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Motivations

• For the pion-condensed phase, to characterize
    the low-energy excitations

• To characterize further the phase diagram of QCD 

• For the pion-condensed phase, to characterize
    the phase transition(s)

• Accessible to lattice-QCD simulations



Pion dynamics

• described efficiently by chiral perturbation theory 

<latexit sha1_base64="dlFQLRJPfjuKcpMzM2KkdHI0lhU=">AAACD3icbVC7TsNAEDyHd3gZKGlOREihiewoAkoEDSUIAkhJFK0vGzhxZ5u7vUjISsEn8BW0UNEhWj6Bgn/BDil4TTWa2dXOTpQqaSkI3r3SxOTU9MzsXHl+YXFp2V9ZPbOJMwKbIlGJuYjAopIxNkmSwovUIOhI4Xl0fVD45wM0VibxKd2m2NFwGcu+FEC51PXXT5rV+hZv3zjo8bYGujI6G4BwTg+7fiWoBSPwvyQckwob46jrf7R7iXAaYxIKrG2FQUqdDAxJoXBYbjuLKYhruMRWTmPQaDvZ6Ikh33QWKOEpGi4VH4n4fSMDbe2tjvLJIqb97RXif17LUX+3k8k4dYSxKA6RVDg6ZIWReTvIe9IgERTJkcuYCzBAhEZyECIXXV5XOe8j/P39X3JWr4XbtcZxo7K3P25mlq2zDVZlIdthe+yQHbEmE+yOPbBH9uTde8/ei/f6NVryxjtr7Ae8t0/iUpwn</latexit>

SU(2) vacuum

real scalars 

<latexit sha1_base64="rC9791hlt6190gFbTNHt77GYLrE=">AAACBnicbVA9SwNBEN2LXzF+xVjaLAYhgoQ7CWoZtLFUMCrkQphbJ7pkb+/YnRPDkd5fYauVndj6Nyz8L97FKzT6qsd7M8ybF8RKWnLdD6c0Mzs3v1BerCwtr6yuVddrFzZKjMCOiFRkrgKwqKTGDklSeBUbhDBQeBkMj3P/8g6NlZE+p1GMvRButBxIAZRJ/Wqt4YOKb2GXp34w4Hq8w/vVutt0J+B/iVeQOitw2q9++teRSELUJBRY2/XcmHopGJJC4bjiJxZjEEO4wW5GNYRoe+kk+5hvJxYo4jEaLhWfiPhzI4XQ2lEYZJMh0K2d9nLxP6+b0OCwl0odJ4Ra5IdIKpwcssLIrBTk19IgEeTJkUvNBRggQiM5CJGJSdZSJevDm/7+L7nYa3r7zdZZq94+Kpops022xRrMYweszU7YKeswwe7ZI3tiz86D8+K8Om/foyWn2Nlgv+C8fwH01pe2</latexit>

(↵,n) variational parameters, maximizing
<latexit sha1_base64="xkHk+lVQDbZe2R9ynhsIEv7Jfpo=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRXYUAWUEDQVFkMhDSqxofdmEU84P7tZIkZWCr6CFig7R8ikU/Au2SQEJU41mdrWz40VKGrLtT2tpeWV1bb2wUdzc2t7ZLe3tt0wYa4FNEapQdzwwqGSATZKksBNpBN9T2PbGl5nffkBtZBjc0iRC14dRIIdSAKWS2/OB7gSo5Hrar/ZLZbti5+CLxJmRMpuh0S999QahiH0MSCgwpuvYEbkJaJJC4bTYiw1GIMYwwm5KA/DRuEkeesqPYwMU8gg1l4rnIv7eSMA3ZuJ76WQW0sx7mfif141peO4mMohiwkBkh0gqzA8ZoWXaBvKB1EgEWXLkMuACNBChlhyESMU4raeY9uHMf79IWtWKc1qp3dTK9YtZMwV2yI7YCXPYGauzK9ZgTSbYPXtiz+zFerRerTfr/Wd0yZrtHLA/sD6+AYYwlpU=</latexit>

L2
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⇤�
⌧ 1
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⇤� ⇠ 1GeV



