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Overwhelming evidence for QCD ✓              Lattice QCD as a reliable tool ✓ 

More challenging observables? 😮 
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statistical uncertainty

States created using local 
operators

Baryonic resonances
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 •  Dudek and Edwards, Hybrid Baryons in QCD, PRD, 2012  • 

heavier than physical Mπ

Height of rectangle = 
statistical uncertainty

States created using local 
operators

Baryonic resonances

Remarkable progress… but not the complete picture!

Not quite right to say 
“States cannot decay”

(more later)
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Poles on the second Riemann sheet give resonances

Full QCD demands this description… lattice QCD cannot escape it



Unitarity and analyticity
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For ,  the optical theorem tells us…s < (MN + 2Mπ)2

where                                            is the phase space… continuum of  statesNπ
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⇢N⇡(s)|MJ,`(s)|2 = ImMJ,`(s)

Unique solution is…

K matrix (short distance) phase-space cut (long distance)
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Amplitude has a branch cut ✓           K-matrix is useful for parametrizing ✓

<latexit sha1_base64="cUnA0yGalSxlzzaN44Oi7nbZOkw="></latexit>

⇢N⇡(s) =
p

p2(s,M⇡,MN )/s



To proceed we have to make three modifications

Euclidean

signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator


for observable

i
observable?

Lattice QCD
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Difficulties for multi-hadron observables

The finite volume…

Discretizes the spectrum

Eliminates the branch cuts and extra sheets

Hides the resonance poles

6

The Euclidean signature…
Prevents usual on-shell approach      (want ,    but have only )p2

4 = − E(p)2 p2
4 > 0



Difficulties for multi-hadron observables

The finite volume…

Discretizes the spectrum

Eliminates the branch cuts and extra sheets

Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
Sheet I

Sheet II

Note: cannot count finite-volume 
energies to count resonance poles!

6

The Euclidean signature…
Prevents usual on-shell approach      (want ,    but have only )p2

4 = − E(p)2 p2
4 > 0



The finite-volume as a tool
Finite-volume set-up
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scattering length
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General method
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det[K�1(s) + F (P,L)] = 0 F (P,L) ⌘ Matrix of known 
geometric functions

Holds only for two-particle energies
<latexit sha1_base64="N6MaigLJgYV4VHlw5V/WrOoqAn0="></latexit>

s < (MN + 2M⇡)
2

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects

Encodes angular momentum mixing
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M2K2

finite volume unitarity

Huang, Yang (1958)  •  Lüscher (1986, 1991)  •  Rummukainen, Gottlieb (1995)

Kim, Sachrajda, Sharpe (2005)   •   Christ, Kim, Yamazaki (2005)   •   He, Feng, Liu (2005)


Leskovec, Prelovsek (2012)  •   Bernard et. al. (2012)   •   MTH, Sharpe (2012)   •   Briceño, Davoudi (2012)

Li, Liu (2013)    •    Briceño (2014) 



⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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⇡⇡ ! ⇡⇡vary box-size + total momenta 
to ensure results are robust

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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(via quark-model inspired local operators)

Dudek, Edwards (2012)
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Two types of spectroscopy
Explore the spectrum of compact QCD 

excited states  
(via quark-model inspired local operators)

Dudek, Edwards (2012) Wilson, Briceño, Dudek, Edwards, Thomas (2015)

Extract the full finite-volume 
energy spectrum

local operators

+ many multi-hadron operators
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Two types of spectroscopy

Wilson, Briceño, Dudek, Edwards, Thomas (2015)

local operator spectrum = 
not suitable for phase shift extraction

Dudek, Edwards (2012)

Explore the spectrum of compact QCD 
excited states  

(via quark-model inspired local operators)
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ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV



CP-PACS/PACS-CS 2007, 2011
ETMC 2010
Lang et al. 2011
HadSpec 2012, 2016
Pellisier 2012
RQCD 2015
Guo et al. 2016
Fu et al. 2016
Bulava et al. 2016
Alexandrou et al. 2017
Andersen et al. 2018
Fischer et al. 2020
Erben et al. 2020

⇢ ! ⇡⇡ K⇤ ! K⇡
Lang et al. 2012
Prelovsek et al. 2013
Wilson et al. 2015

RQCD 2015
Brett et al. 2018

Wilson et al. 2019
Rendon et al. 2020

K*(892)

