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Part II

positivity bounds



dispersion relations

complex s-plane

4𝑚#

𝑅𝑒	𝑠

𝐼𝑚	𝑠
𝑡 < 4𝑚#

−𝑡
×	𝑠#×	𝑠-

×𝑠.

1
2𝜋𝑖	

𝑇(𝑠, 𝑡)
(𝑠 − 𝑠-)(𝑠 − 𝑠#)(𝑠 − 𝑠.)

has 3 simple poles inside the contour



∮𝑑𝑠��
-
#:;	

<(=,>)
(=?=@)(=?=A)(=?=B)

= <(=@,>)
(=A?=@)(=B?=@)

+ <(=A,>)
(=@?=A)(=B?=A)

+ <(=B,>)
(=@?=B)(=A?=B)

Cauchy formula

explicit integration contribution at infinity vanishes

∮𝑑𝑠��
-
#:;	

<(=,>)
(=?=@)(=?=A)(=?=B)

= ∫ 𝑑𝑠 -
#:;	

< =F;G,> ?< =?;G,>
(=?=@)(=?=A)(=?=B)

FH
IJA

+K 𝑑𝑠
1
2𝜋𝑖	

𝑇 𝑠 + 𝑖𝜖, 𝑡 − 𝑇 𝑠 − 𝑖𝜖, 𝑡
(𝑠 − 𝑠-)(𝑠 − 𝑠#)(𝑠 − 𝑠.)

?>

?H

change of variables in 2nd integral 𝑠 → 4𝑚# − 𝑡 − 𝑠

K 𝑑𝑠
1
2𝜋𝑖	

𝑇 𝑠 + 𝑖𝜖, 𝑡 − 𝑇 𝑠 − 𝑖𝜖, 𝑡
(𝑠 − 𝑠-)(𝑠 − 𝑠#)(𝑠 − 𝑠.)

?>

?H
= K 𝑑𝑠

1
2𝜋𝑖	

𝑇 𝑠 + 𝑖𝜖, 𝑡 − 𝑇 𝑠 − 𝑖𝜖, 𝑡
(𝑠 − 𝑢-)(𝑠 − 𝑢#)(𝑠 − 𝑢.)

FH

IJA

𝑇 𝑠 − 𝑖𝜖, 𝑡 = 𝑇 4𝑚# − 𝑡 − (𝑠	+ 𝑖𝜖), 𝑡crossing symmetry

𝑢; ≡ 4𝑚# − 𝑡 − 𝑠;

analyticity

Froissart bound



define 𝐷𝑖𝑠𝑐	𝑇 𝑠, 𝑡 ≡
𝑇 𝑠 + 𝑖𝜖, 𝑡 − 𝑇 𝑠 − 𝑖𝜖, 𝑡

2𝑖

𝑇(𝑠-, 𝑡)
(𝑠# − 𝑠-)(𝑠. − 𝑠-)

+
𝑇(𝑠#, 𝑡)

(𝑠- − 𝑠#)(𝑠. − 𝑠#)
+

𝑇(𝑠., 𝑡)
(𝑠- − 𝑠.)(𝑠# − 𝑠.)

=

K
𝑑𝑠′
𝜋	 	𝐷𝑖𝑠𝑐	𝑇 𝑠′, 𝑡

FH

IJA

1
(𝑠S − 𝑠-)(𝑠S − 𝑠#)(𝑠′ − 𝑠.)

+
1

(𝑠S − 𝑢-)(𝑠S − 𝑢#)(𝑠′ − 𝑢.)

we get the dispersion relation



application

choose 𝑡 = 0

1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W#JA

go to the symmetric point

take the limit

𝐷𝑖𝑠𝑐	𝑇 𝑠, 0 = Im	𝑇 𝑠, 0

𝑠 = 2𝑚#

𝑠-,#,. → 𝑠

= 4K
𝑑𝑠′
𝜋	 𝑠′(𝑠′ − 4𝑚#)� 𝜎 𝑠′

1
(𝑠S − 2𝑚#). > 0

FH

IJA

= 2K
𝑑𝑠′
𝜋	 Im𝑇 𝑠′, 0

1
(𝑠S − 2𝑚#).