Normal phase
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↵ = 0 ! ⌃̄ = I

• charged pion fields

with effective masses 

<latexit sha1_base64="X5Ilg29Eh+p9gKdX6ueBujefOT8=">AAACCXicbVC7TsNAEDyHVwgvA6KiOREh0RDZKAIqFEEDXZDIQ0oi63zZhFPubOtujRRZ+QK+ghYqOkTLV1DwL9gmBSRMNZrZ1c6OH0lh0HE+rcLC4tLySnG1tLa+sbllb+80TRhrDg0eylC3fWZAigAaKFBCO9LAlC+h5Y+uMr/1ANqIMLjDcQQ9xYaBGAjOMJU8e6+rYu+GXlDlJd1ITOhxysCzy07FyUHniTslZTJF3bO/uv2QxwoC5JIZ03GdCHsJ0yi4hEmpGxuIGB+xIXRSGjAFppfk8Sf0MDYMQxqBpkLSXITfGwlTxoyVn04qhvdm1svE/7xOjIPzXiKCKEYIeHYIhYT8kOFapL0A7QsNiCxLDlQElDPNEEELyjhPxTgtqpT24c5+P0+aJxX3tFK9rZZrl9NmimSfHJAj4pIzUiPXpE4ahJOEPJFn8mI9Wq/Wm/X+M1qwpju75A+sj29VG5kG</latexit>

µI > m⇡ �meIf no weak decay to leptons

<latexit sha1_base64="sIXZqFN34LdQMsEXxSF11IivE1A=">AAACB3icbVDLSgNBEJyNrxhf0Ry9DAZBEMKuBPUY9OIxgnlAdgm9k04cMvtgplcISz7Ar/CqJ2/i1c/w4L+4iXvQxDoVVd10dfmxkoZs+9MqrKyurW8UN0tb2zu7e+X9g7aJEi2wJSIV6a4PBpUMsUWSFHZjjRD4Cjv++Hrmdx5QGxmFdzSJ0QtgFMqhFECZ1C9X3Fj2T7lrZMAT1wedDqb9ctWu2XPwZeLkpMpyNPvlL3cQiSTAkIQCY3qOHZOXgiYpFE5LbmIwBjGGEfYyGkKAxkvn4af8ODFAEY9Rc6n4XMTfGykExkwCP5sMgO7NojcT//N6CQ0vvVSGcUIYitkhkgrnh4zQMmsF+UBqJIJZcuQy5AI0EKGWHITIxCSrqZT14Sx+v0zaZzXnvFa/rVcbV3kzRXbIjtgJc9gFa7Ab1mQtJtiEPbFn9mI9Wq/Wm/X+M1qw8p0K+wPr4xsQzZj9</latexit>

⇡+ ⇠ ud̄

<latexit sha1_base64="eSMHn/ahikMo6GL3rt2RMY5mqz0=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNIqCgiKCBLkjkIcWRdb5swil3tnW3hxRZKfkKWqjoEC0fQsG/4AQXEJhqNLOrnZ0wkcKg6344haXlldW14nppY3Nru1zZ2W2b2GoOLR7LWHdDZkCKCFooUEI30cBUKKETji9nfucetBFxdIuTBPqKjSIxFJxhJgWVsq9scE3PqQpSPxHToFJ1a+4c9C/xclIlOZpB5dMfxNwqiJBLZkzPcxPsp0yj4BKmJd8aSBgfsxH0MhoxBaafzoNP6aE1DGOagKZC0rkIPzdSpoyZqDCbVAzvzKI3E//zehaHZ/1URIlFiPjsEAoJ80OGa5E1AnQgNCCyWXKgIqKcaYYIWlDGeSbarKJS1oe3+P1f0j6ueSe1+k292rjImymSfXJAjohHTkmDXJEmaRFOLHkkT+TZeXBenFfn7Xu04OQ7e+QXnPcvyjqXKg==</latexit>

µI < m⇡

as Stark effect



Pion condensation

• if <latexit sha1_base64="5WATFY0URIQzdPIFodn8gA1haDw=">AAACBnicbVC7TsNAEDyHVwivEEqaExESVWSjCCgjaKALEnlIsWWdL5twyp1t7taIyErPV9BCRYdo+Q0K/gUnuICEqUYzu9rZCWIpDNr2p1VYWl5ZXSuulzY2t7Z3yruVtokSzaHFIxnpbsAMSBFCCwVK6MYamAokdILRxdTv3IM2IgpvcByDp9gwFAPBGWaSX664KvGvqDuEO6r81I3FxC9X7Zo9A10kTk6qJEfTL3+5/YgnCkLkkhnTc+wYvZRpFFzCpOQmBmLGR2wIvYyGTIHx0ln2CT1MDMOIxqCpkHQmwu+NlCljxirIJhXDWzPvTcX/vF6CgzMvFWGcIIR8egiFhNkhw7XISgHaFxoQ2TQ5UBFSzjRDBC0o4zwTk6ylUtaHM//9Imkf15yTWv26Xm2c580UyT45IEfEIaekQS5Jk7QIJw/kiTyTF+vRerXerPef0YKV7+yRP7A+vgFtH5il</latexit>