ϕ

ω ρ

κ(700)

σ(500) a0(980)

f0(980)

JP = 1�

JP = 0+

� ! ⇡⇡
Prelovsek et al. 2010
Fu 2013
Wakayama 2015
Howarth and Giedt 2017
Briceño et al. 2017
Guo et al. 2018

See the recent review by 
Briceño, Dudek and Young

 ! K⇡

Dudek et al. 2016

a0(980) ! ⇡⌘,KK

�, f0, f2 ! ⇡⇡,KK, ⌘⌘
Briceño et al. 2017
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b1 ! ⇡!,⇡�
Woss et al. 2019

http://inspirehep.net/record/1421934#
https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
http://inspirehep.net/record/1411662?ln=en
https://inspirehep.net/literature/1458955
https://inspirehep.net/literature/1484163
https://inspirehep.net/literature/1449090
https://inspirehep.net/literature/1683416
https://inspirehep.net/literature/1687570
https://inspirehep.net/literature/1802679
https://inspirehep.net/literature/1757265
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1618009
http://inspirehep.net/record/1122549?ln=en
http://inspirehep.net/record/1241426?ln=en
http://inspirehep.net/record/1326652?ln=en
http://inspirehep.net/record/1411662?ln=en
http://inspirehep.net/record/1654342?ln=en
https://inspirehep.net/literature/1728655
https://inspirehep.net/literature/1802829
https://inspirehep.net/literature/1728779
http://inspirehep.net/record/854248?ln=en
http://inspirehep.net/record/1222343?ln=en
http://inspirehep.net/record/1618009/references
http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102


Andersen et al. 2018
Andersen et al. 2019
Silvi et al. 2021
Pittler et al. 2021
Bulava et al. 2022

Detmold and Nicholson 2015
Wu et al. 2018
Xing & Liu, LATT2022 (in prep)

Lang et al. 2017
Wu et al. 2017
Kiratidis et al. 2017
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See also…

(focusing here on studies with 
scattering states)

Baryons are difficult!
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Studied scattering-lengths and the Δ channel 
        I = 3/2 : JP = 1/2− (S), 3/2+ (P) [1/2+ (P), 3/2− (D), 5/2− (D)]

 elastic scattering ( )Nπ Mπ = 255 MeV

   •   Silvi et al., PRD 2021, 2101.00689   •   

Mπ = 255 MeV

Local Δ-like operators +  operatorsN(p1)π(p2)

https://arxiv.org/pdf/2101.00689.pdf
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 finite-volume energies    ( )Nπ Mπ = 255 MeV

   •   Silvi et al., PRD 2021, 2101.00689   •   L

L

L

E0(L)

E1(L)

E2(L)

https://arxiv.org/pdf/2101.00689.pdf
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   •   Silvi et al., PRD 2021, 2101.00689   •   

    ( )Nπ → Δ → Nπ Mπ = 255 MeV

https://arxiv.org/pdf/2101.00689.pdf
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Wu et al. 2017
Kiratidis et al. 2017
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 elastic scattering ( )Nπ Mπ = 200 MeV

Studied scattering-lengths and the Δ channel 
  

        
I = 1/2 : JP = 1/2− (S)
I = 3/2 : JP = 1/2− (S), 3/2+ (P) [1/2+ (P), 3/2− (D), 5/2− (D)]

   •   Bulava et al. (2022) 2208.03867   •   

Advanced operators + fits to extract finite-volume energies

https://arxiv.org/pdf/2208.03867.pdf
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 finite-volume energies ( )Nπ Mπ = 200 MeV

   •   Bulava et al. (2022) 2208.03867   •   

<latexit sha1_base64="qFKx0w5IBRTz6bbp1wlTfx4zXik="></latexit>

I = 1/2
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I = 3/2

https://arxiv.org/pdf/2208.03867.pdf
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 Nπ → Δ → Nπ

   •   Bulava et al. (2022) 2208.03867   •   

Scattering phase shift Δ summary plot

https://arxiv.org/pdf/2208.03867.pdf
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Roper resonance
Results with impressive operators from Lang et al.,   Mπ = 156 MeV

   •   Lang, Leskovec, Padmanath, Prelovsek (2017)   •   

Interpretation presented by D. Leinweber this morning
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Roper resonance
Results with impressive operators from Lang et al.,   Mπ = 156 MeV

