1,

demL (z) = (1 + z)

Z t0

t(z)

dt

a
= (1 + z)

Z
1

a(z)

da

Hgra2
= (1 + z)

Z z

0

dz

Hgr
, (2.4)

where a(z) = (1+ z)�1. The Hubble parameter Hgr(z) is determined by the first Friedmann
equation and contains a parametrization of the dark-energy equation of state in terms of the
barotropic index, for instance, w = w0 = const or w = w0 + (1 � a)wa.

Expanding H(z) for small z and keeping only the lowest order, (2.4) becomes

demL '
z(1 + z)

H0

z⌧1

'
z

H0

, (2.5)

where H0 is the Hubble parameter today.

2.2 Gravitational-wave amplitude in GR

The action and equations of motion in GR are

S =
1

22

Z
dDxR + Smatter , Rµ⌫ �

1

2
gµ⌫R = 2Tµ⌫ , (2.6)

where 2 = 8⇡G is Newton’s constant and Tµ⌫ is the matter energy-momentum tensor. First
we recall the expression of the GW amplitude in the local wave zone, and then consider its
modification when the wave propagates on a homogeneous FLRW cosmological background.

2.2.1 Local wave zone

Let hµ⌫ be the metric perturbation around the Minkowski background ⌘µ⌫ = diag(�,+, · · · ,+)
and call h one of the graviton polarization modes. The scalar h is the amplitude of a
gravitational-wave emitted by a source such as a black-hole or a neutron-star binary system.
We can express h in terms of the luminosity distance dgwL , in D topological dimensions. Ex-
panding the Einstein equations to linear order in gµ⌫ = ⌘µ⌫+hµ⌫ , one finds ⇤⌘hµ⌫ = �22Sµ⌫ ,
where ⇤⌘ = ⌘µ⌫@µ@⌫ and Sµ⌫ = Tµ⌫ �⌘µ⌫T

⇢
⇢ /(D�2). The general retarded solution is given

by the sum of the homogeneous solution (which will be ignored from now on) and the convo-
lution of the source Sµ⌫ with the retarded Green function associated with the kinetic operator
⇤⌘ [58]:

hµ⌫(x) = �22
Z

dDx0 Sµ⌫(x
0)Gret(x � x0) , (2.7)

⇤⌘G
ret(x � x0) = �D(x � x0) , Gret

��
t<t0

= 0 , (2.8)
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Table I of [19].
The long inspiral observed in GW170817 (relative to

previous binary black hole signals) allows us to place the
first stringent constraints on �'̂�2. Binaries comprised
of compact objects with additional charges that charac-
terize couplings with fields other than the metric will
generically support a time-varying dipole moment. Such
systems will emit dipole radiation in addition to the en-
ergy flux predicted in GR (given at leading order by the
quadrupole formula). Provided that this additional flux
is a small correction to the total flux, the dipole radi-
ation mainly induces a negative �1PN order correction
in the phase evolution. Writing the total energy flux
as FGW = FGR(1 + Bc

2
/v

2), the leading-order modifica-
tion to the phase due to theory-agnostic effects of dipole
radiation is given by �'̂�2 = �4B/7 [60, 61]. Combining
the PDFs shown in Fig. 1 obtained with the PhenomPNRT

and SEOBNRT waveforms and restricting to the physical
parameter space B � 0 corresponding to positive outgo-
ing flux, the presence of dipole radiation in GW170817
can be constrained to B  1.2 ⇥ 10�5. For compari-
son, precise timing of radio pulses from binary pulsars
can constrain |B| <

⇠ 6 ⇥ 10�8 [61]; this much stronger
constraint arises, in part, because of the much longer ob-
servation time over which the inspirals of binary pulsars
are tracked.

Though our bound on the dipole parameter B is weaker
than existing constraints, it is the first that comes di-
rectly from the nonlinear and dynamical regime of grav-
ity achieved during compact binary coalescences. In this
regard, we note that for general scalar-tensor theories
there are regions of parameter space where constraints
from both Solar System and binary pulsar observations
are satisfied, and yet new effects appear in the frequency
range of GW detectors, such as spontaneous scalariza-
tion [62] or resonant excitation [63, 64] of a massive field,
or dynamical scalarization [65–67].