µI � m⇡ BEC condensation for <latexit sha1_base64="1nB1WkBhI95i+4NtY7dlV843KFE=">AAAB93icbVBNS8NAFNzUr1q/qh69LBZBEEoiRT0WvXisYNpCW8pm+1qXbjbL7otQQn+DVz15E6/+HA/+F5OYg7bOaZh5jzdvAi2FRdf9dEorq2vrG+XNytb2zu5edf+gbaPYcPB5JCPTDZgFKRT4KFBCVxtgYSChE0xvMr/zCMaKSN3jTMMgZBMlxoIzTCW/r8XwbFituXU3B10mXkFqpEBrWP3qjyIeh6CQS2Ztz3M1DhJmUHAJ80o/tqAZn7IJ9FKqWAh2kORh5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZPthFLxP/83oxjq8GiVA6RlA8O4RCQn7IciPSFoCOhAFEliUHKhTlzDBEMIIyzlMxTmuppH14i98vk/Z53buoN+4ateZ10UyZHJFjcko8ckma5Ja0iE84EeSJPJMXZ+a8Om/O+89oySl2DskfOB/fHwaS+Q==</latexit>⇡+

Possibility of superfluid if <latexit sha1_base64="1nB1WkBhI95i+4NtY7dlV843KFE=">AAAB93icbVBNS8NAFNzUr1q/qh69LBZBEEoiRT0WvXisYNpCW8pm+1qXbjbL7otQQn+DVz15E6/+HA/+F5OYg7bOaZh5jzdvAi2FRdf9dEorq2vrG+XNytb2zu5edf+gbaPYcPB5JCPTDZgFKRT4KFBCVxtgYSChE0xvMr/zCMaKSN3jTMMgZBMlxoIzTCW/r8XwbFituXU3B10mXkFqpEBrWP3qjyIeh6CQS2Ztz3M1DhJmUHAJ80o/tqAZn7IJ9FKqWAh2kORh5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZPthFLxP/83oxjq8GiVA6RlA8O4RCQn7IciPSFoCOhAFEliUHKhTlzDBEMIIyzlMxTmuppH14i98vk/Z53buoN+4ateZ10UyZHJFjcko8ckma5Ja0iE84EeSJPJMXZ+a8Om/O+89oySl2DskfOB/fHwaS+Q==</latexit>⇡+ interact at ’’T = 0’’…. 

Expected to coexist since at ’’T = 0’’
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ntot
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Pion superfluid

• characterized by a condensate 
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N⇡+ spontaneously broken charged superfluid

vacuum does not conserve isospin and <latexit sha1_base64="bGivqOb5k34UwttIuFqefQyzEpc=">AAAB+3icbVDLSsNAFJ3UV62vqks3g0UQhJJIUZdFN66kgn1IG8JkeluHTiZh5kYoIV/hVlfuxK0f48J/MYldaOtZHc65l3vu8SMpDNr2p1VaWl5ZXSuvVzY2t7Z3qrt7HRPGmkObhzLUPZ8ZkEJBGwVK6EUaWOBL6PqTq9zvPoI2IlR3OI3ADdhYiZHgDDPp/sZLBpHwTlKvWrPrdgG6SJwZqZEZWl71azAMeRyAQi6ZMX3HjtBNmEbBJaSVQWwgYnzCxtDPqGIBGDcpAqf0KDYMQxqBpkLSQoTfGwkLjJkGfjYZMHww814u/uf1YxxduIlQUYygeH4IhYTikOFaZE0AHQoNiCxPDlQoyplmiKAFZZxnYpxVU8n6cOa/XySd07pzVm/cNmrNy1kzZXJADskxccg5aZJr0iJtwklAnsgzebFS69V6s95/RkvWbGef/IH18Q1M8JTG</latexit>

N⇡+

J. Kogut, D. Toublan, 
Phys. Rev. D 64, 034007 (2001). 
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⇡+ ⇠ ud̄



Pion superfluid

• characterized by a condensate 

continuous (second-order) transition

J. Kogut, D. Toublan, 
Phys. Rev. D 64, 034007 (2001). 



Effective theory close the transition

Gross-Pitaevskii effective Lagrangian

chemical isospin potential strongly affects the effective theory

<latexit sha1_base64="QWAnjOCe8uSSyPg6Ydzm7ycbCxs=">AAACHHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSiG91VsK3QlHAz3tbBmSTM3Agl5Bf8BL/Cra7ciVvBhf9iUrvwdVaHc+7h3nvCRElLrvvuTE3PzM7NVxaqi0vLK6u1tfWOjVMjsC1iFZvLECwqGWGbJCm8TAyCDhV2w5uT0u/eorEyji5olGBfwzCSAymACimo7fhD0Br4EfcHBkTm6zQ4yzMdZH4i85z7QyrCmntBre423DH4X+JNSJ1N0ApqH/5VLFKNEQkF1vY8N6F+BoakUJhX/dRiAuIGhtgraAQabT8bf5Tz7dQCxTxBw6XiYxG/JzLQ1o50WExqoGv72yvF/7xeSoPDfiajJCWMRLmIpMLxIiuMLKpCfiUNEkF5OXIZcQEGiNBIDkIUYlp0Vy368H5//5d0dhvefmPvfK/ePJ40U2GbbIvtMI8dsCY7ZS3WZoLdsQf2yJ6ce+fZeXFev0annElmg/2A8/YJf+mhzw==</latexit>

