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Hadrons on the Light Front

Focus: Hadrons on the light front, 2™ = 0.

» Natural frame for defining parton
distribution functions: PDFs, TMDs, ...
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» Future: COMPASS/AMBER @ CERN
EIC @ Brookhaven National Laboratory.

(AMBER: arXiv:1808.00848)
(EIC: Eur. Phys. J. A 52.9 (2016))
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» Bethe-Salpeter
Wavefunction
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» Generic Correlator
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> With 2t =20 4+ 23, 27 =2° — 23, 7, = {21, 2?}.
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(Lorce, Pasquini, Vanderhaeghen; 2011)
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» The Bethe-Salpeter Wavefunction

» Determined by the Bethe-Salpeter
(BSWF) appears as the residue of a

Equation:
correlation function G(p): U = GoKV
‘If(x P) = (0] T¢(0)¢(x) |P)
b Go product of the dressed
/ re V(z, P) propagators;

K interaction kernel between the
two particles.
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» Light-Front Wavefunction (LFWF):
Fourier transform of the BSWF at

b

_ 1+«
L=

+
£=4 5% is the longitudinal momentum
fraction
x = An+ &, with n along the light front q =k + §P is the relative momentum (with
Urr(qh,qL, P)=
=N/dq‘\11(q‘7q+,fﬁ,P),

kT =0).
» Parton Distribution Amplitude (PDA):
Integration of the ¥z over ¢, .

o.P) = [ Eqve (5
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Scalar toy model

Scalar toy model: %
¢ of mass m ¢ ~=9
x of mass p ™

X

» Objective: Calculate BSWF in Euclidean

metric for two ¢ particles,

q1 —»—
<II U —e P
qz2 —»—

» Need to solve the BSE:

U = Goy Y =KGoy

Resonances

Im{/1}

M =2m

Bound States

Lo o od=

Re{Vi}

X
~—

» Go — We use tree level propagators

1 1

G =
T @ rm?gd+m?

» K — We assume a single scalar exchange
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K- 9 Xila-d
— /2_|_ 2 |
(q—q)*+p ; .
» The BSWEF is a function of the kinematic
invariants:
P2 k2 PN
2 _ _ _ _
M =ge Tl e T wEkE

oo 1
/ dx’x'/ dw' V1 —w?Go(z', ' 1, a)
0 1

dy K(*“ 7$/7 w/7 Z/W)(ﬂf/, w/7 t? a)
1
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1 1 2

Go=—5———5—— =9
°T @ migg e m? ()2
> Poles when g7, = —m? » Poles when (¢ — ¢')? = —pu2.

» Integration in w = branch cuts in
complex x plane:

] 1
ﬁi:q:(l:l:a)\/z[w—i-z)\ 1—w2+m

» Branch cuts in complex z’ plane:

ﬁ:ﬂ(niq/1—m+ﬁ§)
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» Constraints:
1. Must go though (1 + |a|)V/E.

2. Re{y/z} and |/z| must always increase.
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Re(yF)

~1 — Line from the origin to

(1+ |a))vt.
~2 — Return to the real axis, with
increasing radius.

Y3 — /T — oo on the real axis.

» If the cuts don't cross the real axis —
no deformation needed.
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(Kusaka, Williams; 1995); (Sauli, Adam, Jr; 2003)

(Karmanov, Carbonell; 2006); (fr’edgrgo, Salgwg, }/iéiqni;_gp_;ﬂo Qe
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Re{v}

Re{v}
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Small w and « dependence.

Symmetry for the combined
transformation &« — —« and w — —w.

Approximately a monopole:
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» The LFWEF is defined as

» Need the BSWF in w € (—o0, 0).
» We use the Schlessinger method for

Vrr(a, kL, P) analytic continuation

_N/dq_ \Il(an)|q+ ap+t g =k,

» In our kinematic variables

w
R(w) = fler)
a1 (w — wy)
1+
az(w — wa)

2m2 1 =+

¢ =75 (2\/5\/¥w + ozt) 14 a3(w — ws)
«aand z = 7’7“1—22 = ﬁ and t are external
variables

(L. Schlessinger, 1968) (Tripolt et al., 2019) (D. Binosi, R-A. Tripolt; 2019)
» {a;} obtained by imposing R(w;) = f(w;)
2
Upp(a,z,t) = \/_\/_/ dw ¥ (z,w,t, o)

«AO> AF > A=r « =)


https://link.aps.org/doi/10.1103/PhysRev.167.1411.
https://doi.org/10.1016/j.cpc.2018.11.012
https://doi.org/10.1016/j.physletb.2019.135171
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» Symmetric in a.
» Vanishes at o = +1.
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» In our variables:

o(a) = /000 de U p(z,a,t)

1.20f —— Nakanishi, 0.20¢ x Nakanishi, 0.807 x
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PDA: back on the v/t imaginary axis

» Use SPM to get to v/t = bi, b € R (cuts prevent direct evaluation!).

» Expand PDA in Chebyshev-U: ¢(a) =
» Analytic continuation of ¢,, with SPM.

