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historical recurrences

describes what 
happens when 
particles of any 
sort collide

theory determined
by consistency 
requirement

suitable to practical
application

>2000: no signal of 
New Physics
how to push our knowledge
beyond present limits?
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Introduction to ET and EQFT

Basic Principles in QFT (causality, unitarity…)

Positivity Bounds: impact of Basic Principles on EQFT

Applications: Euler-Heisenberg EQFT 

EQFT and anomalies

RG flow in 4d

Questions are very welcome!



Part I

an introduction to EFT
and its basic principles



what is an EFT ?

EFT as a sort of “incomplete” theory, as opposed to a “fundamental” one

DEFINITION

Wikipedia definition: 
In physics, an effective field theory is a type of 
approximation, or effective theory, for an underlying physical theory,…

the domain of validity of an ET is limited
there is a boundary in some measurable variable (length, energy, …)
beyond which we cannot apply the theory
in the “forbidden” region we need another theory*)

*) isn’t this true for all known theories in physics?



a falling body near the Earth surface

𝑧" ≈ 10	 ÷ 100	𝑚
task: compute the arrival time

𝑡 =
2𝑧"
𝑔

�

physics law? 𝐹 =
𝐺𝑀𝑚
𝑟2

𝐹 = 345
(789);	=	𝑚𝑔[1 − 2

9
7 +O(

9
7)
2] 𝑔 =

𝐺𝑀
𝑅2

our effective theory 𝐹 = 𝑚𝑔

if our instruments are very precise and 𝑧 is sufficiently large, 
we can include the 1st correction

Example



DOF: 1 massive body m

Use of the “full” theory leads to unnecessary complications
[we do not need QM to build a house]

SYMMETRY: 
- translations in 𝑥 and 𝑦 directions
- rotation around the 𝑧 axis

differ from that of the 
“full” theory: SO(3)

EXPANSION PARAMETER:
z/R tell us where the ET breaks down

All the details of the “full” theory go in g=GM/R2

a parameter that can be determined with
arbitrary precision within the ET  

0.

1.

2.

3.

4.

Properties



1. + 2. + 3. DEFINE the EF

most general theory with 1 DOF, invariant under T(2) x SO(2), with 
expansion parameter z/R

𝐹 = 𝐹"[1 + 𝑐D
9
7 +	𝑐2(

9
7)
2+…]

all constants F0 , c1 , c2 ,… can be determined from measurements
without reference to the full theory

DEFINITION of EF
A theory characterized by 
- a set of DOF
- a symmetry
- a set of expansion parameters

allowing predictions to a given
precision in terms of a finite number of
parameters, directly accessible by the
experiments



we went TOP – DOWN [TD] 𝐹 =
𝐺𝑀𝑚
𝑟2

𝐹 = 𝑚𝑔

assume we do not know the full theory, 
but our experiments discovered 2.
[assuming F(z) regular in z=0] we can write

𝐹 = 𝐹"[1 + 𝑐D
9
E +	𝑐2(

9
E)
2+…]

we can do precision tests and measure
F0 , c1/L , c2/L2 ,… looking for New Physics 

major difference: 

we can also go BOTTOM – UP [BU]



we went TOP – DOWN [TD] 𝐹 =
𝐺𝑀𝑚
𝑟2

𝐹 = 𝑚𝑔

assume we do not know the full theory, 
but our experiments discovered 2.
[assuming F(z) regular in z=0] we can write

𝐹 = 𝐹"[1 + 𝑐D
9
E +	𝑐2(

9
E)
2+…]

we can do precision tests and measure
F0 , c1/L , c2/L2 ,… looking for New Physics 

major difference: 
we do not know what L is  <-> invariance 

𝐿 → 𝜆	𝐿
𝑐D → 𝜆𝑐D
𝑐2 → 𝜆2𝑐2

…from exp:    IJ
E
= −0.31×10NO	𝑚ND

expansion parameter z/L needs a guess:
e.g. assuming 𝑐D = 𝑂(1) leads to 𝐿 ≈ 3000	𝐾𝑚

we can also go BOTTOM – UP [BU]



is there any theory covering the full 	ℓ range ?
the full range is divided into
layers, each with its own 
“incomplete” theory