� =
µI

m⇡
& 1

<latexit sha1_base64="U8zmFpXckoQ+dQBMq3a3kUdrKbI=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEywIbuGqCXRxhITeSRANrPDBSfM7E5m7hrJht6vsNXKztj6Gxb+i7tIoeCpTs65N/fcE2gpLLrup5NbWV1b38hvFra2d3b3ivullo1iw6HJIxmZTsAsSBFCEwVK6GgDTAUS2sH4KvPb92CsiMJbnGjoKzYKxVBwhqnkF0sV7bu0Z4Wiyk96WkxP/GLZrboz0GXizUmZzNHwi1+9QcRjBSFyyazteq7GfsIMCi5hWujFFjTjYzaCbkpDpsD2k1n2KT2OLcOIajBUSDoT4fdGwpS1ExWkk4rhnV30MvE/rxvj8KKfiFDHCCHPDqGQMDtkuRFpKUAHwgAiy5IDFSHlzDBEMIIyzlMxTlsqpH14i98vk9Zp1Tur1m5q5frlvJk8OSRHpEI8ck7q5Jo0SJNw8kCeyDN5cR6dV+fNef8ZzTnznQPyB87HN5B/mBs=</latexit>

(p0 ⇠ m⇡)



Effective theory for BEC close the transition

<latexit sha1_base64="Xr3q/YpqC5HpiuVPyC2fcIDAWMw=">AAACBnicbVA9TwJBEN3DL8QvxNJmIzGxMOROidqYEG0sMZGPBJDMLQNu2Nu77M4ZCKH3V9hqZWds/RsW/hcPpFD0VS/vzWTePD9S0pLrfjiphcWl5ZX0amZtfWNzK7udq9owNgIrIlShqftgUUmNFZKksB4ZhMBXWPP7lxO/do/GylDf0DDCVgA9LbtSACVSO5sb8HOuefOQw+0xbyrFvXY27xbcKfhf4s1Ins1Qbmc/m51QxAFqEgqsbXhuRK0RGJJC4TjTjC1GIPrQw0ZCNQRoW6Np9jHfjy1QyCM0XCo+FfHnxggCa4eBn0wGQHd23puI/3mNmLpnrZHUUUyoxeQQSYXTQ1YYmZSCvCMNEsEkOXKpuQADRGgkByESMU5ayiR9ePPf/yXVo4J3UiheF/Oli1kzabbL9tgB89gpK7ErVmYVJtiAPbIn9uw8OC/Oq/P2PZpyZjs77Bec9y9P/pav</latexit>

x = na3 ⌧ 1low-energy expansion <latexit sha1_base64="0jCOgkjB5jdocASqOxy3z+rYbb8=">AAACCnicbVDLSgNBEJz1GeMrKnjxMhgEDxJ2JajHoBePEcwDsiH0TjpxyOzuMNMrhDV/4Fd41ZM38epPePBf3MQcNLFORVU3XV2BVtKS6346C4tLyyurubX8+sbm1nZhZ7du48QIrIlYxaYZgEUlI6yRJIVNbRDCQGEjGFyN/cY9Givj6JaGGtsh9CPZkwIokzqFfeC+NrGmmPe5f8LDTuprOeoUim7JnYDPE29KimyKaqfw5XdjkYQYkVBgbctzNbVTMCSFwlHeTyxqEAPoYyujEYRo2+kk/4gfJRayABoNl4pPRPy9kUJo7TAMsskQ6M7OemPxP6+VUO+incpIJ4SRGB8iqXByyAojs2KQd6VBIhgnRy4jLsAAERrJQYhMTLKm8lkf3uz386R+WvLOSuWbcrFyOW0mxw7YITtmHjtnFXbNqqzGBHtgT+yZvTiPzqvz5rz/jC4405099gfOxzfESpne</latexit>a / gm⇡