¢(e)

X

CD + SPM (10, 20)
Nakanishi

/dx\I'LF z, Q)
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» Input data: N € [10,50] different points starting with Re v/t = 0.1, with steps in V of 2.
G. Eichmann, EF, A. Stadler; Phys. Rev. D 105, 034009 (2022)
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https://doi.org/10.1103/PhysRevD.105.034009
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Consider two ¢ of different masses:

my; =m(l+e) me =m(l—¢)
1

m_ lte 2m = my + mq

mo 1—¢

» ¢ € [—1,1] sets the ratio of the masses

v

G is now:

1 1

Go= 55—
ai +mi g3 +mj

» Cuts in x:

Vo =F(1+a)Vi

1/1xe)’
M1 —w?+ - [ ——
><w+2\/ w+t(1:|:oc)
» Integration path still works
» ¢ adds skewness
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» Also consider complex conjugate mass
poles:

1/ 1 1
D =z
ol = (q2 T g (m*)2)

> m? — m?(1+414d), with m2,§ € R,
» Gg becomes:

Go = Dg(q1,m)Dy(qz, m)
» There are now 8 cuts:

Va = za L a)ve

1 1+wvid

124 -7
v +t(1ﬂ:a)2

X w4+ i\

» For § < d.pit, contour deformation always
possible.
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Hadronic Matrix Elements

» Focus: Understading hadronic Ai
composition and interactions: O

wia. = (Pr| T ()OLE5v(0) | Py) :
hoss = D H (PR A) () (PR, A) P S

J Py

» These interactions probe the partonic distributions and interactions of Hadrons
» Main idea: Processes = Hard scattering x Hadronic structure functions
(Review: Section 2 of Belitsky, Radyushkin, 2005), ...

: Jy 7 v

€
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A=10

f(k, P) parton correlation function

parton correlation function
H(k, P,A)
£=0
[dk ’ s

Y [dk-
FT
H(z, k£, b) < H(x k& A) GIMD
W (x, k,b) Wigner distribution
[ dk
£=0
[ d*b

FT
flz,z) > f(a': k)

Y [dk
FT
;S H(x.£,b) <> H(z &A% arD
f(z,b) impact parameter
distribution ([ dran-
£=10
\\ / \fm_
flz)
PDF

V— Sohso Au(A?) (26)F
F.(b) <> F,(AY

form factor
2009), other talks this week

GFFs
(Picture: Diehl, 2016); (Diehl, 2003); (Meissner, Goeke, Metz, Schlegel; 2008); (Meissner, Metz, Schlegel

40> «F)>r «=)» «
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Writing the hadronic correlation

» We write the hadronic correlation using elements calculated via functional methods:

» ( is the four-point quark correlation
function, calculated with scattering

%
N — equation.
A G » The quark propagator is calculated via
quark DSE.
/Q/ \O\ » The BSWF is calculated via the meson
P BSE.
by e— —e P (Mezrag, arXiv:1507.05824); (Diehl, Gousset, 1998); (Tiburzi, Miller, 2003);
N\ (Mezrag, Chang, Moutarde, Roberts, Rodriguez-Quintero, Sabatié, Schmidt, 2015);
W) (Cloét, Roberts, 2018), many many others,

4
GNPk, A) = %Tr [/ dk~ / gTie“” (Pr| 9 (2)WT(0) | P;)

» Partonic distributions are calculated by integrating the correlator in £~ and taking
appropriate traces.
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Conclusions

v

We explored a new way to calculate the LFWFs and PDAs.
Very good agreement with the established Nakanishi method.

We can also tackle extensions to the scalar toy model: unequal masses and complex
conjugate mass poles in the propagators — features of many QCD calculations.

We can calculate beyond the M? = 4m? threshold.

The contour deformation method can also be applied to other correlation functions — just
need a region free of singularities where the path can be deformed.

We have also explored a way forward for the calculation of partonic structure functions.
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Thank you!

This work is supported by national funds through FCT - Fundacdo para a Ciéncia e a Tecnologia, I.P.,
under project CERN/FIS-PAR/0023/2021
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Nakanishi Method

» BSWF defined from a smooth weight function g(z, cv).

/ / 1 / 2
= / dz/ do’ 9(@', ') 35 K= 2<qP) .
[+ 1+ 2+ (1—a?) m
» Light front quantities obtained from the weight function g, for example LFWF:

(o0} !
Vrip = N;/ dx’ 9(2', @)
m 0 [

o+ 14+ (1—a2)t)?

» The BSE can be rewritten for g:

00 oo 1
/ dx’ 9(=',0) 5 zc/ dx’/ do/'V(z, 2’ o, g2, )
0 [ +1+z+(1—-a?) 0 -1
K(z,2',a,0/) + K(z,2', —a, —)
2z + 14 (1 —a2)t]
K(m,x’,a,a’)z/l dv Ola—a))(t - a)? 5
o [vl-a)(@'+14+(1—-a?)t)+(1—-0)C]

C:(1—a’)(1+x+(1—a2)t)+(1—a)( >

V(z,2',a,a’) =

Q

v
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» Numerical analytic continuation method:

flw)

a1 (w — wy)

R(w) =

1+
as(w — ws)

1+
az(w — ws3)

1+

» {a;} obtained by imposing R(w;) = f(w;)

100
10°
10°
41073
4107
107°

10-12

» Recurrence relations:

N flwr) . flw1) _
R(w) = 1+2 ay(w—w)
14+ 2,
_ag(w — wy) _ap(w — wg)
Zy, 15 2t S Zpy1 = A -1,
w=wp = Z =0
_ flwr)
flwz) = 14 ay(ws —wi)
flwr) 2
Zl_f(m)_1 M e



» Do one more iteration for a value of w = W € C, with the obtained ¥

0o 1
\If(x,I/I/',t,oz):N/ d:v'/ dw' K (x, 2", W, ¥ (2’ ', t, o)
0 -1
» Problem: Kernel cuts will change

» Forw e C, and y,w’ € [—1,1], Q turns into a region bounded by the r(f) ellipse, with
w=a+1iband V1 —w? = c+1id:

» Kernel cuts will eventually overlap

T(9)=\/02+c2\/cos20+E251n20 E:{

a#0
b2

5 a=0
2

DA



Im{y/7} Re{iv1+id} < Im{iv1+id} Re{\/7}.
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