each layer largely autonomous

incompleteness as an advantage,
rather than a limitation

old view point: reductionism
- there is an hierarchy between 

layers
- QM is more fundamental than

Chemistry or Biology
- upper layers can be derived from

the Theory of Everything

QM

Nuclear
Physics

Standard
Model

Chemistry
Biology



reductionism have great supporters



but also great detractors



Emergent properties
relation between contiguous layers not obvious 

toy model for lower layer: 
1D N-atom chain

𝐿 =S
1
2𝑚	𝑥̇U

2 −
1
2𝑘(𝑥U8D − 𝑥U − 𝑎)2 +⋯

Y

UZD

specific heat, transport properties: go to the continuum limit

𝑥U − 𝑛𝑎 =
1
𝑘𝑎� 𝜑

𝑥
𝑎 ]

^ZU_

𝑥U8D − 𝑥U − 𝑎 = _
`

� a
a^ 𝜑

^
_ b

^ZU_
+…

S→
Y

UZD

1
𝑎c 𝑑𝑥

ℓ

"

[periodic boundary
conditions]



𝐿 = c 𝑑𝑥
ℓ

"

1
2 𝜕

f𝜑𝜕f𝜑 metric 𝜂fh = diag(
1
𝑣 ,−1) 𝑣 =

𝑘𝑎2

𝑚
�

get a field theory giving rise to a 1D Klein-Gordon equation 

1
𝑣2

𝜕2

𝜕𝑡2 −
𝜕2

𝜕𝑥2 𝜑 𝑥, 𝑡 = 0 𝐸 = 𝑝	𝑣

describe sound waves or phonons, when quantized

symmetries

“lower” layer

“upper” layer

DOF

𝑁

∞

1D translations

1D translations

Lorentz-like

shift symmetry

𝑥 → 𝑥 + 𝑐

𝑥f → Λh
f	𝑥h

𝜑 𝑥, 𝑡 → 𝜑 𝑥, 𝑡 + 𝐶

𝑥U → 𝑥U + 𝑐

emergent properties



symmetries

ℓ ≤ 10NDv	𝑚
“lower” layer”

Particle Physics
10NDv	𝑚 ≤ ℓ ≤ 10NDw	𝑚

“upper” layer

DOF

? ? ?

∞

???

4D translations
SO(3) rotations

Lorentz-symmetry

gauge symmetry

𝑥f → 𝑥f + 𝑐f

𝑥f → Λh
f	𝑥h

? ? ?

emergent properties ?

Emergent properties
Emergent = appropriate for the level under investigation



Back to our toy model in the continuum limit

food for thought

what is the expansion parameter in the EFT?

is Lorentz symmetry good to any order of the expansion parameter ?

is the shift symmetry good to any order of the expansion parameter ?



Effective Quantum Field Theories



problem
predictions in QM from summing over all possible intermediate states

how to isolate a layer, 
if we should know about 

ALL DOF and 
THEIR INTERACTIONS?

ℓND ≤ ℓ	 ≤ ℓ"

ℓN2 ≤ ℓ	 ≤ ℓND

TE
RR

A
 

IN
CO

GN
IT

A

EFT ℓ" ≤ ℓ	 ≤ ℓD



solution: the uncertainty principle

high-energy effects are short range 					Δ𝑥	 ≪ ℓ"
if our experiments cannot resolve Δ𝑥, 
high-energy effects becomes local ≡
look like some term in a local Lagrangian

𝑔2c 𝑑{𝑥
�

�

c 𝑑{𝑦
�

�

(𝜓}𝛾f𝜓)(𝑥)Δ(𝑥 − 𝑦)(𝜓}𝛾f𝜓)(𝑦) →
𝑔2

𝑀2 c𝑑
{𝑥

�

�

	 (𝜓}𝛾f𝜓	𝜓}𝛾f𝜓)(𝑥)

Example: Fermi theory of weak interactions

𝑔 =
𝐺𝑀
𝑅2



high-energy effects are absorbed in parameters ck , M,…
determined by experiment
most general theory with given DOF and SYMMETRY:  