number density of the condensate 
controlled by <latexit sha1_base64="4huktSbWOtxtBrP/mVJ5cLb1I50=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNNAFCSeRkig6XzbhlDvbuttDiqx8Ay1UdIiWz6HgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun/QNpHVHHweyUh3A2ZAihB8FCihG2tgKpDQCabXmd95BG1EFN7jLIaBYpNQjAVnmEp+X9nh7bBac+tuDrpMvILUSIHWsPrVH0XcKgiRS2ZMz3NjHCRMo+AS5pW+NRAzPmUT6KU0ZArMIMnDzumJNQwjGoOmQtJchN8bCVPGzFSQTiqGD2bRy8T/vJ7F8eUgEWFsEUKeHUIhIT9kuBZpC0BHQgMiy5IDFSHlTDNE0IIyzlPRprVU0j68xe+XSfus7p3XG3eNWvOqaKZMjsgxOSUeuSBNckNaxCecCPJEnsmLM3NenTfn/We05BQ7h+QPnI9vW96TIA==</latexit>µI

beyond many more interactions



Effective theory for BEC close the transition

<latexit sha1_base64="udlwjMMrr89eyIfQKDiHryYY5EQ=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWQjBJQRNNAFiTyk2LLOl0045c42d2ukyMoH8BW0UNEhWj6Dgn/BDi4gYarRzK52doJYCoO2/WmVlpZXVtfK65WNza3tneruXsdEiebQ5pGMdC9gBqQIoY0CJfRiDUwFErrB+DL3uw+gjYjCW5zE4Ck2CsVQcIaZ5Fdrrkr8a+qO4J4qP3VjMaV+tW437BnoInEKUicFWn71yx1EPFEQIpfMmL5jx+ilTKPgEqYVNzEQMz5mI+hnNGQKjJfOwk/pYWIYRjQGTYWkMxF+b6RMGTNRQTapGN6ZeS8X//P6CQ7PvVSEcYIQ8vwQCgmzQ4ZrkbUCdCA0ILI8OVARUs40QwQtKOM8E5OspkrWhzP//SLpHDec08bJzUm9eVE0Uyb75IAcEYeckSa5Ii3SJpxMyBN5Ji/Wo/VqvVnvP6Mlq9ipkT+wPr4ByueYzw==</latexit>

µI � m⇡if when pions appear 

from scattering <latexit sha1_base64="4DHPP7iLSvIlQ6aRi6sYqlDxV+s=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSAIYtiVoJZBG8sI5gHJGmYnN3HI7Owwc1cISxq/wlYrO7H1Tyz8F3fXFBo91eGce7nnnkBLYdF1P5zCwuLS8kpxtbS2vrG5Vd7eadkoNhyaPJKR6QTMghQKmihQQkcbYGEgoR2MLzO/fQ/Gikjd4ESDH7KREkPBGabSbU+L/hE9pjQn/XLFrbo56F/izUiFzNDolz97g4jHISjkklnb9VyNfsIMCi5hWurFFjTjYzaCbkoVC8H6SZ56Sg9iyzCiGgwVkuYi/NxIWGjtJAzSyZDhnZ33MvE/rxvj8NxPhNIxguLZIRQS8kOWG5HWAXQgDCCyLDlQoShnhiGCEZRxnopx2k8p7cOb//4vaZ1UvdNq7bpWqV/MmimSPbJPDolHzkidXJEGaRJODHkkT+TZeXBenFfn7Xu04Mx2dskvOO9fF/+Vnw==</latexit>⇡+ � ⇡+ , suggests superfluid at  ’'T = 0’’

<latexit sha1_base64="yl2TkQ6YtGudVl2QGxJ4bSLCPXA=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRGYJQbgYohePGOWRACGzQ4MTZh+Z6dWQDZ/gVU/ejFe/x4P/4ixiokbrVKnqTleXFylpkLE3J7O0vLK6ll3PbWxube/kd/daJoy1gKYIVag7HjegZABNlKigE2ngvqeg7U3OU799C9rIMLjGaQR9n48DOZKCo5WuxqdskC+wIrOoVGhK3CpzLanVqqVSjbpzi7ECWaAxyL/3hqGIfQhQKG5M12UR9hOuUQoFs1wvNhBxMeFj6FoacB9MP5lHndGj2HAMaQSaSkXnInzfSLhvzNT37KTP8cb89lLxL68b46jaT2QQxQiBSA+hVDA/ZISWtgOgQ6kBkafJgcqACq45ImhJuRBWjG0pOdvH19P0f9IqFd1KsXxZLtTPFs1kyQE5JMfEJSekTi5IgzSJIGNyTx7Io3PnPDnPzsvnaMZZ7OyTH3BePwC/SZI4</latexit>

g > 0



Pion superfluid

superfluid suggests Goldstone mode (phonon)

Indeed, we find:

(possibily eaten by Higgs mechanism)



