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Plan of the talk

•Modelling neutron-star mergers

•GW spectroscopy: EOS from frequencies

• Signatures of quark-hadron phase transitions

• On the sound speed in neutron stars



The two-body problem in GR
•For black holes the process is very simple: 

  BH + BH             BH + GWs 

•For NSs the question is more subtle: the merger leads to an 
hyper-massive neutron star (HMNS), ie a metastable equilibrium: 

NS + NS        HMNS+... ?        BH+torus+... ?        BH + GWs

Abbott+ 2016
GW150914

GW170817



The mathematics of the problem

(cons. rest mass)
<latexit sha1_base64="BGxWPTfAoDF00fajThjmDnnFRpg=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahboaZKmh3RTcuK9gHdIaSSTNtaJIZkoxQhoIbf8WNC0Xc+hPu/BszbQWfBy4czrk3ufeECaNKu+67VVhYXFpeKa6W1tY3Nrfs7Z2WilOJSRPHLJadECnCqCBNTTUjnUQSxENG2uHoIvfbN0QqGotrPU5IwNFA0IhipI3Us/cqmS85xLFQjg8lUdqHHCk1OSr17LLr1GquAfxNPMedogzmaPTsN78f45QToTEzb3Q9N9FBhqSmmJFJyU8VSRAeoQHpGioQJyrIpjdM4KFR+jCKpSmh4VT9OpEhrtSYh6aTIz1UP71c/Mvrpjo6CzIqklQTgWcfRSmDOoZ5ILBPJcGajQ1BWFKzK8RDJBHWJrY8hM9L4f+kVXW8Y6d6dVKun8/jKIJ9cAAqwAOnoA4uQQM0AQa34B48gifrznqwnq2XWWvBms/sgm+wXj8Aov6W4g==</latexit>

rµ(⇢u
µ) = 0 ,

<latexit sha1_base64="tfSt22L5p8qwn5exRwOx1vmmViA=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0WoUEpSBe1CKLpxWcE+oIlhMp20QyeTMDMRSujajb/ixoUibv0Cd/6N07SCzwMXzpxzL3Pv8WNGpbKsdyM3N7+wuJRfLqysrq1vmJtbLRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w/OJ374hQtKIX6lRTNwQ9TkNKEZKS56563DkM+SlTpiMYckRgwgm19nr4BRaTrnsmUWrUqtZGvA3sStWhiKYoeGZb04vwklIuMIMSdm1rVi5KRKKYkbGBSeRJEZ4iPqkqylHIZFump0yhvta6cEgErq4gpn6dSJFoZSj0NedIVID+dObiH953UQFJ25KeZwowvH0oyBhUEVwkgvsUUGwYiNNEBZU7wrxAAmElU6voEP4vBT+T1rVin1YqV4eFetnszjyYAfsgRKwwTGogwvQAE2AwS24B4/gybgzHoxn42XamjNmM9vgG4zXD7ZKmZ4=</latexit>

(cons. energy/momentum)
<latexit sha1_base64="PUM4+xN/biMl3vp4x4kGtIksGT4=">AAACCHicdVC7SgNBFJ2NrxhfUUsLB4MQm3UTBU0XtLGMYBIhCWF2cpMMmccyMyuEJaWNv2JjoYitn2Dn3zh5CD4PXDicc+/MvSeMODM2CN691Nz8wuJSejmzsrq2vpHd3KoZFWsKVaq40tchMcCZhKpllsN1pIGIkEM9HJyP/foNaMOUvLLDCFqC9CTrMkqsk9rZ3XzS1AJTJY3fxCBB94aHQgmQNhajA9zO5gK/VAoc8G9S8IMJcmiGSjv71uwoGo8foJwY0ygEkW0lRFtGOYwyzdhAROiA9KDhqCQCTCuZHDLC+07p4K7SrqTFE/XrREKEMUMRuk5BbN/89MbiX14jtt3TVsJkFFuQdPpRN+bYKjxOBXeYBmr50BFCNXO7YtonmlDrssu4ED4vxf+TWtEvHPnFy+Nc+WwWRxrtoD2URwV0gsroAlVQFVF0i+7RI3ry7rwH79l7mbamvNnMNvoG7/UDGE+ZZw==</latexit>

