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- dispersionrel

complex s-plane = t < 4m?

Ims

---------------------------------------------------------------------------
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1 T(s,t)

21l (S —51)(s —S5)(s — 53)

has 3 simple



Cauchy formula  analyticity
1 T(s,t) 4 T(sq,t) o T(s,,t)

21l (S—S1)(S—S2)(5—53) N (52—51)(S3—S1) (51—52)(33—52)

explicit integration  contribution at infinity vanishes Froissart bound

1 T(s,b) ¢ f+oo 1 T(s+ie,t)-T(s
21l (S—S1)(5—S5)(5—53) ~ J4m? 21l (5—S1)(5—5;

f‘t 1 T(s+iet) —T(s — ie
+ ds —
w 271 (s —STSEaE(S=

¢ ds

change of variables in 2" integral s —>4m?—-t—s |

crossing symmetry T(s —ie,t) =T(4m? —t — (s +ie),t)

j—td 1 T(s+iet) —T(s —ie t) j+°°d 1 T(s +i
4

21l (s —51)(S — s2)(s —s3) mz 27l (S = ‘

uiE4m2_t_ |



T(s+iet) —T(s —igt)

Disc T(s,t) = T

- we get the dispersion relation

T(sy,t) T (s3,t) T(s3,t)

(52— 51)(S3 — 51) (51— 52)(53—52) = (51— 53)(s2 — 53)

to ds’ . , 1 1
Lmz  Dise 6.0 [ s s s e e



M.g*éhoose t=0 DiscT(s,0) =ImT(s,0)
i take the limit 51’2,3 — S

go fo the symmetric point s = 2m?

1 d?T(s,0 Pl
o1 d(z ) = 2[ —ImT(s, 0)
: S smm? 4m?2 T
positivity bound — 4] . — 4?2 0
T \/S (s' —4m )a(s)( T 2m?)? >

1 d?T(s,0)
2! ds?
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l ; l s=0

1 2 f
Lip = 50900 + g (0" p0up)" +
symmetries: Lorentz and ¢ (x) = ¢(x) + ¢ \

field content and symmetries allow for (real) arbitrary g

EFT validity extends up to £ =~ 1/4 / lg] - -

m <« 1/%/|g]

add a small mass term — %mch %> fo the theory
it breaks the shift symmetry. Eventually m — 0

apply the dispersion relation:

1 d?T(s,0)
2! ds?

=4L+wd—sa(s)

G



1 d?T(s,0)

can be evaluated within IR

P3

2! ds?
s=2m?
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t =0
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plug this in dispersion relation t°ds' a(s")
and take the limitm — 0 0

P4

H
p
)
-
. i
i :

v

2ig(s?

T(s,0)=4 gs?+ -
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1 d2T(s,0) r 4 ()
Z ds? IR jo >0 Uv

T §'2

0 2m?

1
IR = UV Lig = EG”QO(?M(P +g

g + [loops] >0

unless

. g + [loops] cannot be computed in IR theory.
useless. e.g. strong-coupling regime and PT not appli
["ineffective” EFT where tree approximation is usual
a good one] 4

. theory cannot be embedded into a UV complete "
causality and/or unitarity and/or crossing are vio



exe

show that L;p can be derived from Lyy = a“)(-l_au)( -V(xx)

Vi x) = Al
Symmetries: g
Lorentz and global U(1) x(x) = e " x(x)

spontaneously broken phase

1 1 2 A
Lyy =3 6“06ﬂ0+5 (1 + %) 0Hd, o — Z(az +2v0)?

absolute minimum of V(6)ato =0 V(o) =

m% = 2Av? below E = m, we can consider an EFT
my = 0 to describe ¢ and its interactions



tic equations of motion of o (tree-level)
242v0=— 9kpd
o +2vV0= i PO,

plugging this into Ly

1 1 2 “
Lig =50%90,¢+ 7 (0*0d,p)" + 0(dp)°
» - > 0
9= 2miv?
1d?T(s,0)
. we got a bound on T ds2
. s=0
n
what can be said on 1 d77(s,0)
nl ds™ | _,




in this simple model we can compute T'(S,t) in the UV th
for example, at the tree-level [exercise]

1 s? t? u?
T(s, t) =— ( + g )

v2\s—m2 t—mZ2 u—ms

by expanding T (s, 0) in inverse powers of M=

2mz [(s? st ° s8
T(s,0) = G(

+ + + + oo 0
4 8 12 16
mg m; mgt  my
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we see that, in the TL approximation

1d"T(s,0)
n! dsm

2

good approximation if 2";“ =42 K1
(%




define 1

1 , T(s',0)
a,(s) = L . ds (

Ti s/ — 2m2)2n+3

exploit jc(s) +L1+Lw+L2= 0 » Pr

we find [exercise]

n=2012,..