FH

IJA

positivity bound

here 𝑢 = 𝑠

for theories where 𝑚 is very small or zero

1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W\

= 4K
𝑑𝑠′
𝜋	 𝜎 𝑠′

1
(𝑠S)# > 0

FH

\



constraints on EFT
Back to our counterexample

ℒ^_ =
1
2𝜕

a𝜑𝜕a𝜑 + 𝑔	 𝜕a𝜑𝜕a𝜑
# +⋯

symmetries: Lorentz and 𝜑 𝑥 → 𝜑 𝑥 + 𝑐

field content and symmetries allow for (real) arbitrary 𝑔
EFT validity extends up to 𝐸 ≈ 1/ |𝑔|j

add a small mass term − -
#
𝑚#𝜑 # to the theory

it breaks the shift symmetry. Eventually 𝑚 → 0 𝑚 ≪ 1/ |𝑔|j

apply the dispersion relation:

1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W\

= 4K
𝑑𝑠′
𝜋	 𝜎 𝑠′

1
(𝑠S)# > 0

FH

\



1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W#JA

can be evaluated within IR theory

exercise: compute 𝑇 𝑠, 𝑡 at the tree level from ℒ^_

1

2

3

4

𝑝-
𝑝# 𝑝I

𝑝.

= 2	𝑖	𝑔	 𝑠# + 𝑡# + 𝑢# +⋯

= + loops

𝑇(𝑠, 0) = 4		𝑔	𝑠# +⋯
𝑡 = 0

		𝑢 = −𝑠

		𝑔 +⋯ = K
𝑑𝑠′
𝜋	
𝜎 𝑠′
𝑠′# > 0

FH

\

plug this in dispersion relation
and take the limit 𝑚 → 0



ℒ^_ =
1
2𝜕

a𝜑𝜕a𝜑 + 𝑔	 𝜕a𝜑𝜕a𝜑
# +⋯

𝑔 + [𝑙𝑜𝑜𝑝𝑠] > 0

unless

theory cannot be embedded into a UV complete but
causality and/or unitarity and/or crossing are violated

𝑔 + 𝑙𝑜𝑜𝑝𝑠 	cannot be computed in IR theory. Inequality right but 
useless. e.g. strong-coupling regime and PT not applicable. 
[“ineffective” EFT where tree approximation is usually assumed to be
a good one]

4𝑚#0 2𝑚#

IR UVK
𝑑𝑠′
𝜋	
𝜎 𝑠′
𝑠′# > 0

FH

\

1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W\

IR = UV



exercise

show that ℒ^_ can be derived from ℒqr = 𝜕a𝜒F𝜕a𝜒 − 𝑉(𝜒F𝜒)

𝑉 𝜒F𝜒 = λ 𝜒F𝜒 − vA

#

#
𝜆 > 0

Symmetries:
Lorentz and global U(1) 𝜒(𝑥) → 𝑒?;x𝜒(𝑥)

spontaneously broken phase 𝜒 𝑥 =
(𝜎(𝑥) + 𝑣)

2�
𝑒?;z({)

absolute minimum of 𝑉(𝜎) at 𝜎 = 0 𝑉 𝜎 =	 -# (2λ𝑣
#)	𝜎# +⋯

							𝑚|
# 	= 2λ𝑣#

𝑚z = 0
below 𝐸 ≈	𝑚| we can consider an EFT 
to describe 𝜑 and its interactions

ℒqr =
-
# 𝜕

a𝜎𝜕a𝜎+
-
# 1 + |

v

#
𝜕a𝜑𝜕a𝜑−

}
I 𝜎# + 2	𝑣	𝜎 #



static equations of motion of 𝜎 (tree-level) 

𝜎# + 2	𝑣	𝜎 = #
J~
A 𝜕a𝜑𝜕a𝜑

plugging this into ℒqr

ℒ^_ =
-
#𝜕

a𝜑𝜕a𝜑+
-

#J~
AvA 𝜕a𝜑𝜕a𝜑

# + O 𝜕𝜑 �

𝑔 =
1

2𝑚|
#𝑣# > 0

we got a bound on 
1
2!
𝑑#𝑇(𝑠, 0)
𝑑𝑠# V

=W\

1
𝑛!
𝑑�𝑇(𝑠, 0)
𝑑𝑠� �

=W\

what can be said on ?



