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p density matrix

p= Z Ajl1j)(j| spectral decomposition
j=1

Svn(p) = —kpTr(plogp) = *kBZ)WOg)\

e Shannon entropy of the Eigenvalues H(\)
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o If we only have access to some
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3AP Balachandran, AR de Queiroz, and S Vaidya. “Entropy of quantum states: Ambiguities” .
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Motivation Il: Black Hole entropy

e Hawking®
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e Hypothesis:

SpH

Entanglement entropy®

e On a lattice

A
SNE

“Stephen W Hawking. “Particle creation by black holes” .

®Luca Bombelli et al. “Quantum source of entropy for black holes”.
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Convex sets

The line joining two points is in the set
Convex decomposition: a state is a

linear combination of extreme points

X =MA1z1+ Aoz + A3z3

CM: Simplex states, every set admits
a unique decomposition in extreme
points

QM: Not simplex states
Example: the Bloch sphere

Z1
z
—
extreme
. Z3
point
z]
X
2o z3
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N n
p = Nl =) pilen (il
j=1 Jj=1

spec. decomp

e Schrodinger theorem”’

pi = Zszl ‘U,‘j|2)\j Ujj unitary

e The spectral decomposition is less random
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Schrodinger theorem |l

e Decomposition in pure states
n
p=>_ pilej) el
j=1
e Shannon entropy

n
H(p) = — ) pjlogp
j=1
e Von Neumann entropy

N
Syn(p) = =Y Ajlog
j=1

e The spectral decomposition has smallest
entropy

Y1

2

©1
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Entropy of convex set

e Von Neumann entropy satisfies

n
Swn(p) = inf {H(ﬁ) p= ij]%-)((pj\, p probability vector, ¢; vector states}
j=1

e This property can be used to define an entropy for convex sets

S(w) = inf {H(ﬁ) S W= Z piw;i, P probability vector, w; pure states}
i
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Finite-dimensional x-algebras

e Structure theorem: Every finite dimensional C*-algebra is the sum of matrix
algebras with multiplicities
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A 0 -+ 0 A 0 -+ 0 Av 0 -+ 0
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Finite-dimensional x-algebras

Structure theorem: Every finite dimensional C*-algebra is the sum of matrix

algebras with multiplicities

A= (BH1) QL) ® (B(H2) @Im,) & - & (B(HN) @ Lmy)

States: positive functionals w with normalization

w() =1 T identity in A

A density matrix p represent a state w in the sense tr(pA) = w(A) forall Ain 2

Result: There is a unique density matrix p, € 2 representing w

B I, I, [
Pw—Pl(m@ml)@Pz(Pz@m DD pn pN®mN -
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Entropy for states over an algebra, results

e w state over a C*-algebra

It is represented by the density matrix

o Hml Hmz ]ImN
Pw = P1 (,01® m1> @ p2 <p2® o D Dpv|ov® i

The entropy is

N
S(w) =H(g)+ > _ piSun(pi)

i=1

Comparing S(w) and Syn(pw)

N
Svn(pw) = S(w) + Z pi log m;
=il

Equality when m; =1
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Entanglement between identical particles

e Are identical particles always entangled?

Y =1Y1 @Yo+ Y2 @Y1

o Entanglement characterized in terms of local algebras®

e Exponential property: Factorization of Fock space
N(H1® Ha) =T(H1) @T(Ha)

Bosons: Local algebras are the whole sets of bounded operators

Fermions: Local algebras has selections rule, angular momentum conserved

8Paolo Facchi and Arturo Konderak. “Entanglement between Identical particles” .
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Infinite dimensional algebras

e Infinite dimensional systems, continuous decomposition®:

Zk:)\kwkr—)/Kdu(w)w

e Riemann integral

VAN VAV VA T Apn

o S=—kgy_, Axlog Ay — oo for continuous distributions

°Paolo Facchi and Arturo Konderak. “Entropy of quantum states I1”.
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Conclusions

e w represented by the density matrix
I I I
Pu = P1 <p1®> @P2<Pz®mz> - D pN (PN®mN>
m mp mpy

e Entropy
S(w) = imc{ 5 W= Z lel} SVN pw ZP/ log m;

e Von Neumann entropy for m; =1

e From thermodynamics

N
w) + Z PiSi
i=1
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Thermodynamics: Einstein gas Backup

M copies of a state w

Each copy is inserted in
a box K;

All boxes are inserted in
a larger box I at
temperature T

The system will behave
as a classical gas

From superselection
rules, each subspace
carries its own pure
states entropy s;
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Compression Backup

e Each box is compressed

isothermically (same density) Kio1 K; Kit1
e Variation in entropy v Vi
Sgas - Spure = g -
=" kepix"Miog (i) = MSux(p)
ij K1 Ko ---

e Pure states entropy

N
Spure = ZP:‘SiM R T
IS
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Schematic proof of structure theorem Backup

e Structure theorem: Every finite dimensional C*-algebra is the sum of matrix
algebras with multiplicities

A= (B(H1)QILm)®(B(H2) ®@Lm,) ® - & (B(Hn) ®1my)
Write the algebra as direct sum of irreducible representations
A=A @A &AM
Regroup each equivalent representation together
A=A"@A? @@ A"

Hl(mi):Hi@Hi@"'@Hia W(mi):ﬂ';@ﬂ';@"‘@ﬂ'i.

1

m; mj

QOHED B eH™ 6@ +EHR e+ bm ®em € H;®C™, 18/18
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e State w is represented by a
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Stern-Gerlach experiment Il Backup

e Example: Stern-Gerlach experiment

z
algebra o X I
< ) , a,beC y

0 b

o Explicitly .

A=CasC S

e The representative state is

- (1/2 0 ) LERTZS1 100 |+ 5] b2)ide |

0 1/2
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Thermodynamics, pure states Backup

Quantum mechanics:

Irreducibility
e Pure states are isoentropic
e Selection rules
A=B(H1)® B(H2)®...

H=H1DH»D...
e Different phase: no
information

e Each subspace carries its own
pure states entropy s;

e From thermodynamics

N
Sgas = S(w) + Z pisi 18/18
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