ℒ��� = ℒ�{(𝑐�{,𝑀,𝜑) +
D
�ℒw(𝑐w, 𝜑) +

D
�; ℒO (𝑐O, 𝜑) +	+…



ℒ��� = ℒ�{(𝑐�{,𝑀,𝜑) +
D
�ℒw(𝑐w, 𝜑) +

D
�; ℒO (𝑐O, 𝜑) +	+…

typical expansion parameter: 
�
�

Probability ∝ 𝒜 2 = 𝒜�{(𝑐�{) +
�
�𝒜w(𝑐) +

�;

�;𝒜O(𝑐) +⋯
2

domain of validity: 𝐸 ≤ Λ

𝐸 ≪ Λ Probability ∝ 𝒜 2 = 𝒜�{(𝑐�{,𝑀) 2

all theories look like renormalizable at low energy

[𝑀≪ 𝐸 ≪ Λ]

a new view on renormalizability



a journey in coupling space

𝐹 = 𝐹"[1 + 𝑐D
9
E +	𝑐2(

9
E)
2+…]

𝐿 → 𝜆	𝐿
𝑐D → 𝜆𝑐D
𝑐2 → 𝜆2𝑐2

…



ℓND ≤ ℓ	 ≤ ℓ"

ℓN2 ≤ ℓ	 ≤ ℓND

EFT ℓ" ≤ ℓ	 ≤ ℓD

ℓND ≤ ℓ	 ≤ ℓ′"

ℓN2 ≤ ℓ	 ≤ ℓND

EFT’ ℓ′" ≤ ℓ	 ≤ ℓD

what happens if we slightly lower the cut-off? Λ → 𝑒N�Λ < Λ
[assumption: DOF and SYMMETRY do not change] 

effect absorbed in shift
of mass/coupling

𝑆(𝑐`; Λ) → 𝑆(𝑐`(𝑡), 𝑒N�Λ)
the two descriptions agree when 𝑡 > 0



lowering the cut-off generates a motion in the space of couplings 𝑐`

[arrows toward low-energy]

𝑑𝑐�
𝑑𝑡 = 𝛽�(𝑐)

at special points 𝑐�∗ the motion stops

𝛽� 𝑐∗ = 0 fixed point = FP

around a FP we linearize the motion

𝛽� 𝑐 = 𝛽� 𝑐∗ +
𝜕𝛽�
𝜕𝑐�

�
IZI∗

𝑐� − 𝑐�∗ +⋯

a��
aI�
�
IZI∗

has all negative(positive) eigenvalues = stable(unstable) FP = IR(UV)

at FP the theory is scale invariant𝑐D

𝑐2



most plausible motion is from one stop to another stop

but other possibilities are not excluded 

𝑐D

𝑐2

𝑐2

𝑐D

𝑐D

𝑐D

𝑐2



𝑐D

𝑐2 can we have something
like this?

no, if the the motion 
is described by a 
gradient flow

A
*

*
B 𝛽� 𝑐 = −

𝜕𝑉
𝜕𝑐�

0 = 𝑉�− 𝑉� = c𝑑𝑉 = c
𝜕𝑉
𝜕𝑐�

�

�

�

�

𝑑𝑐�
𝑑𝑡 𝑑𝑡 = −Sc 𝛽� 2𝑑𝑡

�

�

�

�

< 0

in this case the flow is irreversible

we have a quantity that decreases monotonically along the flow

𝑑𝑉 = − 𝛽� 2𝑑𝑡
measures the loss of information when the
layer between Λ	and (1 − 𝑑𝑡)Λ is removed from EFT



RGE flow in 2d

what happens in 4d ?



summary
our focus
Effective Quantum Field Theory

- a set of DOF: fields 𝜑(𝑥)
- a SYMMETRY: including the Lorentz group
- an EXPANSION PARAMETER: 𝐸 ∕ Λ
dynamics specified by

ℒ��� = ℒ�{(𝑐�{,𝑀,𝜑) +
D
�ℒw(𝑐w, 𝜑) +

D
�; ℒO (𝑐O, 𝜑) +	+…

[most general local Lagrangian with given DOF and SYMMETRY]

general question:
- under which conditions on the fields 𝜑(𝑥)
and the parameters ck , M, the above theory is consistent ?