2 (T ImT(s',0)
—f ds ( >0 n=0,12..
S

an(s) = T ! — 2m2)2n+3
:
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QS TrT—

T(s,t) =T(t,s) =T (u,t)

depends on the crossing-symmetric variables

T(s,0) = f((s — 2m2)2) under crossing

at low energies, s << A, we expand T(s,0):

4
i »
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o
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T(s,0) = ¢y + (s — 2m?)?+c,(s — 2m?)
for instance, in our previous example (m = 0), at ih “

2mz 1

Co = 0 Con+2 = vz (m3)2n+2




w

 plugging T(s,0) = co + (s — 2m*)%+c, (s — 2m2)‘f'
. y 1 . TG |
into the definition an(s) N EL(S) ds (S’ 3 2m2)2n+3
we get [exercise] Con+2 = an(S) >0 (‘I’l — 0,1,2,

[s —dependence trivial at the tre



lugging T(s,0) = co + ¢, (s — 2m?)%+c, (s — 2m?.

: iy 1 . T
into the definition a,(s) = —L(s) ds (5" — 2m2)Ens3

Tl

we getfexercise] 45 = ay(s) >0 | (n=0,12,..

[s —dependence trivial at ﬂz |

, 2 (Y  ImT(s',0)
=x N an(s)=EL ds (' = Zm2yenss
o
1

1 -
b, = (s —2m?)*"*2 q,(s) = f x™ Elm T(s,x)dx >0

\ 0

s —2m?\°
s' — 2m?

change of variable (

sequence of (dimensionless) moments



'mass density distribution

YA
1
p(x) m, = f x"p(x)dx >0
D S e 0
o7 5 e .
a X b
my  mass

my (center of mass) x mass

m, moment of inertia

multiple expansion of electrostatic potential V(r
distribution p(r’) atr > R

moment problem: given {m,} how to establish wh
of moments and can we reconstruct the densit



take an arbitrary positive polynomial in [0,1] Py (a

N 1

D by = | Py pGIdx >0 pl)

k=1 0

we have an infinite set of constraints related to
the infinite choices of Py (x)

. a basis of positive polynomial in [0,1] is
Pk () = x™(1 — x)"
Bernstein polynomials |
1 1 o=
. we have = f W — X Elm T (s,
0

= (-D¥(&*p) >0 (nk=012,..
a;



(Aob)n = by (Alb)n = by+1 — by (Akb)n =

b, >0 :
completely
b, —b,,; >0 monotonic

sequence
b = brss = (bns1 = bns2) > 0 !
by = bpyq — 2(bn+1 E bn+2) + bpyz —bpyz >0 '_
bp = bny1 — 3B — bpyp) + 3(bnis — buya) =I5 o

for example {b,} =1,=,=,—,=,=, ...




the converse is also true (Hausdorff theorem): a sequence §

exercise

in our previous example

b _2mZ (s
Tl_vz 2

. show that (—1)k(Akb)n _ Zmé( 52)2n+2

v2




' bounds on first three arcs. b, = (s — 2m*)*"*t%

Fas/ao




exercise which operator have we bounded?

1 1 “ ) %
B = - 6”06Ha+5 (1 + %) Hd, o — Z(az + 2 v‘

show that, integrating out the heavy mode o (not in the s’ra_,"
we get |

1
Lig=50"@d, e +

2
aﬂaﬂ 0+,
>0 Q0,0 | V2 V3 + V4

2v2m2 m2 m2
+ higher orders in 0" @0, ¢

. determine the coefficients Yy,
. write the relation between Y and Cj



2 Py
s

. do the moments {b,, } bound the coefficient ¥3 ?

contribution from Y3 grows like S

crossing symmetry requires s3S+t3+ud= —3(S |

we need a dispersion relation at t # 0

L 4

. forward scattering cannot bound all possible operators



T(s,0) = co+ €35 + c48* + cos° + -

super softness: T(s,0) dominated ~ can this be frue at least
by s™, n > 2 ~ in some energy range?

super soft behavior
always subdominant




yond forward scattering:  t # 0
1 1 1
MIOW(Sat) - _92 !_ + -+ —] — A
S t  u
+ ga(8% + 12 + u?) + gs(stu) + ga(s® + 12 + u?)? + gs(s* + £* + u?)(stu)
+96(5° +t° +u”)® + gg(stu)® + g7(s® + % + u?)*(stu) + - --

M? M4 MO
g3 = g3—, g4 = ga—, J5 = 95—,
g2 g2 g2
[ 0.794
< <
0S Gy = 2

1
—10.346 < g3 < 3, 0<g4< 5
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fields carrying spin

Angular Momentum

Space of interactions in EFTs.

so fard =4
Dimension

/

Species

more scalar fields,....