CONSTRAINTS FROM GRAVITATIONAL WAVE
PROPAGATION

The propagation of GWs may differ in theories be-
yond GR, and the deviations depend on the distance that
the GWs travel. The search for such deviations provides
unique tests of relativity, particularly when the distance
inferred through GWs can be compared with an accu-
rate, independent distance measurement from EM obser-
vations. In GR, GWs propagate non-dispersively at the
speed of light with an amplitude inversely proportional
to the distance travelled. Using GW170817, we carry out
two different types of analyses to study the propagation
of GWs, looking for possible deviations from GR’s pre-
dictions. The first method implements a generic modifi-
cation to the GWs dispersion relation, adding terms that
correct for a massive graviton, and momentum depen-

dent dispersion that could be apparent in Lorentz vio-
lating models [68, 69]. The second modifies the distance
relation GWs follow in GR by adding correcting factors
accounting for the GW’s gravitational leakage into the
large extra dimensions of higher-dimensional theories of
gravity [70, 71].

Constraints on Modified Dispersion

In GR, gravitational waves propagate at the speed of
light and are non-dispersive, leading to a dispersion re-
lation E

2 = p
2
c
2. An alternative theory may generi-

cally modify this as E
2 = p

2
c
2 + A p

↵
c
↵, where A is

the coefficient of modified dispersion corresponding to
the exponent denoted by ↵ [68, 69]. When ↵ = 0, a
modification with A > 0 may be interpreted as due to
a non-zero graviton mass (A = m

2
g
c
4) [69]. It can be

shown that such modified dispersion relations would lead
to corrections to the GW phasing, thereby allowing us to
constrain any dispersion of GWs [69]. This method, im-
plemented in a Bayesian framework, placed bounds on
A corresponding to different ↵ using binary black hole
detections [16]. We apply the above method to constrain
dispersion of GWs in the case of the binary neutron star
merger GW170817 [1]. We find that GW170817 places
weaker bounds on dispersion of GWs than the binary
black holes. For instance, the bound on the graviton
mass mg we obtain from GW170817 is 9.51⇥10�22 eV/c2,
which is weaker compared to the bounds reported in [16].
This is not surprising as GW170817 is the closest source
detected so far, and for the same SNR propagation-based
tests such as this are more effective when the sources are
farther away. This method complements the bounds on
non-dispersive standard model extension coefficients [72]
reported in [2] from GW170817.

Constraints on the Number of Spacetime
Dimensions

In higher-dimensional theories of gravity the scaling
between the GW strain and the luminosity distance of the
source is expected to be modified, suggesting a damping
of the waveform due to gravitational leakage into large
extra dimensions. This deviation from the GR scaling
hGR / d

�1
L

depends on the number of dimensions D > 4
and would result in a systematic overestimation of the
source luminosity distance inferred from GW observa-
tions [70, 71]. A comparison of distance measurements
from GW and EM observations of GW170817 allows us
to constrain the presence of large additional spacetime
dimensions. We assume, as is the case in many extra-
dimensional models, that light and matter propagate in
four spacetime dimensions only, thus allowing us to infer
the EM luminosity distance d

EM
L

. In the absence of a
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generically support a time-varying dipole moment. Such
systems will emit dipole radiation in addition to the en-
ergy flux predicted in GR (given at leading order by the
quadrupole formula). Provided that this additional flux
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ation mainly induces a negative �1PN order correction
in the phase evolution. Writing the total energy flux
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tion to the phase due to theory-agnostic effects of dipole
radiation is given by �'̂�2 = �4B/7 [60, 61]. Combining
the PDFs shown in Fig. 1 obtained with the PhenomPNRT

and SEOBNRT waveforms and restricting to the physical
parameter space B � 0 corresponding to positive outgo-
ing flux, the presence of dipole radiation in GW170817
can be constrained to B  1.2 ⇥ 10�5. For compari-
son, precise timing of radio pulses from binary pulsars
can constrain |B| <

⇠ 6 ⇥ 10�8 [61]; this much stronger
constraint arises, in part, because of the much longer ob-
servation time over which the inspirals of binary pulsars
are tracked.