Far from the transition

<latexit sha1_base64="zzXBJ2GfQ1seA8dVNPV75NfDkP0=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOrrSTio1uy6nYMtE6cgNSjQHFS/+sNQxD4GJBQ3pufYEbkJ1ySFwnmlHxuMuJjyMfZSGnAfjZvkWefsJDacQhahZlKxXMTfGwn3jZn5Xjrpc5qYRS8T//N6MY2u3EQGUUwYiOwQSYX5ISO0TEtANpQaiXiWHJkMmOCaE6GWjAuRinHaSiXtw1n8fpm0z+rORf387rzWuC6aKcMRHMMpOHAJDbiFJrRAwASe4BlerEfr1Xqz3n9GS1axcwh/YH18A8/rktU=</latexit>⇢ radial field angular field 

from : parameters to fields

<latexit sha1_base64="MM+qorzJ2BsrKN5Wjsre33JL0+c=">AAACEnicbVDLSgNBEJz1bXxFPQoyGARPYVdFvQiiF48KJhGyYekdW9M4uzvM9Aqy5OYn+BVe9eRNvPoDHvwXNzEHX3UqqrrproqNJse+/+6NjI6NT0xOTVdmZufmF6qLS02X5VZhQ2U6s+cxONSUYoOJNZ4bi5DEGlvx9VHfb92gdZSlZ3xrsJPAVUqXpIBLKaquhl3gIrwBa7rUi7bkvvRl6CiRoaHIj6o1v+4PIP+SYEhqYoiTqPoRXmQqTzBlpcG5duAb7hRgmZTGXiXMHRpQ13CF7ZKmkKDrFIMcPbmeO+BMGrSStByI+H2jgMS52yQuJxPgrvvt9cX/vHbOl3udglKTM6aqf4hJ4+CQU5bKglBekEVm6H+OklKpwAIzWpKgVCnmZWOVso/gd/q/pLlZD3bq26fbtYPDYTNTYkWsiQ0RiF1xII7FiWgIJe7Eg3gUT9699+y9eK9foyPecGdZ/ID39glHIJzE</latexit>

'̂3 = 0 ⇠ ⇡0



Far from the transition

Integrating out the radial fluctuation

yields

acustic metric

effective theory for the Goldstone mode



Further corrections in ChPT

• stable
<latexit sha1_base64="VV8ZJEuv6x6iEdfSXaG81ufBYbc=">AAACG3icbVA9SwNBEN3zM8avqKXNYhC1MNxKUMugjWUEEwNJDHPrGBd3747dOSEc+Qn+BH+FrVZ2Ymth4X/xEgNq9FVv3pthZl4Qa+XI99+9icmp6ZnZ3Fx+fmFxabmwslp3UWIl1mSkI9sIwKFWIdZIkcZGbBFMoPE8uDke+Oe3aJ2KwjPqxdg20A3VlZJAmdQpbG2LXS78i3RX9Hd4S6NzThne6oIx8F2LTqHol/wh+F8iRqTIRqh2Ch+ty0gmBkOSGpxrCj+mdgqWlNTYz7cShzHIG+hiM6MhGHTtdPhQn28mDijiMVquNB+K+HMiBeNczwRZpwG6duPeQPzPayZ0ddhOVRgnhKEcLCKlcbjISauypJBfKotEMLgcuQq5BAtEaBUHKTMxyaLLZ3mI8e//kvpeSeyXyqflYuVolEyOrbMNts0EO2AVdsKqrMYku2MP7JE9effes/fivX61TnijmTX2C97bJ2men2s=</latexit>

(1� 10�1) . � . 1

<latexit sha1_base64="4qdIs9YD9I3gzE8jrEnEHiHk2D0=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEwsCNklRC2JNhQWmMgjAbK5O1xwwuzDmbtGQuj9Clut7Iytv2Hhv7gghYKnOjnn3txzjxcpaci2P63Uyura+kZ6M7O1vbO7l93PNUwYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGl1O/eY/ayDC4oVGEXR8GgexLAZRIbjZ35UreKfAC79zF0ONVt+Rm83bRnoEvE2dO8myOmpv96vRCEfsYkFBgTNuxI+qOQZMUCieZTmwwAjGEAbYTGoCPpjueZZ/w49gAhTxCzaXiMxF/b4zBN2bke8mkD3RrFr2p+J/Xjql/3h3LIIoJAzE9RFLh7JARWialIO9JjUQwTY5cBlyABiLUkoMQiRgnLWWSPpzF75dJo1R0Tovl63K+cjFvJs0O2RE7YQ47YxVWZTVWZ4I9sCf2zF6sR+vVerPef0ZT1nzngP2B9fEN8gOXFQ==</latexit>

