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SM&FT2022 Introduction

• We address out-of-equilibrium dynamics of many-body systems subject to
round-trip protocols across quantum and classical phase transitions;

• We perform Kibble-Zurek(KZ) protocols which develop dynamic scaling
behavior at both the transitions obtained from a Renormalization Group(RG)
framework;

• While classical and quantum models, belonging to the same universality class,
show similar dynamic scaling frameworks, substantial differences emerge in the
round-trip evolution.
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SM&FT2022 Classical Ising Model

2D Classical Ising Hamiltonian with size LxL and with PBC:

Tc

M > 0

M < 0

M = 0

M = 0M = 0

T
w Hcl = −J

∑
⟨i, j⟩

Si · Sj − w ·
∑
i

Si , (1)

Z =
∑
{Si}

e−H/T ; (2)

Continuous Transition point: at w = 0 and Tc =
2

ln(1+
√
2)

(J = 1 fixed)

RG dimensions:

w −→ yw = 15/8 T −→ yt = 1 Metropolis time t −→ z = 2.1667(5) .
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SM&FT2022 Quantum Ising Model

1D Quantum Ising Hamiltonian for a chain of size L and PBC (σ̂
(k)
L+1 = σ̂

(k)
1 ):

ĤIs = −
L∑

x=1

σ̂(1)
x σ̂

(1)
x+1 − g

L∑
x=1

σ̂(3)
x − w

L∑
x=1

σ̂(1)
x ; (3)

σ
(k)
x are the Pauli matrices on the xth site in the k-axis direction.

Continuous Transition point: at w = 0 and gc = 1
RG dimensions:

w −→ yw = 15/8 r = g − gc −→ yr = 1 time t −→ z = 1 (4)

σ̂(1)
x −→ yl = d+ z − yh = 1/8 .
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SM&FT2022 Kitaev Model

Kitaev Hamiltonian mapped into a spin-1/2 XY chain, by a Jordan-Wigner
transformation (OBC): ĉ −→ σ̂

Ĥ
(ABC)
K = −

L∑
x=1

[(
ĉ†x ĉx+1 + ĉ†x+1 ĉx

)
+δ

(
ĉx ĉx+1 + ĉ†x+1 ĉ

†
x

)]
−

L∑
x=1

µ ĉ†x ĉx ; (5)

Continuous Transition point:

µc = −2 and δ = 1 fixed ;

RG dimensions:

w = µ− µc −→ yw = 1 ĉx , ĉ†x −→ yc = 1/2 dynamic exp : z = 1 .
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SM&FT2022 Kibble Zurek(KZ) Protocol

(i) Start at the equilibrium state (classical) and at the
ground state |Ψ(t = ti)⟩ ≡ |Ψ(wi < 0)⟩ (quantum);

(ii) quantum case:

d |Ψ(t)⟩
dt

= −iĤ[w(t)] |Ψ(t)⟩ ;

(ii) classical one:

Metropolis algorithm;

⇓
w(t) = t/ts ;

from wi < 0 to wf > 0 , where ts is the time scale of the slow variations of w .

(iii) Then, for t > tf , w(t) decreases with the same ts , from wf > 0 to the
original value wi < 0 , closing the cycle.
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SM&FT2022 Observables

Classical Ising model

M(t) =
1

L2

∑
i

⟨Si⟩t ; (6)

G(t,x,y) ≡ ⟨sx sy ⟩t . (7)

Quantum models
Adiabaticity function:

A(t) =
∣∣∣ ⟨Ψ0[w(t)]|Ψ(t)⟩

∣∣∣ ; (8)

Ising:

M(t) ≡ 1

L

∑
x

⟨Ψ(t)|σ(1)
x |Ψ(t)⟩ ;

Kitaev:

C(x, t) ≡ ⟨Ψ(t)| c†jcj+x + c†j+xcj |Ψ(t)⟩ .
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SM&FT2022 Dynamic scaling framework for the round-trip