in this simple model we can compute 𝑇(𝑠, 𝑡) in the UV theory

𝑇 𝑠, 𝑡 = −
1
𝑣#

𝑠#

𝑠 − 𝑚|
# +

𝑡#

𝑡 −𝑚|
# +

𝑢#

𝑢 − 𝑚|
#

for example, at the tree-level [exercise]

by expanding 𝑇(𝑠, 0) in inverse powers of 𝑚|
#

𝑇 𝑠, 0 =
2𝑚|

#

𝑣#
𝑠#

𝑚|
I +

𝑠I

𝑚|
� +

𝑠�

𝑚|
-# +

𝑠�

𝑚|
-� + ⋯

we see that, in the TL approximation

1
𝑛!
𝑑�𝑇(𝑠,0)
𝑑𝑠� �

=W\
> 0 [𝑛 even]

good approximation if 2𝑚|
#

𝑣# = 4λ ≪ 1



the moment problem
complex s’-plane

4𝑚# 𝑅𝑒	𝑠′

𝑡 = 0

2𝑚#0 𝑠 ≪ Λ

𝒞	H

𝒞	- 𝒞	#

𝒞(𝑠)

define
𝑎� 𝑠 =

1
𝜋𝑖 K 𝑑𝑠S

𝑇(𝑠S, 0)
𝑠S − 2𝑚# #�F.

𝒞(=)	
							𝑛 = 0,1,2, …

exploit K +
𝒞(=)	

K +
𝒞	@

K +
𝒞	�

K = 0
𝒞	A

K =
𝒞(=)	

K +
?𝒞	@

K
?𝒞	A

we find [exercise]

𝑎� 𝑠 =
2
𝜋K 𝑑𝑠S

𝐼𝑚	𝑇(𝑠S, 0)
𝑠S − 2𝑚# #�F.

FH

=
> 0						𝑛 = 0,1,2, …



relation to Wilson coefficients

𝑇 𝑠, 𝑡 = 𝑇 𝑡, 𝑠 = 𝑇(𝑢, 𝑡)

depends on the crossing-symmetric variables
𝑠 + 𝑡 + 𝑢 = 4𝑚#

𝑠𝑡 + 𝑡𝑢 + 𝑢𝑠	 ↔ 	𝑠# + 𝑡# + 𝑢#
𝑠𝑡𝑢

𝑇 𝑠, 0 = 𝑓 𝑠 − 2𝑚# # 𝑠 − 2𝑚# → 2𝑚# − sunder crossing

at low energies, 𝑠 ≪ Λ, we expand 𝑇 𝑠,0 : 

𝑇 𝑠, 0 = 𝑐\ + 𝑐# 𝑠 − 2𝑚# #+𝑐I 𝑠 − 2𝑚# I + ⋯

for instance, in our previous example 𝑚 = 0 , at the tree-level:

𝑐\ = 0 𝑐#�F# =
2𝑚|

#

𝑣#
1

𝑚|
# #�F#



𝑎� 𝑠 =
1
𝜋𝑖
K 𝑑𝑠S

𝑇(𝑠S, 0)
𝑠S − 2𝑚# #�F.

𝒞(=)	
							𝑛 = 0,1,2, …

𝑇 𝑠, 0 = 𝑐\ + 𝑐# 𝑠 − 2𝑚# #+𝑐I 𝑠 − 2𝑚# I +⋯plugging

into the definition

we get [exercise] 𝑐#�F# = 𝑎� 𝑠 > 0 (𝑛 = 0,1,2, … )
[𝑠 −dependence trivial at the tree-level]



𝑎� 𝑠 =
1
𝜋𝑖
K 𝑑𝑠S

𝑇(𝑠S, 0)
𝑠S − 2𝑚# #�F.

𝒞(=)	
							𝑛 = 0,1,2, …

𝑇 𝑠, 0 = 𝑐\ + 𝑐# 𝑠 − 2𝑚# #+𝑐I 𝑠 − 2𝑚# I +⋯plugging

into the definition

we get [exercise] 𝑐#�F# = 𝑎� 𝑠 > 0 (𝑛 = 0,1,2, … )
[𝑠 −dependence trivial at the tree-level]

however, there is more than that

change of variable 𝑠 − 2𝑚#

𝑠S − 2𝑚#

#

= 𝑥 in 𝑎� 𝑠 =
2
𝜋
K 𝑑𝑠S

𝐼𝑚	𝑇(𝑠S, 0)
𝑠S − 2𝑚# #�F.