Li , H2 from fits

•  first-order transition: seems to require
  largely different parameters, no lattice evidence in <latexit sha1_base64="2TQmSQ7PSHrw79ct9eFoKZXJRXo=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIKCiDRB5SYkXryyaccj5bd2ukyOQnaKGiQ7T8DAX/gmNSQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ19VsPaKyM9B2NY/RDGGo5kAIok9rda1QEXPfKFbfq5uCLxJuRCpuh3it/dfuRSELUJBRY2/HcmPwUDEmhcFLqJhZjECMYYiejGkK0fprnnfCjxAJFPEbDpeK5iL83UgitHYdBNhkC3dt5byr+53USGlz4qdRxQqjF9BBJhfkhK4zMikDelwaJYJocudRcgAEiNJKDEJmYZM2Usj68+e8XSfOk6p1VT29PK7XLWTNFdsAO2THz2DmrsRtWZw0mmGJP7Jm9OI/Oq/PmvP+MFpzZzj77A+fjG0PclCw=</latexit>

�n



Conclusions and outlook

• Related charged superfluidity of pions

• Possibility of BEC of pions

• “Stable” second-order transition from normal state

• Our study suggests possibility of compact
 (condensed) pion stars <latexit sha1_base64="uYlnlMVkkNtCAowzQPSkmevNIxw=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNIqBCETSUQSIPKY6s82UTTrmzrbs9pMhKyVfQQkWHaPkQCv4FJ7iAhKlGM7va2QkTKQy67qdTWFldW98obpa2tnd2y5W9/baJrebQ4rGMdTdkBqSIoIUCJXQTDUyFEjrh+Hrmdx5AGxFHdzhJoK/YKBJDwRlmUlAp+8oGQC+pClI/EdOgUnVr7hx0mXg5qZIczaDy5Q9ibhVEyCUzpue5CfZTplFwCdOSbw0kjI/ZCHoZjZgC00/nwaf02BqGMU1AUyHpXITfGylTxkxUmE0qhvdm0ZuJ/3k9i8OLfiqixCJEfHYIhYT5IcO1yBoBOhAaENksOVARUc40QwQtKOM8E21WUSnrw1v8fpm0T2veWa1+W682rvJmiuSQHJET4pFz0iA3pElahBNLnsgzeXEenVfnzXn/GS04+c4B+QPn4xv6JJdI</latexit>

µe > m⇡



Conclusions and outlook

•        condensation, increasing      further      <latexit sha1_base64="ZRlaLNjqBU5IcHP8CrHkEPPqnmw=">AAACBnicbVDLSgNBEJyNrxhfMR69DAYhooRdCepFCHoRvEQwD0hC6J104pDZBzO9Ylhy9yu86smbePU3PPgvbmIOmlinoqqbri43VNKQbX9aqYXFpeWV9GpmbX1jcyu7nauZINICqyJQgW64YFBJH6skSWEj1Aieq7DuDi7Hfv0etZGBf0vDENse9H3ZkwIokTrZ3HXnkJ/zQnTEWy7o2IwOOtm8XbQn4PPEmZI8m6LSyX61uoGIPPRJKDCm6dghtWPQJIXCUaYVGQxBDKCPzYT64KFpx5PsI74fGaCAh6i5VHwi4u+NGDxjhp6bTHpAd2bWG4v/ec2IemftWPphROiL8SGSCieHjNAyKQV5V2okgnFy5NLnAjQQoZYchEjEKGkpk/ThzH4/T2rHReekWLop5csX02bSbJftsQJz2CkrsytWYVUm2AN7Ys/sxXq0Xq036/1nNGVNd3bYH1gf30X6l00=</latexit>

K+ = (u, s̄)
<latexit sha1_base64="4huktSbWOtxtBrP/mVJ5cLb1I50=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNNAFCSeRkig6XzbhlDvbuttDiqx8Ay1UdIiWz6HgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun/QNpHVHHweyUh3A2ZAihB8FCihG2tgKpDQCabXmd95BG1EFN7jLIaBYpNQjAVnmEp+X9nh7bBac+tuDrpMvILUSIHWsPrVH0XcKgiRS2ZMz3NjHCRMo+AS5pW+NRAzPmUT6KU0ZArMIMnDzumJNQwjGoOmQtJchN8bCVPGzFSQTiqGD2bRy8T/vJ7F8eUgEWFsEUKeHUIhIT9kuBZpC0BHQgMiy5IDFSHlTDNE0IIyzlPRprVU0j68xe+XSfus7p3XG3eNWvOqaKZMjsgxOSUeuSBNckNaxCecCPJEnsmLM3NenTfn/We05BQ7h+QPnI9vW96TIA==</latexit>µI