rµT
µ⌫ = 0 ,

<latexit sha1_base64="iX8sE7/2FLY87/SBpAI6SAhBpho=">AAACB3icdVDLSsNAFJ34rPUVdSnIYBFclJBUQbsQim5cVugLmhgm00k7dDIJMxOhhO7c+CtuXCji1l9w5984aSv4PHC5h3PuZeaeIGFUKtt+N+bmFxaXlgsrxdW19Y1Nc2u7JeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1geJH77RsiJI15Q40S4kWoz2lIMVJa8s09l6OAIT9zo3QMG9d5d3k6PoO2Wy5D3yzZVrVqa8DfxLHsCUpghrpvvrm9GKcR4QozJGXXsRPlZUgoihkZF91UkgThIeqTrqYcRUR62eSOMTzQSg+GsdDFFZyoXzcyFEk5igI9GSE1kD+9XPzL66YqPPUyypNUEY6nD4UpgyqGeSiwRwXBio00QVhQ/VeIB0ggrHR0RR3C56Xwf9KqWM6RVbk6LtXOZ3EUwC7YB4fAASegBi5BHTQBBrfgHjyCJ+POeDCejZfp6Jwx29kB32C8fgDhHJio</latexit>

(equation of state)
<latexit sha1_base64="0UoUPSsKl0T/If4yOibccCd8QZE=">AAACBXicdVDJSgNBEO1xjXEb9aiHxiDES5hEQXMLevEYwSyQCaGnU5M06VnsrhHCkIsXf8WLB0W8+g/e/Bs7i+D6oODxXhVV9bxYCo2O827NzS8sLi1nVrKra+sbm/bWdl1HieJQ45GMVNNjGqQIoYYCJTRjBSzwJDS8wfnYb9yA0iIKr3AYQztgvVD4gjM0Usfey6euCihcJxPBpZHvUo0MYXRIO3bOKZTLjgH9TYoFZ4IcmaHasd/cbsSTAELkkmndKjoxtlOmUHAJo6ybaIgZH7AetAwNWQC6nU6+GNEDo3SpHylTIdKJ+nUiZYHWw8AznQHDvv7pjcW/vFaC/mk7FWGcIIR8ushPJMWIjiOhXaGAoxwawrgS5lbK+0wxjia4rAnh81P6P6mXCsWjQunyOFc5m8WRIbtkn+RJkZyQCrkgVVIjnNySe/JInqw768F6tl6mrXPWbGaHfIP1+gG5OZgV</latexit>

p = p(⇢, ✏, Ye, . . .) ,
<latexit sha1_base64="aa/BR20WNad7FAK0MvUVAOm6yD8=">AAACCnicdVDLSgMxFM3UV62vqks30SIoDGWqgnYhFN24rGBbpVNKJr1tg5kkJBmhlK7d+CtuXCji1i9w59+YPgSfBy4czrmXe++JFGfGBsG7l5qanpmdS89nFhaXlleyq2tVIxNNoUIll/oyIgY4E1CxzHK4VBpIHHGoRdenQ792A9owKS5sT0EjJh3B2owS66RmdlMdq51Qd6UfgjKMS+FfNcEPeUtas4tD329mc0G+WAwc8G9SyAcj5NAE5Wb2LWxJmsQgLOXEmHohULbRJ9oyymGQCRMDitBr0oG6o4LEYBr90SsDvO2UFm5L7UpYPFK/TvRJbEwvjlxnTGzX/PSG4l9ePbHto0afCZVYEHS8qJ1wbCUe5oJbTAO1vOcIoZq5WzHtEk2odellXAifn+L/SXUvX9jP750f5EonkzjSaANtoR1UQIeohM5QGVUQRbfoHj2iJ+/Oe/CevZdxa8qbzKyjb/BePwCYD5mP</latexit>