- is the RG flow of ck irreversible in 4d ?



Part I

basic principles



counterexample

ℒ =
1
2𝜕

f𝜑𝜕f𝜑 + 𝑔	 𝜕f𝜑𝜕f𝜑
2 + ⋯ 𝑔 < 0

symmetries: Poincare’ and 𝜑 𝑥 → 𝜑 𝑥 + 𝑐



what is wrong with g < 0?

equations of motion have a family of translationally invariant solutions

𝜕f𝜑" 𝑥 = 𝐶f (constant)

we can quantize the fluctuation of the theory around one of these solutions

𝜎 𝑥 = 𝜑 𝑥 − 𝜑"(𝑥)

linearized EOM for the fluctuations

𝜕f𝜕f𝜎 𝑥 + 8	g	𝐶f𝐶h𝜕f𝜕h𝜎 𝑥 = 0

dispersion relation for quanta

𝜔2 = 𝑘 � 𝑘 − 8g	 𝐶f𝑘f
2 speed of quanta is superluminal

unless 𝑔 ≥ 0

Exercise

Exercise



ℒ��� = ℒ�{(𝑐�{,𝑀,𝜑) +
D
�ℒw(𝑐w, 𝜑) +

D
�; ℒO (𝑐O, 𝜑) +	+…

how do these principles affect the DOF 𝜑 	and the parameter space 𝑐` ?

CAUSALITY: the effect cannot precede the cause

UNITARITY: conservation of probability in QM setting

LORENTZ INVARIANCE: we deal with relativistic theories

GAUGE INVARIANCE: describe em, weak and strong interactions

[here: neglect gravitational interactions]

… one writes down the most general possible Lagrangian, including all terms 
consistent with assumed symmetry principles…

… calculates matrix elements with this Lagrangian to any given order of 
perturbation theory, the result will simply be the most general possible 
S-matrix consistent with:



causality and analyticity
signal model [no spatial coordinates]

𝑓�U(𝑡) 𝑓¡¢�(𝑡)
source detector

here the signal can propagate
or be absorbed

assume:
- output depends linearly on input
- time-translational invariance 

𝑓¡¢� 𝑡 = c 𝑑𝑡′
8£

N£
	𝑆 𝑡 − 𝑡¤ 𝑓�U(𝑡′)

switch to Fourier space 𝑦 𝑡 =
1
2𝜋

c 𝑑𝜔	𝑦(𝜔)
8£

N£
	𝑒N�¦�

𝑓¡¢�(𝜔) = 𝑆 𝜔 𝑓�U(𝜔)

causality: output cannot precede the input

𝑓�U 𝑡¤ = 0												𝑡¤ < 𝑇 𝑓¡¢� 𝑡 = 0												𝑡 < 𝑇



0 = c 𝑑𝑡′
8£

�
	𝑆 𝑡 − 𝑡¤ 𝑓�U(𝑡′) 𝑆 𝑡 − 𝑡¤ = 0									𝑡 − 𝑡¤ < 0

𝑆 𝜔 = c 𝑑𝑡	𝑆 𝑡 𝑒�¦�
8£

"
can be analytically continued in the UHP

𝜔 → 𝜔 + 𝑖𝜖
𝜖 > 0

𝑒�¦� → 𝑒�¦�𝑒Nª� improves convergence
of the integral

𝑆 𝜔 	is analytic in the UHP define 𝑆«¬­® 𝜔 = lim
ª→"±

𝑆 𝜔 + 𝑖𝜖

analyticity in UHP of 𝑆 𝜔 is a necessary condition for causality

is it sufficient?



