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Introduction and motivations

Critical phenomena have played a fundamental role in physics from the
earliest time

Continuous transitions are
characterized by critical exponents
in 3D

ξ ∼ |T − Tc |−ν

χ ∼ |T − Tc |−γ

Universality arguments are usually determined by very general properties
of the system (Landau-Ginzburg-Wilson theory)
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Introduction and motivations

Problem setting

Do 2D lattice models with gauge invariance show universal properties?

Two-dimensional scalar systems on the lattice show universal behaviors
(asymptotic freedom)

ξ̂ ∼
β≫1

βpecβ , β ≡ 1

T

Example: 2D O(Nf ) vector models and NLσMs (N.B.: Unit-length
fields!)

H = −
∑
x,µ,f

ϕf
xϕ

f
x+µ →

β→∞ , ξ̂→∞
S =

1

2

∫ Nf∑
f=1

∂µΦ
f (x)∂µΦ

f (x)dx
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Introduction and motivations

There exist 2D NLσMs with non-abelian gauge invariance described in
terms of rank−Nc projectors P(x) (this is a Nf × Nf matrix)

S =
1

2t

∫
Tr ∂µP(x)∂µP(x)dx

where P2(x) = P(x) and TrP(x) = Nc .

Non-abelian SO(Nc) gauge symmetry is manifest after having introduced
the scalar fields φ(x)

P fg (x) =
Nc∑
α=1

φαf (x)φαg (x) ,

(
φαf (x)φβf (x) = δαβ

)
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Introduction and motivations

The perturbative β-functions in 2 + ϵ dimensions suggest a hidden
invariance [from Nucl. Phys. B 316, 663 (1989)]

These σ-model QFTs are invariant under color-flavor reflection

Nc ↔ Nf − Nc
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Target and the lattice model

Target

If we introduced a (non-abelian) gauge symmetry into the lattice, would
the continuum limit be described by a NLσM QFT with gauge invariance?

We consider a scalar lattice model with SO(Nc) gauge symmetry and
O(Nf ) global invariance

H = −
∑
x,µ

Tr ϕt
xVx,µϕx+µ − γ

Nc

∑
x

TrΠx + V (ϕ) , Tr ϕxϕx = 1

Πx = Vx,1Vx+1,2V
t
x+2,1V

t
x,2 , Z =

∑
{ϕ,V}

e−βH
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Finite Size Scaling (FSS) strategy

We used Monte Carlo simulations (metropolis+overrelaxation algorithms)
to compute expectation values

⟨O⟩ = 1

Z

∑
{ϕ,V}

Oe−βH ≈ 1

Nmeas

Nmeas∑
k=1

Ok

To study the continuum limit of the lattice model, we have used FSS
techniques (i.e. we keep Rξ ≡ ξ̂/L fixed sending L → +∞)

⟨O⟩ (Rξ) ≈ L−yOF(Rξ) + ..

Alessio Franchi University of Pisa

Color-flavor reflection in the continuum limit of two-dimensional lattice gauge theories



Finite Size Scaling (FSS) strategy

RG invariant quantities are particularly useful quantities to test universal
predictions (yO = 0)

U(Rξ) ∼ U(Rξ) + ..

Example: Binder cumulants (here Qfg
x =

∑Nc

α=1 ϕ
αf
x ϕαg

x − δfg/Nf )

U ≡
〈
µ2
2

〉
⟨µ2⟩2

, µ2 ≡
1

V 2

∑
x,y

TrQxQy

To verify whether two lattice systems exhibit the same critical behavior,
we consider

U(Rξ) ≈
L→+∞

U(Rξ)
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Previous results [PRD 102, 034512 (2020)]

H = −
∑
x,µ

Tr ϕt
xVx,µϕx+µ

�������XXXXXXX
− γ

Nc

∑
x

TrΠx +���HHHV (ϕ)
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Results [PRE 105, 054117 (2022)]

V (ϕx) = w
∑
x

TrB2
x , B fg

x ≡ ϕαf
x ϕαg

x

β → ∞ w ≤ 0 TrB2
x = 1 RPNf −1
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Results [PRE 105, 054117 (2022)]

V (ϕx) = w
∑
x

TrB2
x , B fg

x ≡ ϕαf
x ϕαg

x

β → ∞ w ≤ 0 TrB2
x = 1 RPNf −1

w > 0 Nc ≥ NfNc ≥ Nf −
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Results [PRE 105, 054117 (2022)]

V (ϕx) = w
∑
x

TrB2
x , B fg

x ≡ ϕαf
x ϕαg

x

β → ∞ w ≤ 0 TrB2
x = 1 RPNf −1

w > 0 Nc ≥ NfNc ≥ Nf −

Nc < Nf ?
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Results [PRE 105, 054117 (2022)]

H = −
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x,µ
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Results [PRE 105, 054117 (2022)]

H = −
∑
x,µ

Tr ϕt
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Results [PRE 105, 054117 (2022)]

H = −
∑
x,µ

Tr ϕt
xVx,µϕx+µ − γ

Nc

∑
x

TrΠx + w
∑
x
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x
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Conclusions

We have considered the continuum limit of two-dimensional lattice
models in the presence of SO(Nc) local symmetry and O(Nf ) global
invariance.

By tuning the quartic coupling associated with the interaction term
V (ϕ) = w

∑
x TrB

2
x , we have shown that

if w ≤ 0 we observe the same critical behavior as the RPNf −1 model
with the same global symmetry

if w > 0 the lattice model shows an emergent color-flavor reflection
invariance
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