The asymptotic dynamic FSS behavior is obtained by taking ts → ∞ and L → ∞ :

K = w(t)Lyw , Υ = ts/L
ζ , (9)

Θi = wi t
1−κ
s , Θ = w(t) t1−κ

s = t/tκs ,

where

ζ = yw + z , κ = z/ζ , 1− κ = yw/ζ . (10)

with wf = −wi = w⋆, we have:

Υ = ts/L
ζ , Θ = w(t) t1−κ

s , Θ⋆ = w⋆ t
1−κ
s . (11)
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SM&FT2022 Numerical results - Classical Ising
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Figure 1:
M (a/b)(t, ts, w⋆, L) ≈ L−ylMi(Υ,Θ,Θ⋆)
Υ = 10−4, fixed Θ⋆ = 1.5 and plotted versus
Θ = w(t)t1−κ

s .

0

-2

 2

0-4 -2  2  4

Υ = 10
-4

L
y

l  M

Θ

w
★

 = 0.02 L = 150
L = 200
L = 300

w
★

 = 0.04 L = 200

Figure 2: Thermalized classical state for fixed
Υ = 10−4, and fixed w⋆ = 0.02 and
w⋆ = 0.04.
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SM&FT2022 Numerical results - Quantum Ising
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Figure 3:
A(a/b)(t, ts, w⋆, L) ≈ A(a/b)(Υ,Θ,Θ⋆) ; fixed
Υ = ts/L

ζ = 0.1 and Θ⋆ = w⋆L
1−κ =

√
18,

for the outward (top) and return (bottom).
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Figure 4: Fixed Υ = 0.1 and w⋆ = 1/4, for
the outward (top) and return (bottom),
versus Θ = w(t)L1−κ.
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SM&FT2022 Numerical results - Kitaev chain
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Figure 5:
A(a/b)(t, ts, w⋆, L) ≈ A(a/b)(Υ,Θ,Θ⋆) ; Finite
Θ⋆ = 10 at fixed Υ = ts/L

ζ = 0.001 and
Θ⋆ = w⋆L

1−κ = 10, for outward and return.
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Figure 6: At L = 2000 and Υ = 0.001 for the
outward (top) and return (bottom), versus
Θ, for various Θ⋆.
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SM&FT2022 The limit Θ⋆ → ∞
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Figure 7: Ising - Fixed L = 10, Υ = 0.5 versus
Θ⋆, close to Θ⋆ = 50. The top plot shows the
values at Θ = Θ⋆, while the bottom plot the
values at Θ = −Θ⋆.
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Figure 8: Kitaev - Fixed L = 40, Υ = 0.01
versus Θ⋆, close to Θ⋆ = 70. The top plot
shows the values at Θ = Θ⋆, while the
bottom at Θ = −Θ⋆.
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SM&FT2022 Two-Level Model: H2ℓ(t) = −β(t)σ(3) + ∆
2 σ
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Figure 9: Dependence on τ⋆ ≡ t⋆/
√
ts at the

end of the first dynamic branch for υ = 1, and
τ⋆ ≈ 100.
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Figure 10: Dependence on τ⋆ at the end of
round-trip protocol for υ = ts∆

2 = 1, and
τ⋆ ≈ 100.
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SM&FT2022 Conclusions

• We studied the out-of-equilibrium behavior when Hamiltonian parameters
slowly cross phase transition;

• We extend the RG framework from the standard one-way KZ protocols to the
round-trip one;

• Analogy of the scaling behaviors at classical and quantum transitions is only
partially extended to round-trip KZ protocols. Substantial differences emerge:

1 classical systems develop scaling hysteresis-like scenarios,
2 in quantum systems, the persistence of oscillating relative phases make the

return way extremely sensitive to the parameters of the protocol;

• Even in the simple two-level quantum model, we have a similar behavior.
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