Though our bound on the dipole parameter B is weaker
than existing constraints, it is the first that comes di-
rectly from the nonlinear and dynamical regime of grav-
ity achieved during compact binary coalescences. In this
regard, we note that for general scalar-tensor theories
there are regions of parameter space where constraints
from both Solar System and binary pulsar observations
are satisfied, and yet new effects appear in the frequency
range of GW detectors, such as spontaneous scalariza-
tion [62] or resonant excitation [63, 64] of a massive field,
or dynamical scalarization [65–67].

CONSTRAINTS FROM GRAVITATIONAL WAVE
PROPAGATION

The propagation of GWs may differ in theories be-
yond GR, and the deviations depend on the distance that
the GWs travel. The search for such deviations provides
unique tests of relativity, particularly when the distance
inferred through GWs can be compared with an accu-
rate, independent distance measurement from EM obser-
vations. In GR, GWs propagate non-dispersively at the
speed of light with an amplitude inversely proportional
to the distance travelled. Using GW170817, we carry out
two different types of analyses to study the propagation
of GWs, looking for possible deviations from GR’s pre-
dictions. The first method implements a generic modifi-
cation to the GWs dispersion relation, adding terms that
correct for a massive graviton, and momentum depen-

dent dispersion that could be apparent in Lorentz vio-
lating models [68, 69]. The second modifies the distance
relation GWs follow in GR by adding correcting factors
accounting for the GW’s gravitational leakage into the
large extra dimensions of higher-dimensional theories of
gravity [70, 71].

Constraints on Modified Dispersion

In GR, gravitational waves propagate at the speed of
light and are non-dispersive, leading to a dispersion re-
lation E
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2. An alternative theory may generi-

cally modify this as E
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the coefficient of modified dispersion corresponding to
the exponent denoted by ↵ [68, 69]. When ↵ = 0, a
modification with A > 0 may be interpreted as due to
a non-zero graviton mass (A = m
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4) [69]. It can be

shown that such modified dispersion relations would lead
to corrections to the GW phasing, thereby allowing us to
constrain any dispersion of GWs [69]. This method, im-
plemented in a Bayesian framework, placed bounds on
A corresponding to different ↵ using binary black hole
detections [16]. We apply the above method to constrain
dispersion of GWs in the case of the binary neutron star
merger GW170817 [1]. We find that GW170817 places
weaker bounds on dispersion of GWs than the binary
black holes. For instance, the bound on the graviton
mass mg we obtain from GW170817 is 9.51⇥10�22 eV/c2,
which is weaker compared to the bounds reported in [16].
This is not surprising as GW170817 is the closest source
detected so far, and for the same SNR propagation-based
tests such as this are more effective when the sources are
farther away. This method complements the bounds on
non-dispersive standard model extension coefficients [72]
reported in [2] from GW170817.

Constraints on the Number of Spacetime
Dimensions

In higher-dimensional theories of gravity the scaling
between the GW strain and the luminosity distance of the
source is expected to be modified, suggesting a damping
of the waveform due to gravitational leakage into large
extra dimensions. This deviation from the GR scaling
hGR / d

�1
L

depends on the number of dimensions D > 4
and would result in a systematic overestimation of the
source luminosity distance inferred from GW observa-
tions [70, 71]. A comparison of distance measurements
from GW and EM observations of GW170817 allows us
to constrain the presence of large additional spacetime
dimensions. We assume, as is the case in many extra-
dimensional models, that light and matter propagate in
four spacetime dimensions only, thus allowing us to infer
the EM luminosity distance d

EM
L

. In the absence of a

For higher-dim theories with characteristic length scale of the order 
of the Hubble radius ~4Gpc (e.g. DGP model of dark energy), small 

steepnesses (~0.1) are excluded by the data. 



To a first approximation, the SGWB is assumed to be isotropic (analogous to the CMB)

The afterglow radiation left over from the Hot Big Bang

§ its temperature is extremely uniform all over the sky

§ tiny temperature fluctuations (one part 100,000)
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LSS

Anisotropies in the GW Background: info about large-scale-structure



Gravitational wave sources with an anisotropic spatial distribution lead to a GWB 
characterised by preferred directions, and hence anisotropies 1

⌦GW(⌫) = ⌦ref

✓
⌫

⌫ref

◆↵

(1)
Diffraction-limited angular 
resolution Θ on the sky:

3

modes, and hence a full inversion cannot be performed.
Therefore we use a regularized pseudo-inverse (labeled by
the subscript ‘R’ above) to obtain clean maps. We note
here that [

�
��1
R

�
µµ

]1/2 is used as the uncertainty estimate

(standard deviation) of P̂µ.