(Maxwell equations)
<latexit sha1_base64="gL8fpB67xsmvM2XRl+NlOi30rZk=">AAACBHicdVDJSgNBEO2JW4zbqMdcGoMQL2EmCppb0IsXIYJZIBlCT6eSNOmeGbt71DDk4MVf8eJBEa9+hDf/xs4iuD4oeLxXRVU9P+JMacd5t1Jz8wuLS+nlzMrq2vqGvblVU2EsKVRpyEPZ8IkCzgKoaqY5NCIJRPgc6v7gZOzXr0AqFgYXehiBJ0gvYF1GiTZS287mk5YU+IzcXAPnLQyX8cRRoz3ctnNOoVRyDPBv4hacCXJohkrbfmt1QhoLCDTlRKmm60TaS4jUjHIYZVqxgojQAelB09CACFBeMnlihHeN0sHdUJoKNJ6oXycSIpQaCt90CqL76qc3Fv/ymrHuHnkJC6JYQ0Cni7oxxzrE40Rwh0mgmg8NIVQycyumfSIJ1Sa3jAnh81P8P6kVC+5+oXh+kCsfz+JIoyzaQXnkokNURqeogqqIolt0jx7Rk3VnPVjP1su0NWXNZrbRN1ivH1Gpl+Y=</latexit>

r⌫F
µ⌫ = Iµ , r⇤

⌫F
µ⌫ = 0 ,

<latexit sha1_base64="/hh/rI/QBitOzpwmF3/gUYnW6kw="></latexit>

Tµ⌫ = T fluid
µ⌫ + T

EM

µ⌫ + . . .
<latexit sha1_base64="dkySTvkj4OCr/C3HLqg35UPHRfk=">AAACLHicdZDLSgMxGIUz3q23qks3wSIIQpmqoF0IRRHcCAq9QaeWTCbThiaZIRehDPNAbnwVQVwo4tbnMNNWqbcDgcN3/pD8x48ZVdp1X5yp6ZnZufmFxdzS8srqWn59o64iIzGp4YhFsukjRRgVpKapZqQZS4K4z0jD759leeOWSEUjUdWDmLQ56goaUoy0RZ38WbWTeNx4wqQnMFe9STzJYcgMDdKvYC/jo+T8Mp3gHgsirXKdfMEtlsuuFfxtSkV3qAIY66qTf/SCCBtOhMYMKdUqubFuJ0hqihlJc55RJEa4j7qkZa1AnKh2Mlw2hTuWBDCMpD1CwyGdvJEgrtSA+3aSI91TP7MM/pW1jA6P2wkVsdFE4NFDoWFQRzBrDgZUEqzZwBqEJbV/hbiHJMLa9puV8Lkp/N/U94ulg+L+9WGhcjquYwFsgW2wC0rgCFTABbgCNYDBHXgAz+DFuXeenFfnbTQ65YzvbIJvct4/APK6qKw=</latexit>

(energy �momentum tensor)
<latexit sha1_base64="pKrARcXNkEDA07xKVWr9GdIcbYo=">AAACCXicdVDLSgMxFM3UV62vUZdugkWoC8u0Ctpd0Y3LCvYBbSmZ9LYNzWNIMkIZunXjr7hxoYhb/8Cdf2P6EHweCBzOuTfJOWHEmbFB8O6lFhaXllfSq5m19Y3NLX97p2ZUrClUqeJKN0JigDMJVcssh0akgYiQQz0cXkz8+g1ow5S8tqMI2oL0JesxSqyTOj7OJS0tMEjQ/dGRUAKkjUULW5BG6fEh7vjZIF8qBQ74NynkgymyaI5Kx39rdRWNJxdRToxpFoLIthOiLaMcxplWbCAidEj60HRUEgGmnUyTjPGBU7q4p7Q70uKp+nUjIcKYkQjdpCB2YH56E/Evrxnb3lk7YTKKXTI6e6gXc2wVntSCu0wDtXzkCKGaub9iOiCaUOvKy7gSPpPi/0mtmC8c54tXJ9ny+byONNpD+yiHCugUldElqqAqougW3aNH9OTdeQ/es/cyG015851d9A3e6wdn3Zop</latexit>