• “BEC/BCS” crossover at larger
<latexit sha1_base64="rmd3LuxECcUOFgVpls6zzXqiRxQ=">AAACFXicbVC7TsNAEDzzJrwClDQHERIFimxAQImggQ4kQiLFkbU+NuHEnX3crRHISs0n8BW0UNEhWmoK/gUnpOA11WhmV7szsVHSke+/e0PDI6Nj4xOTpanpmdm58vzCmUszK7AmUpXaRgwOlUywRpIUNoxF0LHCenx50PPr12idTJNTujXY0tBJZFsKoEKKysuhzqIjHoIxNr3hobuylG92ebjOdZSHRnajcsWv+n3wvyQYkAob4Dgqf4Tnqcg0JiQUONcMfEOtHCxJobBbCjOHBsQldLBZ0AQ0ulbej9Llq5kDSrlBy6XifRG/b+SgnbvVcTGpgS7cb68n/uc1M2rvtnKZmIwwEb1DJBX2DzlhZdER8nNpkQh6nyOXCRdggQit5CBEIWZFaaWij+B3+r/kbKMabFe3TrYqe/uDZibYElthayxgO2yPHbJjVmOC3bEH9sievHvv2XvxXr9Gh7zBziL7Ae/tE6qynrE=</latexit>

µI ⇡
p
3m⇡



Thank you 
for attention !
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Main goal

Study some aspects of the dynamics of pions
    in ultra-dense matter



Conclusions and outlook

•                condensation, increasing 

• Related charged superfluidity of pions

<latexit sha1_base64="ZRlaLNjqBU5IcHP8CrHkEPPqnmw=">AAACBnicbVDLSgNBEJyNrxhfMR69DAYhooRdCepFCHoRvEQwD0hC6J104pDZBzO9Ylhy9yu86smbePU3PPgvbmIOmlinoqqbri43VNKQbX9aqYXFpeWV9GpmbX1jcyu7nauZINICqyJQgW64YFBJH6skSWEj1Aieq7DuDi7Hfv0etZGBf0vDENse9H3ZkwIokTrZ3HXnkJ/zQnTEWy7o2IwOOtm8XbQn4PPEmZI8m6LSyX61uoGIPPRJKDCm6dghtWPQJIXCUaYVGQxBDKCPzYT64KFpx5PsI74fGaCAh6i5VHwi4u+NGDxjhp6bTHpAd2bWG4v/ec2IemftWPphROiL8SGSCieHjNAyKQV5V2okgnFy5NLnAjQQoZYchEjEKGkpk/ThzH4/T2rHReekWLop5csX02bSbJftsQJz2CkrsytWYVUm2AN7Ys/sxXq0Xq036/1nNGVNd3bYH1gf30X6l00=</latexit>

K+ = (u, s̄)
<latexit sha1_base64="4huktSbWOtxtBrP/mVJ5cLb1I50=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNNAFCSeRkig6XzbhlDvbuttDiqx8Ay1UdIiWz6HgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun/QNpHVHHweyUh3A2ZAihB8FCihG2tgKpDQCabXmd95BG1EFN7jLIaBYpNQjAVnmEp+X9nh7bBac+tuDrpMvILUSIHWsPrVH0XcKgiRS2ZMz3NjHCRMo+AS5pW+NRAzPmUT6KU0ZArMIMnDzumJNQwjGoOmQtJchN8bCVPGzFSQTiqGD2bRy8T/vJ7F8eUgEWFsEUKeHUIhIT9kuBZpC0BHQgMiy5IDFSHlTDNE0IIyzlPRprVU0j68xe+XSfus7p3XG3eNWvOqaKZMjsgxOSUeuSBNckNaxCecCPJEnsmLM3NenTfn/We05BQ7h+QPnI9vW96TIA==</latexit>µI

• Possibility of BEC of pions

• “Stable” second-order transition from normal state

• Our study suggests possibility of compact
 (condensed) pion stars <latexit sha1_base64="uYlnlMVkkNtCAowzQPSkmevNIxw=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNIqBCETSUQSIPKY6s82UTTrmzrbs9pMhKyVfQQkWHaPkQCv4FJ7iAhKlGM7va2QkTKQy67qdTWFldW98obpa2tnd2y5W9/baJrebQ4rGMdTdkBqSIoIUCJXQTDUyFEjrh+Hrmdx5AGxFHdzhJoK/YKBJDwRlmUlAp+8oGQC+pClI/EdOgUnVr7hx0mXg5qZIczaDy5Q9ibhVEyCUzpue5CfZTplFwCdOSbw0kjI/ZCHoZjZgC00/nwaf02BqGMU1AUyHpXITfGylTxkxUmE0qhvdm0ZuJ/3k9i8OLfiqixCJEfHYIhYT5IcO1yBoBOhAaENksOVARUc40QwQtKOM8E21WUSnrw1v8fpm0T2veWa1+W682rvJmiuSQHJET4pFz0iA3pElahBNLnsgzeXEenVfnzXn/GS04+c4B+QPn4xv6JJdI</latexit>

µe > m⇡