FH

=

𝑏� ≡ 	 𝑠 − 2𝑚# #�F#	𝑎� 𝑠 = K 𝑥�	
1
𝜋 𝐼𝑚	𝑇

� 𝑠, 𝑥 	𝑑𝑥
-

\
	> 0

sequence of (dimensionless) moments

.																													
�\



𝑚� = K 𝑥�	𝜌 𝑥 	𝑑𝑥
-

\
	> 0

𝑚\ mass

𝑚- (center of mass) x mass

𝑚# moment of inertia

multiple expansion of electrostatic potential 𝑉 𝑟 	due to a charge 
distribution 𝜌 𝑟′ at 𝑟 ≫ 𝑅

mass density distribution

moment problem: given 𝑚� how to establish whether it is a sequence
of moments and can we reconstruct the density 𝜌 𝑥 from 𝑚� ? 



�𝛼�𝑏�

�

�W-

= K 𝑃� 𝑥 	𝜌 𝑥 	𝑑𝑥
-

\
	> 0

take an arbitrary positive polynomial in [0,1] 𝑃� 𝑥 =�𝛼�𝑥� > 0
�

�W-

𝜌 𝑥 =
1
𝜋 𝐼𝑚	𝑇

� 𝑠, 𝑥 > 0

we have an infinite set of constraints related to 
the infinite choices of 𝑃� 𝑥

a basis of positive polynomial in 0,1 is

𝑃�F� 𝑥 = 𝑥� 1 − 𝑥 �

Bernstein polynomials

we have = K 𝑥�	 1 − 𝑥 � 1
𝜋 𝐼𝑚	𝑇

� 𝑠, 𝑥 	𝑑𝑥
-

\
	> 0

= −1 � Δ�𝑏 � > 0 (𝑛, 𝑘 = 0,1,2, … )



Δ\𝑏 � ≡ 𝑏� Δ-𝑏 � ≡ 𝑏�F- − 𝑏� Δ�𝑏 � ≡ Δ- Δ�?-𝑏 �

𝑏� > 0

𝑏� − 𝑏�F- > 0

𝑏� − 𝑏�F- − (𝑏�F- − 𝑏�F#) > 0

𝑏� − 𝑏�F- − 2 𝑏�F- − 𝑏�F# + 𝑏�F# − 𝑏�F. > 0

𝑏� − 𝑏�F- − 3 𝑏�F- − 𝑏�F# + 3 𝑏�F# − 𝑏�F. − 𝑏�F. − 𝑏�FI > 0

for example 𝑏� = 1,
1
2 ,
1
3 ,
1
4 ,
1
5 ,
1
6 , …

0 𝑏\

…

𝑏-𝑏#𝑏.

completely 
monotonic
sequence



the converse is also true (Hausdorff theorem): a sequence 𝑏� 	obeying

−1 � Δ�𝑏 � ≥ 0 for all non-negative 𝑛 and 𝑘

is a sequence of moments corresponding to a unique measure -
:
𝐼𝑚	𝑇� 𝑠,𝑥 	𝑑𝑥

in our previous example

𝑏� =
#J~

A

vA
=
J~
A

#�F#

exercise

find 𝐼𝑚	𝑇 𝑠S, 0 and identify the measure    
-
: 𝐼𝑚	𝑇

� 𝑠,𝑥 	𝑑𝑥

show that

discuss the domain of validity of the condition −1 � Δ�𝑏 � ≥ 0

−1 � Δ�𝑏 � =
#J~

A

vA
=
J~
A

#�F#
1 − =A

J~
j

�



bounds on first three arcs.     𝑏� ≡  𝑠 − 2𝑚# #�F#	𝑎� 𝑠

when we are interested in few 𝑎�(𝑠) there are optimization
tools and only a finite number of inequalities are sufficient



exercise which operator have we bounded?

ℒqr =
-
# 𝜕

a𝜎𝜕a𝜎+
-
# 1 + |

v

#
𝜕a𝜑𝜕a𝜑−

}
I 𝜎# + 2	𝑣	𝜎 #

show that, integrating out the heavy mode σ (not in the static approximation)
we get 

1
2𝑣#𝑚|

# 𝜕
a𝜑𝜕a𝜑 𝛾# + 𝛾.

𝜕a𝜕a
𝑚|
# + 𝛾I

𝜕a𝜕a
𝑚|
#

#

+⋯ 𝜕a𝜑𝜕a𝜑

ℒ^_ =
1
2 𝜕

a𝜑𝜕a𝜑 +

+	higher orders in 𝜕a𝜑𝜕a𝜑

determine the coefficients 𝛾�
write the relation between 𝛾� and 𝑐�



do the moments 𝑏� bound the coefficient 𝛾.	?