Rµ⌫ � 1

2
gµ⌫ R = 8⇡Tµ⌫

<latexit sha1_base64="GmWqZ2L0lucR/EWyqnibrvQPnDU=">AAACJnicjZBLSwMxFIUz9VXrq+rSzcUiuNDSqYLdFIpuXNbSF3RKyaSZNjSTGZKMUIb5NW78K25cVETc+VNMH1AVBQ8EDufcS5LPDTlTulB4t1Irq2vrG+nNzNb2zu5edv+gqYJIEtogAQ9k28WKciZoQzPNaTuUFPsupy13dDPtW/dUKhaIuh6HtOvjgWAeI1ibqJct13qx40fgiCiBc3A8iUlsJ3ExARgsK+cMamUogRMyqC/jXjZn5wszwd8mhxaq9rITpx+QyKdCE46V6tiFUHdjLDUjnCYZJ1I0xGSEB7RjrMA+Vd149s0ETkzSBy+Q5ggNs/TrRox9pca+ayZ9rIfqZzcNf+s6kfZK3ZiJMNJUkPlFXsRBBzBlBn0mKdF8bAwmkpm3AhliQ0obspn/QWgW8/ZFvnh3matcL3Ck0RE6RqfIRleogm5RFTUQQQ/oCU3Qi/VoPVuv1tt8NGUtdg7RN1kfn4rdo/k=</latexit>

(Einstein equations)
<latexit sha1_base64="4V8fcbgUZckzJC1HQeHjgTvtJic=">AAACB3icjVDLSgNBEJyNrxhfqx4FGQxCvIQkCnoMiuAxgnlAEsLspDcZMjO7zvSKYcnNi7/ixYMiXv0Fb/6Nm8dBRcGChqKqm+4uL5TCYqHw4aTm5hcWl9LLmZXVtfUNd3OrZoPIcKjyQAam4TELUmiookAJjdAAU56Eujc4G/v1GzBWBPoKhyG0Fetp4QvOMJE67m4L4RaNinPnQlsEoVsUrqOJaw9GHTdbzBcmoH+TLJmh0nHfW92ARwo0csmsbRYLIbZjZlBwCaNMK7IQMj5gPWgmVDMFth1P/hjR/UTpUj8wSWmkE/XrRMyUtUPlJZ2KYd/+9Mbib14zQv+kHQsdRgiaTxf5kaQY0HEotCsMcJTDhDBuRHIr5X1mGMckusz/QqiV8sXDfOnyKFs+ncWRJjtkj+RIkRyTMrkgFVIlnNyRB/JEnp1759F5cV6nrSlnNrNNvsF5+wSKTJm7</latexit>

rµT
µ⌫ = 0 ,

<latexit sha1_base64="iX8sE7/2FLY87/SBpAI6SAhBpho=">AAACB3icdVDLSsNAFJ34rPUVdSnIYBFclJBUQbsQim5cVugLmhgm00k7dDIJMxOhhO7c+CtuXCji1l9w5984aSv4PHC5h3PuZeaeIGFUKtt+N+bmFxaXlgsrxdW19Y1Nc2u7JeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1geJH77RsiJI15Q40S4kWoz2lIMVJa8s09l6OAIT9zo3QMG9d5d3k6PoO2Wy5D3yzZVrVqa8DfxLHsCUpghrpvvrm9GKcR4QozJGXXsRPlZUgoihkZF91UkgThIeqTrqYcRUR62eSOMTzQSg+GsdDFFZyoXzcyFEk5igI9GSE1kD+9XPzL66YqPPUyypNUEY6nD4UpgyqGeSiwRwXBio00QVhQ/VeIB0ggrHR0RR3C56Xwf9KqWM6RVbk6LtXOZ3EUwC7YB4fAASegBi5BHTQBBrfgHjyCJ+POeDCejZfp6Jwx29kB32C8fgDhHJio</latexit>

r⌫F
µ⌫ = Iµ , r⇤

⌫F
µ⌫ = 0 ,

<latexit sha1_base64="/hh/rI/QBitOzpwmF3/gUYnW6kw="></latexit>

fields: finite-difference, pseudo-spectral methods
matter : high-resolution-shock-capturing, finite volume, finite differences