~ Euler-Heis

. in classical theory, light propagation obey the Super‘po‘"

i

. W. Heisenberg, “Comments on the Dirac theory of the positron”, Zeit. f. Phys. 90, 209

"Halpern and Debye have already independently drav
that the Dirac theory of the positron leads to the s
even when the energy of the photons is not sufficient

(1934)

On the scattering of light by light in Dirac’s theory ')
By Hans Euler

Translated by D. H. Delphenich

effective Lagrangian:

@2—%2 1 hC 1 2 2.2 2
JL = + E =B +7(¢8
D) 90 e° Eg[( ) SR G

Folgerungen aus der Diracschen Theorie des Positrons.
Von W. Heisenberg und H. Euler in Leipzig.
Mit 2 Abbildungen. (Eingegangen am 22. Dezember 1935.)



. tiny cross-section, yet unobserved

973 a4{ W }6 <m
o = w e
101257 m2 Um, ) ~
o =7x10"9%m2 = 7 x 10~4D. for visible li

. birefringence of the vacuum: light propagation v
both direction and polarization. Not yet detect
[common in some materials, e.g. calcite] "



... even when the energy of the photons is not sufficient to

U(1) gauge invariance
E, () = 9,4,(0) — 8,4, ) Fuv (X) = Fiyy (%)

CP invariance Ay (x) > —A"(xp) :_.

B din-6 E,F°°F  groart

- why we can neglect these?



dim=8 (£, F")’ (Ep P’

E,,FPVFHIE,,

- show that 4Fup FPVFHOF = (Fu

¥ 1
F¥ = EE[,WQJFQJ

973 o {

6
7= 101257 m?2 } e

S|e



ht by

A Ky /\ A3 K3
I -

= Th, 4,252, (S,1,U)

16 amplit

Ai photon helicities

symmetries | M |

B Ty -a-2-2,(Stu) =Ty 3.2.2,(5t,u)

W ToaaanGtw) =Ty (st

L g

Tﬂ,zlll 2.,4,/13 (S’ t’ u) — T/‘llﬂz/’l?, /14, (S’ t’ u)



e

St _
Bo—dy | 22, (650 = Tia,202,(5, 6
SeoU . ”
oo =ty hada=2a (W S) = Ta,2,2,0, (5,81

» five independent S-matrix elements, out of 1€

Trvrs(stu) = T4 (5 s, 0)= T
Tiy—(s,t,u) =
R s, t =
Tiyi__(s,t,u) fuly (s,t,u) symmetric

T+++_(S, t, U) fU”y (S) t! u) SYmmeTri



we are left with
Tiy44(s) =Toy_(—5)
Tiy—(s)=Try__(—5)

two independent functions, one evenin S

Txywz(s,0,—s

not directly usable in the dispersion relation
(s & u) crossing relates amplitudes

- with different polarization or

- where initial and final states have different polariza

forward elastic scattering needed:
same polarization of initial and final states

» Tapap(s) = Typap(—



crossed particle = original particle propagating bac :
momenta, helicities and conserved charges flip thei

&)

original

linear polarizations left unchanged

original




T/11/12/13 2 (S) — E;xll (kl)efzz (kz)ef;* (kl)E/izL*
X Ma1a2a3a4 (klr kz)

from helicities to linear polarization

1
ex (k) = Nz leZ(k) — X (k)]

e (i) = é €% (k) + €2 (k)]

two independent elastic channels

1
Txxxx(s) = 7 [Ths——(8) + Toiy s (8) + Toy—(5)]

1
Txyxy(s) = 4 [Ths—(8) = Tyiy s (8) = Toy_(5)]

both satisfying Tap(s) = Tyg(—s)

~notation  Typ(s) = Tapan(s)
A :



Typ(s) = Effl(kl)fgz(kz)ff’*(kl)ég“*(kz)x 1

Ma1a2a3a4 (k1, k2) = A(S)galagga2a4 i
B(S)ga1a4ga2a3 i |
B(_S)galazga3a4 + [ 1

B e
Tup(s) = A(s) + B(s)8u5 + B(=5)8u5

E)‘(Z(kl) =5 (0, +1,0, .