contribution from 𝛾. grows like 𝑠.

crossing symmetry requires  𝑠. + 𝑡. + 𝑢. = −3(𝑠#𝑡 + 𝑠𝑡#)

we need a dispersion relation at 𝑡 ≠ 0

forward scattering cannot bound all possible operators



super soft behavior

𝑇 𝑠, 0 = 𝑐\ + 𝑐#𝑠# + 𝑐I𝑠I + 𝑐�𝑠� +⋯

super softness: 𝑇 𝑠, 0 	 dominated 
by 𝑠�	, 	𝑛 > 2

can this be true at least
in some energy range?

𝑐#�F# = 𝑎� 𝑠 𝑐#𝑠# > 𝑐I𝑠I

here 𝑚 = 0

super soft behavior
always subdominant



recent directions
beyond forward scattering:      𝑡 ≠ 0

not only lower bounds

not only even 
coefficients



recent directions

more scalar fields,….

fields carrying spin

so far 𝑑 = 4



Euler-Heisenberg EFT

“Halpern and Debye have already independently drawn attention to the fact 
that the Dirac theory of the positron leads to the scattering of light by light, 
even when the energy of the photons is not sufficient to create pairs.”

in classical theory, light propagation obey the superposition principle 



effects

tiny cross-section, yet unobserved 

for visible light 𝜔 ≈ 1	𝑒𝑉

birefringence of the vacuum: light propagation velocity depend on 
both direction and polarization. Not yet detected
[common in some materials, e.g. calcite]



…. even when the energy of the photons is not sufficient to create pairs.

2𝑀0

𝐸 ≪ 2𝑀

low-energy effective Lagrangian for electromagnetic field 𝐴a(𝑥)

U(1) gauge invariance 𝐴a 𝑥 → 𝐴a 𝑥 + 𝜕a𝛼 𝑥
𝐹a¥(𝑥) → 𝐹a¥(𝑥)𝐹a¥ 𝑥 = 𝜕a𝐴¥ 𝑥 − 𝜕¥𝐴a 𝑥

CP invariance 𝐴a 𝑥 → −𝐴a 𝑥¦

dim = 4 −
1
4𝐹a¥𝐹

a¥

dim = 6 𝐹a§𝐹§|𝐹|
a

𝜕§𝐹§|𝜕a𝐹|
a 𝐹a¥𝜕|𝜕|𝐹a¥ candidates

exercise why we can neglect these?



dim = 8 𝐹a¥𝐹a¥
# 𝐹a§𝐹§¥𝐹a|𝐹|¥𝐹a¥𝐹�a¥

#

exercise show that

𝐹�a¥ =
1
2 𝜖a¥¨|𝐹

¨| 𝜖\-#. = −	𝜖\-#. = +1

4𝐹a§𝐹§¥𝐹a|𝐹|¥ = 𝐹a¥𝐹�a¥
# + 2 𝐹a¥𝐹a¥

#

ℒ©ª = − -
I𝐹a¥𝐹

a¥ + «@
-� 𝐹a¥𝐹a¥

# + «A
-� 𝐹a¥𝐹�a¥

# +⋯

we expect 𝑐-,# ≈
𝛼#

𝑚¬
I



light by light scattering

𝜆-			𝑘-

𝜆#			𝑘# 𝜆I			𝑘I

𝜆.			𝑘.
= 𝑇}@}A}B}j (𝑠, 𝑡, 𝑢)

𝜆; photon helicities

symmetries

P

T

B
o
s
e

𝑇?}@?}A?}B?}j(𝑠, 𝑡, 𝑢)	 = 𝑇}@}A}B}j(𝑠, 𝑡, 𝑢)

𝑇}B}j}@}A(𝑠, 𝑡, 𝑢)	 = 𝑇}@}A}B}j(𝑠, 𝑡, 𝑢)

𝑇}A}@}j}B(𝑠, 𝑡, 𝑢)	 = 𝑇}@}A}B}j(𝑠, 𝑡, 𝑢)

16 amplitudes



crossing

𝑠 ↔ 𝑡
𝜆# ↔ −𝜆.