   •   Lang, Leskovec, Padmanath, Prelovsek (2017)   •   

Interpretation presented by D. Leinweber this morning

My personal take, need more data…

Lattice “rule-of-thumb” is to take  or largerMπL ∼ 4

Here MπL ∼ 2.2

First three states are statistically consistent with 
non-interacting nucleons and pions

Careful with operator overlaps… discretisation 
dependent,  no guarantee of continuum limit
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Roper resonance

   •   MTH and Meyer (2016)   •   see also Döring et al. (2013)   •   Daniel Severt LATT2022   •   

Naive spectra from MTH and Meyer 2016
Non-interacting

https://indico.hiskp.uni-bonn.de/event/40/contributions/728/attachments/248/429/severt_daniel_latt22.pdf
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Roper resonance

   •   MTH and Meyer (2016)   •   see also Döring et al. (2013)   •   Daniel Severt LATT2022   •   

Naive spectra from MTH and Meyer 2016
Non-interacting GWU WI08 + Lüscher

But, right panel ignores three-body effects!…    I would say work is needed

https://indico.hiskp.uni-bonn.de/event/40/contributions/728/attachments/248/429/severt_daniel_latt22.pdf


Andersen et al. 2018
Andersen et al. 2019
Silvi et al. 2021
Pittler et al. 2021
Bulava et al. 2022

Detmold and Nicholson 2015
Wu et al. 2018
Xing & Liu, LATT2022 (in prep)

Lang et al. 2017
Wu et al. 2017
Kiratidis et al. 2017

N

 Λ Σ

Ξ

Δ

  Σ*

Ξ*

Ω

<latexit sha1_base64="9NNuiTYaSn4oNH/TDRED2OId/6I="></latexit>

� ! N⇡

<latexit sha1_base64="9kOSPrYVYRj2K+QXsCDpVHKOoPU="></latexit>

N⇤ ! N⇡

See also…

(focusing here on studies with 
scattering states)

Baryons are difficult… 
 

Stay tuned!

<latexit sha1_base64="oVCXMCF0brMkMdCSUej5Oo9xgWo="></latexit>

⇤ ! KN
Hall et al. 2015

https://inspirehep.net/literature/1628655
https://inspirehep.net/literature/1766605
https://inspirehep.net/literature/1839330
https://inspirehep.net/literature/2133217
https://indico.hiskp.uni-bonn.de/event/40/contributions/448/attachments/420/898/L.Liu.pdf
https://inspirehep.net/literature/1489636


(i) Formal developments of methods

(ii) Application in meson sector 
(often )Mπ > Mπ, phys

(iii) Improved control, towards 
physical masses

(iv) Baryonic applications

Journey of a lattice calculation
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(i) Formal developments of methods

(ii) Application in meson sector 
(often )Mπ > Mπ, phys

(iii) Improved control, towards 
physical masses

(iv) Baryonic applications

Journey of a lattice calculation

now let’s look toward the future… 

(a.k.a. let me talk about formalism, 
         just for a minute! 😄)

for  scattering we are arriving here!2 → 2
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Formal progress: Transition amplitudes 

h⇡⇡, out|Jµ|0i ⌘
Meyer (2011)

hK⇡, out|J↵� |Bi ⌘

Agadjanov et al. (2014)  •  Briceño, MTH, Walker-Loud (2015)  •  Briceño, MTH (2016)

hN⇡, out|Jµ|Ni ⌘

`+
`�

h⇡⇡, out|H|Ki ⌘

Lellouch, Lüscher (2001)  •  Kim, Sachrajda, Sharpe (2005)  •  Christ, Kim, Yamazaki (2005)  •  MTH, Sharpe (2012)

Weak decay

Time-like form factors

Resonance form factors

Particles with spin

23



h⇡⇡, out|Jµ|⇡i ⌘

get this from the lattice experimental observable

|hn, L|Jµ|⇡i|2 = h⇡|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|⇡i
<latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit>

Pion photo-production
Formal relation

Briceño, MTH, Walker-Loud (2015)

Briceño et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502  (2018)

m⇡ ⇡ 320MeV
<latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit>
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m⇡ ⇡ 400MeV
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Numerical implementation
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Formal progress: Towards Nππ
Multiple three-particle finite-volume formalisms developed (so far only spin zero)

MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky
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Formal progress: Towards Nππ
Multiple three-particle finite-volume formalisms developed (so far only spin zero)

MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

First lattice calculations appearing… e.g.   π+π+π+ → π+π+π+

Extract reliable spectrum

Use formalism to fit 
scheme-dependent K-matrix

Solve integral equations to 
reach physical amplitude

25
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Formal progress: Towards Nππ
Multiple three-particle finite-volume formalisms developed (so far only spin zero)

MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky

See Blanton et al. for pion and kaon results

See Sadasivan et al. for application to a1(1260)

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

First lattice calculations appearing… e.g.   π+π+π+ → π+π+π+

Extract reliable spectrum

Use formalism to fit 
scheme-dependent K-matrix

Solve integral equations to 
reach physical amplitude

25
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Not discussed here…
Hamiltonian Effective Theory (D. Leinweber, morning talk)

My two cents: Lüscher formalism (+ extensions) uniquely predict spectrum…

For given amplitudes

For any interactions (same for  and )π+π+ Nπ → Δ → Nπ
Up to  + must include all channelse−MπL

HET gives (i) amplitude model, (ii) pion mass dependence, (iii) quark-model interpretation
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Not discussed here…
Hamiltonian Effective Theory (D. Leinweber, morning talk)

My two cents: Lüscher formalism (+ extensions) uniquely predict spectrum…

For given amplitudes

For any interactions (same for  and )π+π+ Nπ → Δ → Nπ
Up to  + must include all channelse−MπL

HET gives (i) amplitude model, (ii) pion mass dependence, (iii) quark-model interpretation

HAL-QCD potential method

Extract effective potential from lattice calculation

See… Murakami et al.,  
Lattice QCD studies on decuplet baryons as meson-baryon bound states in the HAL QCD method

Requires derivative expansion

Excited states in structure calculations
Next talks from Marcus and Lorenzo
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https://inspirehep.net/literature/2164051


Local-operator spectroscopy = useful guide  

Summary and outlook

Thanks for listening!… questions?

Robust baryonic scattering studies now appearing

Formal developments are ahead of 
numerical lattice QCD calculations

result of correlator fit, indicating region where finite-volume 
states strongly overlap local operators

complete finite-volume spectrum, field theoretically mapped 
to amplitudes

Many scalar resonances + the  are very well controlledΔ
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Coupled channels
The cubic volume mixes different partial waves…

…as well as different flavor channels…

det

✓
Ka!a Ka!b

Kb!a Kb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
K�1

s 0
0 K�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

Workflow…

Correlators with a large 
operator basis 

Reliably extract 
finite-volume energies

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O
†
b(0)i

h⌦m(⌧)⌦†
m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Identify a broad list of K-matrix parametrizations
Perform global fits to the 
finite-volume spectrumEFT basedpolynomials 

and poles
dispersion 

theory based

spec



3-particle amplitudes

Applications…

!(782), a1(1420) ! ⇡⇡⇡ X(3872) ! J/ ⇡⇡ X(3915)[Y (3940)] ! J/ ⇡⇡

and much more!… (3-body forces, weak transitions, gluons content)

form factors and transitions

exotic resonance pole positions, couplings, quantum numbers

JP 0+ 1� 2+ · · ·2-to-2 only samples

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

X

J/ 

many interesting resonances have significant 3-body decays



Status…

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

finite volume unitarity

Identical spin-zero,   no 2-to-3,   no K2 poles

as above… but including 2-to-3

as above… but including K2 poles

Non-identical, non-degenerate spin-zero

Multiple three-particle channels… Spin!

17

⇡⇡⇡ ! ⇢⇡ ! ! ! ⇢⇡ ! ⇡⇡⇡
  •   MTH, Romero-López, Sharpe (2020)   •   Blanton, Sharpe (2020, 2021)

   •   Briceño, MTH, Sharpe (2017)   •   

   •   MTH, Sharpe (2014, 2015)   •   

   •   Briceño, MTH, Sharpe (2018)   •  



MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001,

see also work by… Culver, Döring, Hanlon, Hörz, Mai, Morningstar, Romero-Lopez, Sharpe + ETMC

 energiesπ+π+π+



MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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