Animations: Breu, Radice, LR

M = 2⇥ 1.35M�

LS220 EOS

A prototypical simulation with possibly 
the best code looks like this…

Animations: Breu, Radice, LR



merger           HMNS           BH + torus



binary black holes (2006)

Chirp signal
black-hole 
ringdownInspiral

Anatomy of the GW signal
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Anatomy of the GW signal
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Inspiral: well approximated by PN/EOB; tidal effects important

Chirp signal

Anatomy of the GW signal
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Merger: highly nonlinear but analytic description possible

transient

Anatomy of the GW signal
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post-merger: quasi-periodic emission of bar-deformed HMNS

post-merger 
(HMNS)

Anatomy of the GW signal
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Collapse-ringdown: signal essentially shuts off

black-hole 
formation 
(ringdown)

Anatomy of the GW signal
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Postmerger signal: peculiar of binary NSs

Anatomy of the GW signal
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GW spectroscopy
Takami, LR, Baiotti (2014, 2015), LR+ (2016)

SOFT

STIFF
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Extracting information from the EOS

SOFT

STIFF
There are  “lines” in a spectrum

This is GW spectroscopy!

Takami, LR, Baiotti (2014, 2015), LR+ (2016)



merger 
frequency

Oechslin+2007, Baiotti+2008, Bauswein+ 2011, 2012, Stergioulas+ 2011, Hotokezaka+ 2013, Takami 
2014, 2015, Bernuzzi 2014, 2015, Bauswein+ 2015, Clark+ 2016, LR+2016, de Pietri+ 2016, Feo+ 
2017, Bose+ 2017 …

f3

A spectroscopic approach to the EOS



f3

f3

merger 
frequency

Oechslin+2007, Baiotti+2008, Bauswein+ 2011, 2012, Stergioulas+ 2011, Hotokezaka+ 2013, Takami 
2014, 2015, Bernuzzi 2014, 2015, Bauswein+ 2015, Clark+ 2016, LR+2016, de Pietri+ 2016, Feo+ 
2017, Bose+ 2017 …

A spectroscopic approach to the EOS

Universal relations can be found between 
frequencies and stellar properties



Phase transitions and their 
signatures

Most, Papenfort, Dexheimer, Hanauske, Schramm, Stoecker, LR (2019)
Weih, Hanauske, LR (2020)

Tootle, Ecker, Topolski, Demircik, Järvinen, LR (2022)



• Isolated neutron stars probe a small fraction of phase diagram.

• Neutron-star binary mergers reach temperatures up to      
80 MeV and probe regions complementary to experiments.

• Considered EOS based on Chiral Mean Field (CMF) model, 
based on a nonlinear SU(3) sigma model.

• Appearance of quarks can be introduced naturally.
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Quarks appear at sufficiently large 
temperatures and densities.

When this happens the EOS is 
considerably softened and a BH produced.
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Gravitational-wave emission

•After~5 ms, quark fraction large enough to yield differences in GWs
•Sudden softening of the phase transition leads to collapse and large 
difference in phase evolution.

GW frequencies

waveforms

phase difference

Observing mismatch between inspiral (fully hadronic) and 
post-merger (phase transition): clear signature of a PT.
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A very basic question
The EOS of nuclear matter still remains an open question. 
Some information is available but freedom is still large

1.1 Neutron Stars as a Tool to Study Dense Matter 6

perturbative QCD (pQCD) can be used to derive the equation of state from micro-
scopic calculations [13]. These calculations apply at densities higher than 40ns, much
higher than densities that are physically realized inside neutron stars and are also
a✏icted by theoretical uncertainties due to the uncertainty of the renormalization
scale parameter of pQCD. Yet, both the pQCD and CET part of the equation of
state play an important role in constraining the overall shape of the neutron star
equation of state, which is still unknown in the intermediate densities inbetween the
CET and pQCD regimes as is depicted in Fig. 1.
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Figure 2: A showcase of the three main classes of c2s profiles using the analytical
parametrizations of [14] and [15]. All models converge to 1/3 from below in the
high density limit.