𝑆 − 𝑡 =
1
2𝜋

c 𝑑𝜔	𝑆(𝜔)
8£

N£
	𝑒8�¦|�| = −

1
2𝜋

c 𝑑𝜔	𝑆(𝜔)
�

𝒞	;
	𝑒8�¢|�|𝑒N´|�|

𝑅𝑒	𝜔

𝐼𝑚	𝜔

𝒞	D

𝒞	2

𝒞	2

0 =
1
2𝜋

¶ 𝑑𝜔	𝑆(𝜔)
𝒞	J8𝒞	;

𝑒8�¦|�|analyticity no poles inside the
contour

𝜔 = 𝑢 + 𝑖𝑣

to prove causality, 𝑆 − 𝑡 = 0	,
we need sub-exponential behavior of 𝑆(𝜔) at large |𝜔| 



unitarity and polynomial boundness
unitarity (weak form)

we ask
c 𝑑𝑡 𝑓¡¢� (𝑡)	 2
8£

N£
≤ c 𝑑𝑡 𝑓�U(𝑡)	 2

8£

N£

we allow for 
absorption

this implies [exercise] 𝑆(𝜔)	 ≤ 1									𝐼𝑚	𝜔 ≥ 0

when 𝑆(𝜔) decreases sufficiently rapidly at infinity we can write a 

𝑆 𝜔 + 𝑖𝜖 =
1
2𝜋𝑖

c 𝑑𝜔′
𝑆(𝜔¤)

(𝜔¤ − 𝜔 − 𝑖𝜖)

8£

N£

1
(𝜔¤ − 𝜔 − 𝑖𝜖) = 𝑃𝑃

1
(𝜔¤ −𝜔) + 𝑖𝜋𝛿(𝜔 − 𝜔¤)

𝑅𝑒	𝑆 𝜔 = +
1
𝜋 𝑃𝑃

c 𝑑𝜔′
𝐼𝑚𝑆(𝜔¤)
(𝜔¤ − 𝜔)

8£

N£

𝐼𝑚	𝑆 𝜔 = −
1
𝜋𝑃𝑃

c 𝑑𝜔′
𝑅𝑒	𝑆(𝜔¤)
(𝜔¤ − 𝜔)

8£

N£

e.g. Kramer-Kronig relations 
for complex refractive index

𝑆 𝜔 = 𝑛(𝜔) − 1

dispersion relation 



application to QFT

S-matrix elements

Probability ∝ 𝑜𝑢𝑡 𝑖𝑛′ 2 𝑜𝑢𝑡 𝑖𝑛′ = 𝑖𝑛 𝑆» 𝑖𝑛′

𝑆»𝑆»8 = 𝑆»8𝑆» = 1 𝑆» = 1+ 𝑖	𝑇¼

−𝑖(𝑇½ -𝑇½8)	=	𝑇½8𝑇½ 𝑓 	𝑇¼ 𝑖 ≡ (2𝜋){𝛿{(𝑃¿ − 𝑃�)	𝑇À¿�

unitarity as a non-linear (and nonperturbative) relation 
among matrix elements

(𝑇À¿� − 𝑇À�¿∗ ) = 𝑖(2𝜋){∑ 𝛿{(𝑃U − 	𝑃�)𝑇ÀU¿∗�
U 𝑇ÀU�

|𝑖𝑛′⟩ |𝑜𝑢𝑡⟩



consider a theory describing a single scalar particle of mass 𝑚

1

2

3

4

𝑇À¿� = 𝑇(𝑠, 𝑡)

𝑠 = (𝑝D + 𝑝2)2	
𝑡 = (𝑝D − 𝑝Ä)2	
𝑢 = (𝑝D − 𝑝{)2	

𝑠 = 4	𝐸2

𝑡 = −2	𝑘2(1 − cosϑ)
𝑢 = −2	𝑘2(1 + cosϑ)

𝑝D = (𝐸, 0,0, 𝑘)