Di↵erent regularization techniques are employed in
each analysis based on the signal model assumed [54].
For the BBR search we assume that the gravitational-
wave power is confined to a single pixel and there is no
signal covariance between neighboring pixels; hence, the
inversion of the Fisher matrix reduces to the inversion of
its diagonal. However, because of the detector response
function, neighboring pixels are indeed correlated and
hence the BBR results are valid only for a signal model
in which we expect a small number of well-separated
gravitational-wave point sources.

On the other hand, the SHD analysis uses both the
diagonal and o↵-diagonal elements of the Fisher matrix
and as in past searches sets the smallest 1/3 of the eigen-
values to infinity and also uses a finite maximum value of
` [54, 59, 60]. The choice of 1/3 is based on the recovery
of simulated injections carried out in reference [59]. This
analysis is therefore well-suited for identifying extended
sources on the sky, but not point-like sources which re-
quire all the ` modes with ` ! 1. SHD analyses of
the previous two LIGO/Virgo observing runs chose the
maximum ` value `max based on the di↵raction-limited
angular resolution ✓ on the sky. This is determined by
the distance D between detectors and the most sensitive
frequency f in the analysis band [54]:

✓ =
c

2Df
`max =

⇡

✓
. (15)

As in the previous directional searches, this method gives
`max values of 3, 4, and 16 for the spectral indices ↵ of
0, 2/3, and 3, respectively, for the Hanford-Livingston
baseline. The most sensitive frequency in the analysis
changes with ↵ and hence we get di↵erent `max for di↵er-
ent ↵. The baseline sensitivity (/ 1/[PIPJ ]) appearing
in Eqs. (10) and (11) acts as a weighting factor multiply-
ing �

`m
IJ (t; f), and hence, the cuto↵ on ` also depends on

the baseline’s sensitivity among the network. Since the
LIGO detectors are more sensitive than the Virgo detec-
tor, `max values are largely determined by the Hanford-
Livingston baseline. Therefore, in this search, we make
the same choices for `max for all baselines in the Hanford-
Livingston-Virgo network.

We note that, as described in [71, 76–78], one could also
start in a pixel basis and transform the resultant pixel-
based maps into spherical harmonic coe�cients. Sam-
pling the full pixel space accounts for the correlations
between small and large angular scales induced by the
non-compactness of the sky response [for details see 77].

In the SHD analysis we calculate P̂`m in the spherical
harmonics basis and express the final result in terms of
Ĉ`, a measure of squared angular power in mode `, which

is given by [59]
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where H0 is the Hubble constant taken to be H0 =
67.9 km s�1 Mpc�1 [79]. Ĉ` has units of sr�2 and Ĉ` = 1
corresponds to su�cient energy density in mode ` alone
to have a closed universe. In addition, we also transform
P̂`m to P̂⇥ and produce ⌦̂↵,⇥ given by [59]

⌦̂↵,⇥ =
2⇡2

3H2
0

f
3
ref P̂↵,⇥ , (17)

which is the gravitational-wave energy density in solid
angle ⇥ normalized by the critical energy density needed
to close the Universe.
In the BBR analysis, we estimate P⇥ in a pixel basis

and report the final result in terms of the gravitational-
wave energy flux from solid angle ⇥ given by

F̂↵,⇥ =
c
3
⇡

4G
f
2
ref P̂↵,⇥ , (18)

where G is the gravitational constant.
In the NBR analysis we measure gravitational-wave

strain power Ĥ(f) as a function of frequency at spe-
cific sky locations by setting ↵ = 3 for H(f) and not
summing over frequency in Eqs. (10) and, (11) i.e.,
Ĥ(f) = X