𝑠 ↔ 𝑢
𝜆# ↔ −𝜆I

𝑇}@?}B?}A}j(𝑡, 𝑠, 𝑢)	 = 𝑇}@}A}B}j(𝑠, 𝑡, 𝑢)

𝑇}@?}j}B?}A(𝑢, 𝑡, 𝑠)	 = 𝑇}@}A}B}j(𝑠, 𝑡, 𝑢)

five independent S-matrix elements, out of 16

𝑇FFFF 𝑠, 𝑡, 𝑢 = 𝑇F??F 𝑡, 𝑠, 𝑢 = 𝑇F?F? 𝑢, 𝑡, 𝑠
𝑇F?F? 𝑠, 𝑡, 𝑢 = ⋯
𝑇F??F 𝑠, 𝑡, 𝑢 = ⋯
𝑇FF?? 𝑠, 𝑡, 𝑢
𝑇FFF? 𝑠, 𝑡, 𝑢

fully 𝑠, 𝑡, 𝑢 symmetric

exercise

fully 𝑠, 𝑡, 𝑢 symmetric



forward scattering 𝑡 = 0

𝑇F??F 𝑠, 0, −𝑠 = 𝑇FFF? 𝑠, 0, −𝑠 = 0 angular momentum 
conservation 

we are left with

𝑇FFFF 𝑠 = 𝑇F?F? −𝑠

𝑇FF?? 𝑠 = 𝑇FF?? −𝑠

exercise

𝑇®¯° 𝑠, 0, −𝑠 ≡ 𝑇®¯° 𝑠

two independent functions, one even in 𝑠

not directly usable in the dispersion relation
𝑠 ↔ 𝑢 crossing relates amplitudes 

- with different polarization or
- where initial and final states have different polarization 

forward elastic scattering needed: 
same polarization of initial and final states

𝑇±²±² 𝑠 = 𝑇±²±² −𝑠



crossed particle = original particle propagating backward in time: 
momenta, helicities and conserved charges flip their signs

original crossed

linear polarizations left unchanged

original crossed



𝑇}@}A}B}j 𝑠 = 𝜖}@
x@ 𝑘- 𝜖}A

xA 𝑘# 𝜖}B
xB∗ 𝑘- 𝜖}j

xj∗ 𝑘# ×
×	ℳx@xAxBxj(𝑘-, 𝑘#)

from helicities to linear polarization

𝜖x 𝑘 =
1
2�
𝜖?x 𝑘 − 𝜖Fx 𝑘

𝜖®x 𝑘 =
𝑖
2�
𝜖?x 𝑘 + 𝜖Fx 𝑘

two independent elastic channels

𝑇 𝑠 =
1
4 𝑇FF?? 𝑠 + 𝑇FFFF(𝑠) + 𝑇F?F?(𝑠)

𝑇®® 𝑠 =
1
4 𝑇FF?? 𝑠 − 𝑇FFFF 𝑠 − 𝑇F?F?(𝑠)

both satisfying 𝑇±² 𝑠 = 𝑇±² −𝑠

𝑇±² 𝑠 ≡ 𝑇±²±² 𝑠notation



𝑇±² 𝑠 = 𝜖±
x@ 𝑘- 𝜖²

xA 𝑘# 𝜖±
xB∗ 𝑘- 𝜖²

xj∗ 𝑘# ×	ℳx@xAxBxj(𝑘-,	𝑘#)

ℳx@xAxBxj(𝑘-,	𝑘#)	 = 𝐴(𝑠)𝑔x@xB𝑔xAxj +

𝐵(𝑠)𝑔x@xj𝑔xAxB +

𝐵(−𝑠)𝑔x@xA𝑔xBxj +	[𝑘-x@𝑘-xA𝑔xAxj +…]

exercise: show that

𝑇±² 𝑠 = 𝐴 𝑠 + 𝐵 𝑠 𝛿±² + 𝐵 −𝑠 𝛿±²

since 𝑢𝑠 crossing 𝑠 ↔ −𝑠
2 ↔ 4

	𝜖x 𝑘- = (0, +1,0,0)
	𝜖®x 𝑘- = (0,0, +1,0)

	𝜖x 𝑘# = (0, −1,0,0)
	𝜖®x 𝑘# = (0,0, +1,0)use

1
2!
𝑑#𝑇±²(𝑠, 0)