in C.O.M. frame

𝑠 + 𝑡 + 𝑢 = 4𝑚2

cosϑ = 1 +
2𝑡

𝑠 − 4𝑚2

physical region

𝑠 ≥ 4𝑚2

4𝑚2 − s ≤ 𝑡, 𝑢 ≤ 0

Mandelstam variables

kinematics recap

elastic scattering



unitarity relation at 𝑡 = 0

𝑡 = 0
𝜗 = 0

forward elastic scattering

𝑝D = 𝑝Ä
𝑝2 = 𝑝{

(𝑇À¿� − 𝑇À�¿∗ ) = 𝑖(2𝜋){∑ 𝛿{(𝑃U − 	𝑃�)𝑇ÀU¿∗�
U 𝑇ÀU�

|𝑓⟩ = |𝑖⟩

2𝑖	𝐼𝑚𝑇À�� 2	𝜎� 𝑠 =
1

2 𝑠(𝑠 − 4𝑚2)� S(2𝜋){𝛿{(𝑃U − 	𝑃�) 𝑇ÀU�
2
	

�

U

total
cross-
section

𝐼𝑚	𝑇(𝑠, 0) = 2 𝑠(𝑠 − 4𝑚2)� 𝜎� 𝑠 > 0

optical theorem

𝑠 ≥ 4𝑚2



complex s-plane

4𝑚2

𝑅𝑒	𝑠

𝐼𝑚	𝑠

𝑡 = 0

here T(s,0) is real

analytic extension in complex 𝑠-plane at 𝑡 = 0

here T(s,0) develops 
an imaginary part

assume 𝑇 𝑠,0 has no singularities other than those implied by the 
unitarity relation  [more on this, later on]

below real axis, analytic continuation 
by the Schwartz Reflection Principle 𝑇 𝑠∗,0 = 𝑇 𝑠, 0 ∗

discontinuity (cut) along the real line, starting at 𝑠 ≥ 4𝑚2

define 𝑇«¬­® 𝑠, 0 = lim
ª→"±

𝑇(𝑠 + 𝑖𝜖, 0)

𝐼𝑚	𝑇 𝑠, 0 = −𝐼𝑚	𝑇(𝑠∗ ,0)



𝑇«¬­® 𝑠, 0 = lim
ª→"±

𝑇(𝑠 + 𝑖𝜖, 0)

I𝑚	𝑇 𝑠, 0



Exercise

show that for 𝑠 < 4𝑚2 , 𝑇 𝑠, 0 	is real, at any order in perturbation theory 

each vertex carries ±𝑖	
each propagator carries ±𝑖	
each loop, after Wick rotation, carries +𝑖	

𝑖 YÍ8YÎ8YÏ

∏ 𝑘Ñ2 − 𝑚2 + 𝑖𝜖�
Ñ

=
𝑖 2YÎ8D

∏ 𝑘Ñ2 − 𝑚2 + 𝑖𝜖�
Ñ [𝑁E= 𝑁Ñ − 𝑁Ò + 1]

prove than none of the internal particles can be on-shell

𝑖 2YÎ8D

∏ 𝑘Ñ2 −𝑚2 + 𝑖𝜖�
Ñ

ª→" 𝑖
∏ 𝑘Ñ2 − 𝑚2�
Ñ

𝑇 𝑠, 0 	 real

consider a general diagram with 𝑁Òvertices, 𝑁Ñ	propagators, 𝑁Eloops
up to an overall sign we have



unitarity relation at 𝑡 ≠ 0
Partial Wave Expansion

𝑇 𝑠, 𝑡 = 16𝜋S 2𝐽 + 1 𝑓Ö 𝑠 𝑃Ö(cos 𝜗)
£

ÖZ"

Legendre Polynomials

𝑓Ö 𝑠 =
1
32𝜋

c 𝑑𝑧	𝑃Ö 𝑧 	𝑇(𝑠, 𝑡 𝑧 )
8D

ND
𝑡 ≡ (𝑧 − 1)

(𝑠 − 4𝑚2)
2

unitarity relation in elastic region: 4𝑚2 ≤ 𝑠 ≤ 9𝑚2

[total cross-section -> elastic cross-section]

𝐼𝑚𝑓Ö 𝑠 =
𝑠 − 4𝑚2

𝑠
�

𝑓Ö 𝑠
2

𝐽 = 0,1,2,…

4𝑚2 ≤ 𝑠 ≤ 9𝑚2single relation 
replaced by an 
infinite series

𝐼𝑚𝑓Ö 𝑠 ≥
𝑠 − 4𝑚2

𝑠
�

𝑓Ö 𝑠
2 𝐽 = 0,1,2,…



Exercise

use the previous result to show that in the elastic region 
the most general solution of the unitarity equation reads