IJ
⌫ (f). However, the NBR analysis must con-

sider source-dependent e↵ects when performing a search.
In the case of Scorpius X-1, a low-mass X-ray binary sys-
tem, gravitational-wave frequencies are expected to be
broadened [62] due to the binary motion of the source
and the orbital motion of Earth during the observation
time [80]. To account for these Doppler shifts, we sum
the contributions in multiple frequency bins and create
optimally-sized combined bins at each frequency. For
more details of combining frequency bins for Scorpius
X-1 see Ref. [54]. In the directions of SN 1987A and
the galactic center, we combine 3 and 17 frequency bins
respectively to account for the spread of an expected
monochromatic signal due only to the rotation and or-
bital motion of the Earth [54]. Since the Galactic cen-
ter is at a lower declination, the e↵ect of the Earth’s
motion becomes significant and hence we combine more
frequency bins.
To perform these three analyses, cross-correlation data

from each baseline is folded into one sidereal day by tak-
ing advantage of a temporal symmetry of the observa-
tions induced by the Earth’s daily rotation about its axis.
We therefore reduce the computational cost of this search
by a factor equal to the total number of days of observa-
tion [69].
For the NBR and BBR analyses, the folded data are

analyzed by Python-based pipeline, PyStoch [70], which
takes advantage of the compactness of the folded data
and the standardization and optimizations of the well-
known HEALPix (Hierarchical Equal Area isoLatitude
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LIGO detectors are more sensitive than the Virgo detec-
tor, `max values are largely determined by the Hanford-
Livingston baseline. Therefore, in this search, we make
the same choices for `max for all baselines in the Hanford-
Livingston-Virgo network.

We note that, as described in [71, 76–78], one could also
start in a pixel basis and transform the resultant pixel-
based maps into spherical harmonic coe�cients. Sam-
pling the full pixel space accounts for the correlations
between small and large angular scales induced by the
non-compactness of the sky response [for details see 77].

In the SHD analysis we calculate P̂`m in the spherical
harmonics basis and express the final result in terms of
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where H0 is the Hubble constant taken to be H0 =
67.9 km s�1 Mpc�1 [79]. Ĉ` has units of sr�2 and Ĉ` = 1
corresponds to su�cient energy density in mode ` alone
to have a closed universe. In addition, we also transform
P̂`m to P̂⇥ and produce ⌦̂↵,⇥ given by [59]
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which is the gravitational-wave energy density in solid
angle ⇥ normalized by the critical energy density needed
to close the Universe.
In the BBR analysis, we estimate P⇥ in a pixel basis

and report the final result in terms of the gravitational-
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where G is the gravitational constant.
In the NBR analysis we measure gravitational-wave

strain power Ĥ(f) as a function of frequency at spe-
cific sky locations by setting ↵ = 3 for H(f) and not
summing over frequency in Eqs. (10) and, (11) i.e.,
Ĥ(f) = X
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⌫ (f). However, the NBR analysis must con-

sider source-dependent e↵ects when performing a search.
In the case of Scorpius X-1, a low-mass X-ray binary sys-
tem, gravitational-wave frequencies are expected to be
broadened [62] due to the binary motion of the source
and the orbital motion of Earth during the observation
time [80]. To account for these Doppler shifts, we sum
the contributions in multiple frequency bins and create
optimally-sized combined bins at each frequency. For
more details of combining frequency bins for Scorpius
X-1 see Ref. [54]. In the directions of SN 1987A and
the galactic center, we combine 3 and 17 frequency bins
respectively to account for the spread of an expected
monochromatic signal due only to the rotation and or-
bital motion of the Earth [54]. Since the Galactic cen-
ter is at a lower declination, the e↵ect of the Earth’s
motion becomes significant and hence we combine more
frequency bins.
To perform these three analyses, cross-correlation data

from each baseline is folded into one sidereal day by tak-
ing advantage of a temporal symmetry of the observa-
tions induced by the Earth’s daily rotation about its axis.
We therefore reduce the computational cost of this search
by a factor equal to the total number of days of observa-
tion [69].
For the NBR and BBR analyses, the folded data are

analyzed by Python-based pipeline, PyStoch [70], which
takes advantage of the compactness of the folded data
and the standardization and optimizations of the well-
known HEALPix (Hierarchical Equal Area isoLatitude
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Cosmic strings

Figure 1: A simulated Nambu-Goto cosmic string network. The long strings are shown in black, with the loops in red. From Ref. [1].