𝑑𝑠# V
=W\

= 4K
𝑑𝑠′
𝜋	 𝜎±² 𝑠′

1
(𝑠S)# > 0

FH

\

dispersion relation



exercise: evaluate 𝐴 𝑠 and 𝐵(𝑠) from ℒ©ª

𝐴 𝑠 = 𝑐# 𝑠#

𝐵 𝑠 = -
# (𝑐- − 𝑐#)	𝑠

#

𝑇 𝑠 = 	𝑐-	𝑠#

𝑇® 𝑠 = 	𝑐#	𝑠#

1
2!
𝑑#𝑇(®)(𝑠, 0)

𝑑𝑠# V
=W\

=	𝑐-(#)> 0

hint: derive the contribution to the Feynman rule proportional to

𝑎	𝑔x@xB𝑔xAxj + 𝑏	𝑔x@xj𝑔xAxB + c	𝑔x@xA𝑔xBxj
𝑎, 𝑏	, 𝑐	being linear combination of 𝑐- and 𝑐#

ℒ©ª = − -
I𝐹a¥𝐹

a¥ + «@
-� 𝐹a¥𝐹a¥

# + «A
-� 𝐹a¥𝐹�a¥

# +⋯



given an UV theory we can compute 𝑐- and 𝑐#

QED [internal electron loop]

1 2 3 4 5 6

	𝑔x@xB𝑔xAxj							(	𝑔x@xj𝑔xAxB +	𝑔x@xA 𝑔xBxj)
(1,6)

(2,4)

(3,5)

+78 −62

+59 +45

+59 −25

Tot x 2 +392 −84

xA

.-»	J¼j
+392	𝑔x@xB𝑔xAxj − 84(	𝑔x@xj𝑔xAxB + 	𝑔x@xA𝑔xBxj)	 (𝑘- ½ 𝑘#) #+…

ℳx@xAxBxj(𝑘-,	𝑘#)=

units    
xA

.-»	J¼
j (𝑘- ½ 𝑘#) #

low-energy expansion 𝑠 ≪ 𝑚¬
#





QED
Euler

Heisenberg

scalar
QED

𝛼#

	𝑚¬
I
8
45

𝛼#

	𝑚¬
I
14
45

𝛼#

	𝑚¬
I
7
90

𝛼#

	𝑚¬
I
1
90

axion 0
𝛼#

	𝑚¾
#𝑓¾#

𝑔¾#

2𝜋#

𝑐- 𝑐#

ℒ¾ = − -
I𝐹a¥𝐹

a¥ + -
#𝜕

a𝑎𝜕a𝑎 −
-
#	𝑚¾

# 𝑎# + 𝑔¾
x
I:¿ 𝑎𝐹a¥𝐹

�a¥

1-loop

1-loop

tree-level



birefringence of vacuum

refractive index depends on 
both direction and polarization. 