use
Elg(kl) = (0'01 V;
1 dZTAB(S, O) +OodS’ ,
21 ds? =4f0 7 4s(s)
s=0




_ 1 v 4 V% | C2 I v 2
Lpu = — B0 P + 2 (B FY)" + 12 (B F*Y)" + -
hint: derive the contribution o the Feynman rule propc |

QY9a,a.9a,a, T b Ja,a,9a,a; T C9a,a,9aa,

4

a, b , ¢ being linear combination of ¢; and C;

A(s) = ¢, s

» Txx(s) = ¢ s |

B(s) = %(cl — ¢,) 52 Txy(s) = ¢z s

'7 ‘

1 d*Txxxy)(s, 0)
2! ds?

= C1(2)> 0

s=0



n an UV theory we can compute C; and C;

[internal electron loop] My woaa (ki, k)=
14241 3%4

\,/ \,J’ \,/’ R\,f \,f \,J
N Vi PSS SRS

1 2 3 4 5 6

ga1a3ga2a4 ( ga1a4ga2

(1,6) +78
(2,4) +59
(3,5) +59
Tot x 2 +392

315 m [+392 galaggCZzCLl, 84(ga1a4ga2a3 + galaz ga3a4) ](kl * kz) 2+..,

Foay
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)= << X°

in2i= rulel = {kl.kl >0, k2.k2 - 0};
1= LScalarQ[x] = Truej LScalarQ[y] = True;
inf-]= (* Compute the 1st diagram - 1234 «x)

5= traccial = Spur[yai, Y.k+mil, ¥a2, Y.k-yy.k2 +mi, yaz, Y. k+xy.kl-yy.k2+mi, ¥as,
Y-k+xy.kl+mi];

inel= I1 = LoopIntegrate[traccial, k, {k, m}, {k-yk2, m}, {k+xkl-yk2, m}, {k+xkl, m}];
in7:= I1 = I1 /. rulel;

nig}= I1 = Coefficient[Expand[Il], ga1,as |3

no}= I1 = Coefficient[Expand[I1], @a2,a4 |}

m = I1 = LoopRefineSeries[Il, {x, 0, 2}, {y, 0, 2}]}

= C1 = Coefficient[Expand[Il], xA2yA2]

26 (k1.k2)?

Out[«]= —
105 m*
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1 1 1
g v 4 =gl -
4EwF +26 ad,a om

a a




irefringenc

refractive index depends on
both direction and polarization.

light propagation < A, equations of motion

LEH=_T+ C1T2+C2 gZ_l_

(1 = 26, F)9aF*F = 2610 FIF*F + 2¢,(0,5)F +

nonlinear EOM, reducing to Maxwell when ¢ ;



y

propagation of light through
a given E and/or B field

linearize the EOM by
decomposing

AH(X) = Ag u(x) + Ay,,(x)

(1 - 2¢,Fg) (040" — 040")A;, =
= 2(c FJUFYY + coFgtEY ) 0405 A+ ..



go to Lorentz gauge 9" 4;, = 0 and to momentum sp

=k, =B

(1 o chfcl)sz’ﬂ= Z(Clbu'bv + ng‘uBV)A;

(kK*g"” — 2¢,b¥bY — 2¢,b#b¥) Ay, = 0(e*w?)



‘qu to terms of 0 (c*w?)

btb, = —w?|E|" + (k- E) —|k|'|B]* + (k- B)" +1
2wk -(ExB)s 0 maximized when k,E, B form an

- -1 =1\2
(b¥b,),,, < —(@lE[ = |K[|B])" <0

» two linearly independent solutions
, ~ ~
A, =Bby,+ B by



= (w,n wk)

V1,2
2 2
c =~ 1—C1,2Q

Ewconst.
| A A A A4 A I

x and z components of
em field propagate with
|  different velocities and
41 accumulate a phase

difference

Detector

probe-photons

Ier?g?hL
2 2
A<p=(kz—k1>L=7”(nz—n1>Lz7”<c2—c
B\%/ L\ /lum
A _23x1o-16( )( )( ) d
@ 3T Im A ra

» ?-_rad « 1077rad [present
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s s

1
T(s,0) =— = —
(,0) vz(s—m§+le —5 — mSAENES

ImT(s',0) = [6(5 —m2) + 5(—5"‘

1 2m>= s%\
—ImT(s x)dx—7x6 X——5

U ua of 120, (30, * (gtONN
2v2m2 Pou?® m2 m2 mg /)
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T(s,t) = o+ Cp08* + CaoS* + €608 + -+ + €2 1S°t + ¢4 15t + -+
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