Cosmic strings are one-dimensional topological defects that may have been formed in the early Universe due
to spontaneous symmetry breaking in a cosmological phase transition [2]. They are a generic prediction of
grand unified theories [3]. To leading order their dynamics are described by the Nambu-Goto action, whose only
free parameter is µ, the string tension. One usually considers the dimensionless combination Gµ, where G is
Newton’s constant. This is related to ⇤NP, the “new physics scale” at which the strings are formed,

Gµ ⇠

✓
⇤NP

MPl

◆2

. (1)

The string network is characterised by O(1) “long” (i.e. super-horizon) strings per Hubble volume, which
intersect themselves to cut o↵ many small loops. These loops oscillate due to their tension and decay through
gravitational-wave (GW) emission.

Gravitational-wave emission

Figure 2: Illustrations of a cusp (left) and a kink (right). From Ref. [4].

Cosmic string loops are strong sources of GWs, emitted mainly through “cusps”, which are sharp transient
features that form as the loop oscillates, and “kinks”, which are discontinuities that propagate around the loop,
beaming GWs like a lighthouse. The incoherent superposition of GWs from many loops leads to a stochastic
GW background (SGWB), whose intensity at frequency f in sky direction r̂ relative to the cosmological critical
density ⇢c is described by the density parameter,

⌦gw(f , r̂ ) ⌘
1

⇢c

d3⇢gw
d ln f d2r̂

. (2)

The cosmic string SGWB allows us to probe new physics at energies inaccessible to collider experiments.

Figure 3: Frequency spectrum of the isotropic component of the cosmic string SGWB for a range of values of Gµ. Shown in grey are the
sensitivity curves for a range of current and future GW observatories after 10 years of observation.

Stochastic gravitational-wave background anisotropies

Figure 4: Simulated full-sky map of the cosmic string SGWB. Inset shows a 10� ⇥ 10� patch.

The intensity of the SGWB is not perfectly uniform, but fluctuates across the sky due to the correlated structure
of the loop network and the inhomogeneities of the intervening spacetime geometry. These anisotropies in
the SGWB are analogous to those in the temperature of the cosmic microwave background (CMB), and are
characterised by the angular power spectrum

C` ⌘

Z

S2
d2r̂ P`

�
r̂ · r̂ 0

� ⌦
⌦gw(r̂ )⌦gw

�
r̂ 0
�↵

. (3)

Figure 5: The observer’s motion relative to the cosmic rest frame induces a kinematic dipole.

Results

We find that for smaller values of Gµ, even though the isotropic component of the SGWB becomes much
weaker, the anisotropies can be greatly enhanced. This could potentially help us probe a much broader range of
scales for new physics with current and future GW observatories.

Figure 6: The cosmic string angular power spectrum for various values of Gµ.

Acknowledgements

ACJ is supported by King’s College London through a Graduate Teaching Scholarship. MS is supported in part
by the Science and Technology Facility Council (STFC), under the research grant ST/P000258/1.

References

[1] C. Ringeval, M. Sakellariadou, and F. Bouchet.
Cosmological evolution of cosmic string loops.
JCAP, 0702:023, 2007.

[2] T. W. B. Kibble.
Topology of Cosmic Domains and Strings.
J. Phys., A9:1387–1398, 1976.

[3] R. Jeannerot, J. Rocher, and M. Sakellariadou.
How generic is cosmic string formation in SUSY GUTs.
Phys. Rev., D68:103514, 2003.

[4] A. J. Long, J. M. Hyde, and T. Vachaspati.
Cosmic Strings in Hidden Sectors: 1. Radiation of Standard Model Particles.
JCAP, 1409(09):030, 2014.

Royal Society Meeting, “Topological Avatars of New Physics”, March 2019 alexander.jenkins@kcl.ac.uk

Anisotropies largely 
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GWAnisotropies in the GW Background: info about large-scale-structure



GWs offer a new window for exploring late and early stages of the Universe

The importance of the recent direct direction of GWs from BH and NS mergers can hardly be over-emphasised

Even a non-detection of GWs allowed us to gain important information on cosmology, particle physics models 
and gravity

0

GWs offer a novel and powerful way to test

§ astrophysical models and large-scale-structure of the universe

§ beyond ΛCDM cosmological model 

§ physics beyond the Standard Model of particle physics

§ dark matter candidates (PBHS, axions, …)

§ modified gravity models

§ quantum gravity theories