light propagation ↔ 𝐴a	equations of motion

ℒ©ª = −ℱ +	𝑐- ℱ# + 	𝑐#	𝒢# + ⋯ ℱ ≡
1
4 𝐹a¥𝐹

a¥

𝒢 ≡
1
4𝐹a¥𝐹

�a¥
exercise: derive the EOM

1 − 2𝑐-ℱ 𝜕x𝐹xÂ = 2𝑐-(𝜕x ℱ)𝐹xÂ + 2𝑐#(𝜕x𝒢)𝐹�xÂ +

nonlinear EOM, reducing to Maxwell when 𝑐-,# = 0



propagation of light through 
a given E and/or B field

linearize the EOM by
decomposing

𝐴a 𝑥 = 𝐴«Ã	a 𝑥 + 𝐴a′ 𝑥

𝐴«Ã	a 𝑥 𝐴«Ã	a 𝑥

𝐴a ′ 𝑥 𝐴a ′ 𝑥

fixed by experimental setting

assume constant E and B fields

𝜕x 𝐹«Ã
a¥ = 0

exercise: derive the linearized EOM

1 − 2𝑐-ℱ«Ã 𝜕}𝜕}𝑔a¥ − 𝜕a𝜕¥ 𝐴¥S =
=	2 𝑐-𝐹«Ã

xa𝐹«Ã
Â¥ + 𝑐#𝐹�«Ã

xa𝐹�«Ã
Â¥ 𝜕x𝜕Â𝐴¥S +…



go to Lorentz gauge 𝜕¥𝐴¥S = 0	and to momentum space

1 − 2𝑐-ℱ«Ã 𝑘#𝐴′a=	2 𝑐-𝑏a𝑏¥ + 𝑐#𝑏�a𝑏�¥ 𝐴¥S

𝑏a ≡ 𝐹«Ã
xa𝑘x 𝑏�a ≡ 𝐹�«Ã

xa𝑘x

𝑐-,# = 0 𝑘# = 0

𝑘a = (𝜔, 𝑘) 𝜔 = 𝑘

standard dispersion relation

𝑐-,# ≠ 0 &.    𝐹«Ã
xa,	𝐹�«Ã

xa ≈ 𝜀 ≪ 1

𝑏a,	𝑏�a ≈ 𝜀	𝜔 ℱ«Ã𝑘#	 ≈ 𝜀I𝜔#

𝑘#𝑔a¥ − 2𝑐-𝑏a𝑏¥ − 2𝑐#𝑏�a𝑏�¥ 𝐴¥S = 𝑂(𝜀I𝜔#)

𝑘# = 𝑂(𝜀#𝜔#)



up to terms of 𝑂(𝜀I𝜔#)

𝑏a𝑏a = 𝑏�a𝑏�a = −𝜔#𝑄# ≤ 0 𝑄# ≈ 𝜀#

𝑏a𝑏�a = 0

2

1

𝑏a𝑏a = −𝜔# 𝐸
#
+ 𝑘 ½ 𝐸

#
− 𝑘

#
𝐵

#
+ 𝑘 ½ 𝐵

#
+ 2𝜔	𝑘 ½ 𝐸 ½ 𝐵

2𝜔	𝑘 ½ 𝐸×𝐵 ≶ 0 maximized when 𝑘,𝐸, 𝐵 form an orthogonal set

𝑏a𝑏a É±
≤ − 𝜔 𝐸 − 𝑘 𝐵

#
≤ 0

two linearly independent solutions

𝐴aS = β	𝑏a + 𝛽	Ì 𝑏�a

dispersion relations

𝐴aS = 𝑏a

𝐴aS = 𝑏�a

𝑘# + 2𝑐-𝜔#𝑄# = 0

𝑘# + 2𝑐#𝜔#𝑄# = 0

depend on 𝑘a



refractive index 𝑘a = (ω, 𝑛	𝜔𝑘Î)

𝑛-,# ≈ 1 + 𝑐-,#𝑄#
𝑣-,#
𝑐 ≈ 1− 𝑐-,#𝑄#

superluminality
unless 𝑐-,# ≥ 0

birefringence

x and z components of 
em field propagate with 
different velocities and 
accumulate a phase 
difference  

Δ𝜑 = 𝑘# − 𝑘- 𝐿 =
2𝜋
𝜆 𝑛# − 𝑛- 𝐿 ≈

2𝜋
𝜆 𝑐# − 𝑐- 𝐵#𝐿

𝑐# − 𝑐- Ð©Ñ ≈ 4×10?#I	𝑇?#

Δ𝜑 = 2.3×10?-�
𝐵
3	𝑇

# 𝐿
1𝑚

1𝜇𝑚
𝜆 𝑟𝑎𝑑

enhanced to 10?--𝑟𝑎𝑑 ≪ 10?Ó𝑟𝑎𝑑 [present experimental sensitivity]





Backup Slides



𝐼𝑚	𝑇 𝑠S, 0 = :=ÔA

vA [𝛿 𝑠S − 𝑚|
# + 𝛿 −𝑠S −𝑚|

# ]

1
𝜋 𝐼𝑚	𝑇

� 𝑠, 𝑥 	𝑑𝑥 =
2𝑚|

#

𝑣# 	𝑥	𝛿 𝑥 −
𝑠#

𝑚|
I

𝑇 𝑠, 0 = −
1
𝑣#

𝑠#

𝑠 −𝑚|
# + 𝑖𝜖 +

𝑠#

−𝑠 − 𝑚|
# + 𝑖𝜖

1
2𝑣#𝑚|

# 𝜕
a𝜑𝜕a𝜑 1 −

𝜕a𝜕a
𝑚|
# +

𝜕a𝜕a
𝑚|
#

#

−
𝜕a𝜕a
𝑚|
#

.

… 𝜕a𝜑𝜕a𝜑





𝑇 𝑠, 𝑡 = 𝑐\ + 𝑐#,\𝑠# + 𝑐I,\𝑠I + 𝑐�,\𝑠� +⋯+ 𝑐#,-𝑠#𝑡 + 𝑐I,-𝑠I𝑡 +⋯