𝑓Ö 𝑠 =
𝑠

𝑠 − 4𝑚2
� 𝑠𝑖𝑛𝛿Ö(𝑠)𝑒�ÙÚ(®) 𝛿Ö(𝑠) (real) scattering phase

show that the unitarity relation in the elastic region can be written as

𝑆Ö(𝑠) = 1 𝑆Ö 𝑠 ≡ 1 + 2i ®N{5;

®
�

𝑓Ö 𝑠with

show that the total cross-section can be written as:

𝜎� 𝑠 =
16𝜋
𝑠 S 2𝐽 + 1

£

ÖZ"

𝑓Ö 𝑠
2



crossing symmetry

particles are indistinguishable from anti-particles with the opposite energy 
and momentum 

1

2

3

4

𝑇 ® 𝑠, 𝑡 = 𝑇 𝑠, 𝑡

s-channel

1

3

2

4

t-channel

𝑝D
𝑝2 𝑝{ −𝑝Ä

𝑝D

𝑝{

−𝑝2

𝑇 � 𝑠, 𝑡 = 𝑇 𝑡, 𝑠

𝑠 = (𝑝D + 𝑝2)2	→ (𝑝D − 𝑝Ä)2	= 𝑡	
𝑡 = (𝑝D − 𝑝Ä)2	→ (𝑝D + 𝑝2)2	= 𝑠

𝑇 ® 𝑠, 𝑡 = 𝑇 � 𝑠, 𝑡 if s,t physical in LHS,
they are unphysical in RHS
and viceversa

to be precise, the meaning of the equality sign above is that 
there exists a complex analytic function 𝑇 𝑠, 𝑡 whose boundary values in 
their respective physical regions are the two scattering amplitudes. 

𝑝Ä

𝑇 𝑠, 𝑡 = 𝑇 𝑡, 𝑠



complex s-plane

4𝑚2

𝑅𝑒	𝑠

𝐼𝑚	𝑠
𝑡 = 0

1

2

3

4

𝑇 ® 𝑠, 𝑡 = 𝑇 𝑠, 𝑡

s-channel

1

4

3

2

u-channel

𝑝{ −𝑝{

𝑝D

−𝑝2

𝑝Ä

𝑇 ¢ 𝑠, 𝑡 = 𝑇 𝑢, 𝑡

𝑇 ® 𝑠, 𝑡 = 𝑇 ¢ 𝑠, 𝑡

by unitarity this implies 𝑇 𝑠, 𝑡 has a cut 𝑠 ≤ −𝑡

𝑇«¬­® 𝑠, 0 = lim
ª→"±

𝑇(𝑠 + 𝑖𝜖, 0)

𝑇 ¢
«¬­® 4𝑚2 − 𝑠, 0 = lim

ª→"±
𝑇(4𝑚2 − 𝑠 + 𝑖𝜖, 0)

𝑇 𝑠, 𝑡 = 𝑇 𝑢, 𝑡 u = 4𝑚2 − 𝑠 − 𝑡



analyticity

𝑇 𝑠, 𝑡 at fixed 𝑡 < 0 is analytic in the complex 
𝑠–plane, except for the cuts related to unitarity

𝑇 𝑠, 𝑡 is polynomially bounded in 𝑠 at large |𝑠|

𝑇 𝑠, 𝑡 < 𝑠 Y	 𝑠 ≫ 𝑚2

1+2 dispersion
relations

analyticity and polynomial boundness of 𝑇 𝑠, 𝑡 in 𝑠
can be extended in the region 𝑡 < 4𝑚2

Froissart bound𝑇 𝑠, 0 < 2π
𝑠
𝑚2 𝑙𝑜𝑔

2 𝑠
𝑚2

working assumption (still to be proven)

1.

2.

3.

4.

results of a huge collective effort in late 50’s and early 60’s

[Martin]

lim
® →£

�(®,�)
®; = 0	 𝑡 < 4𝑚2
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𝑥U8D − 𝑥U − 𝑎 = _
`

� a
a^ 𝜑

^
_ b

^ZU_
+	_2

_
`

� a;

a^; 𝜑
^
_ b

^ZU_
+⋯

Exercise

include NLO term in the continuum limit  

and verify that

Lorentz-like symmetry is broken

expansion parameter of the EFT is  
^
_

what happens with the shift symmetry?