The lack of first-principle tools to determine the EoS at densities (1.1-40)ns forces us
to come up with models to parametrize the equation of state in these regimes. During
the last years, several models have been put forth. In this thesis, we will use the
speed-of-sound-interpolation method, which has been first introduced by Annala et.
al in 2019 [5] and which exploits the relationship between the equation of state and
the speed of sound given by dp

de c2 = c2s. This shows, that any equation of state p(e)
corresponds to a speed of sound profile cs(e). According to pQCD calculations, the
speed of sound has to converge to cs = cp

3
- from now on referred to as the conformal

value - in the asymptotic high-density limit from below [16]. The behaviour of the

6

?
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i) monotonic and sub-conformal:             ; c2s < 1/3
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ii) non-monotonic and sub-conformal:             ;c2s < 1/3
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iii) non-monotonic and sub-luminal: c2s < 1
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• Lacking stronger constraints,  an agnostic approach is reasonable and 
followed by many (eg piecewise polytropes, Most+ 2018)

• Once an EOS is produced, we check it satisfies astrophysical 
constraints (max. mass, NICER limits). We repeat 1.5x107 times…

• In this way, ~ 10% of our EOSs survives and provides robust statistics 
from which we compute PDFs.

• Here, instead, we build an EOS starting from a piecewise 
prescription of the sound speed (7 segments are sufficient)



Sound speed PDF
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Orange line marks region of sub-conformal EOSs (0.03%).
No monotonic sub-conformal EOS found.



A more comprehensive picture
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M-const. sections:
Lower bound on radii matches Köppel+ prediction from threshold mass. 

R1.4 = 12.42+0.52
�0.99 km; R2.0 = 12.12+1.11

�1.23 km
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PDFA more comprehensive picture

Simple behaviour of binary tidal deformability:
Straightforward bounds once a detection is made.

⇤̃min (max) = a+ bMc
chirp ,
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A scale-independent representation

• How does the sound speed vary in a star?
• Is the maximum sound speed at the center of the star?
• Does the maximum value attain a constant value?
• How does all this change with the assumptions made?

cs 2 [0, c], r 2 [0, R], M 2 [0,MTOV] : EOS dependent

cs/c 2 [0, 1], r/R 2 [0, 1], M/MTOV 2 [0, 1] : EOS independent

<latexit sha1_base64="afNklucFHUc0MKgLYsyC/VIUtqA="></latexit>

cs 2 [0, c], r 2 [0, R], M 2 [0,MTOV] : EOS dependent

cs/c 2 [0, 1], r/R 2 [0, 1], M/MTOV 2 [0, 1] : EOS independent
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Hard to answer: every EOS will have its own (M, R) relation

With this large sample one may ask simple but basic questions:



All information contained in a unit cube: (cs/c, r/R, M/MTOV)
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A scale-independent representation



“Light” stars:   monotonic with maximum at stellar centerc2
s

“Heavy” stars:  non-monotonic with maximum far from centerc2
s

A scale-independent representation



“Light” stars: stiff core, soft mantle

“Heavy” stars: soft core, stiff mantle

The “sweetest” discovery of the year

Press release: “…neutron stars behave like chocolate pralines. Light stars 
have stiff core and soft exterior ; heavy stars have soft core and hard exterior.



Conclusions
• Spectra of post-merger shows peaks, some ”quasi-universal”.

• A phase transition after a BNS merger leaves GW signatures 
and opens a gate to access quark matter beyond accelerators.

• Sound speed in neutron stars cannot be sub-conformal and 
monotonic; likely to be super-conformal somewhere in the interior.

• Sound speed monotonic in light stars (max at centre), non-
monotonic in heavy stars (max in mantle).


