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Introduction to ET and EQFT

Basic Principles in QFT (causality, unitarity...)

. Applications: Euler-Heisenberg EQFT

Positivity Bounds: impact of Basic Principles on EQFT

. EQFT and anomalies

. RG flow in 4d

Questions are very welcomel!
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) DEFINITION

EFT as a sort of "incomplete” theory, as opposed fo

Wikipedia definition:
In physics, an effective field theory is a type of
approximation, or effective theory, for an underlying physical theory,...

the domain of validity of an ET is limited
there is a boundary in some measurable variable (|
beyond which we cannot apply the theory !
in the "forbidden"” region we need another theory

*) isn't this true for all known theories in physics?



a falling body near tt

task: compute the ar

GMm

F= (m_z)2=mg[1—2%+0(g)2] ” g =

our effective theory F=mg

if our instruments are very precise and z is suf
we can include the 15t correction




Propertie

Use of the “full” theory leads to unnecessary complications
[we do not need QM to build a house] :

DOF: 1 massive body m

SYMMETRY:
- translations in x and y directions differ from tha
- rotation around the z axis “full” th

EXPANSION PARAMETER:
z/R tell us where the ET breaks down

All the details of the “full” theory go in g=GM/R?
a parameter that can be determined with
arbitrary precision within the ET



B 1 +2 +3. DEFINE the EF

most general theory with 1 DOF, invariant under T(2) x;
expansion parameter z/R

F = Fo[l + C1 %'I' Cz(%)2+...]

all constants Fo, ¢y ,c, ,... can be determined from mea
without reference to the full theory

2 DEFINITION of EF

A theory characterized by

- asetof DOF

- asymmetry

- a set of expansion parameters

allowing predictions to a given
precision in terms of a finite number of
parameters, directly accessible by the
experiments



. we went TOP - DOWN [TD] F —

. we can also go BOTTOM - UP [BU]

assume we do not know the full theory,
but our experiments discovered 2.
[assuming F(z) regular in z=0]we can write

F = F0[1 + C1 %4' Cz(%)2+...]

we can do precision tests and measure
Fo,ci/L ,c2/L2 .. looking for New Physics

major difference:
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. we went TOP - DOWN [TD] F = GMm »

2
r
. we can also go BOTTOM - UP [BU]
assume we do not know the full theory, P S
but our experiments discovered 2. t]'-’ﬂ“"" ;
assuming F(z) reqular in z=0] we can write

. z Z\2 hlﬂtLi“ h

F = FO [1 + C1 3 + Cz(z) +] ‘mm m*u

do precision fests and mmm’"

we can do precision tests and measure :
Fo,ci/L ,co/L?,.. looking for New Physics Galileo ‘] m“ "f '
; t' |
major difference: L-AL ” U

we do not know what L is <-> invariance €1~ 461 > -1 @’!

c, - /12C2

from exp: = =-0.31x10" m™*

expansion parameter z/L needs a guess: i i
e.g. assuming ¢; = 0(1) leads to L =~ 3000 Km




Matter, organisms

Cells

Nuclei of cells, molecules

woms | QM

Nuclei

Nucleons

Quarks

(Superstrings)
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STEVEN WEINBERG

Acthanr wt W Thime Atinutes

Ultimate Laws of Nature

“The dream of a final theory inspires much of today’s work in high-
energy physics, and though we do not know what the final laws might be
or how many years will pass before they are discovered, already in
today’s theories we think we are beginning to catch glimpses of the
outlines of a final theory. The”

— Steven Weinberg, Dreams of a Final Theory: The Scientist's Search for the



but also great detractors

4 August 1972, Volume 177, Number 4047

More Is Different

Broken symmetry and the nature of
the hierarchical structure of science.

P. W. Anderson

SCIENCE

X Y

solid state or elementary particle

many-body physics physics
chemistry many-body physics
molecular biology chemistry
cell biology molecular biology
psychology physiology
social sciences psychology

But this hierarchy does not imply
that science X is “just applied Y.” At
each stage entirely new laws, concepts,
and generalizations are necessary, re-
quiring inspiration and creativity to just
as great a degree as in the previous one.
Psychology is not applied biology, nor
is biology applied chemistry,






ge’r a field theory giving rise to a 1D Klein-Gordon equa’r; 1

1

L =j dxza“goaﬂgo metfric  n,, = diag(;

0 _

1 9%  0° |
g " ox2 )P =0 S P

describe sound waves or phonons, when quantized

DOF symmetries

“upper” layer 1D translatio

“lower" layer N

|



Emergent

Particle Physics
1078 m<£<107"m
“upper” layer

DOF symmetries

£<107'%m
“lower"” layer”



food for thought

Back to our toy model in the continuum limit

. what is the expansion parameter in the EFT?

. is Lorentz symmetry good to any order of the expansic

. is the shift symmetry good fo any order of the /



Effective Quantum Field Theories

ooooooo
e s ..

z MM

.....................
......................
......................
.......................
.......................

ooooooooooooooooooo

zh—w( )) = Hy(t
NMlnln




problem

predictions in QM from summing over all possible infermediate states

how tfo isolate a Iayer-,._/—— EF <<

if we should know about

SEENE S S

ALL DOF and “
THEIR INTERACTIONS?

SEENE L S S




180 W. Hesitanberg,

srmbglichan, als es der Gleishong (1) entspricht. #0 wilre diz Quantan.
wethenik unmiéglich. Diese Ungenanigkeit, dis durch Glevichung (1) feat-
golegt ist, schalft alyo ot Reum Jitr die Gltigkeit der Deziehungen,
die in dsn quantenmechanigcasn Vertauschungerelationsn

k
i AR { S T
ibren prignanten Ausdruck finden; sie erméglicht dicze Gleichung, olne
dal der physikalisch> Sinn der GroSen p und ¢ gesndert werden mufite.

. high-energy effects are short range Ax < ¥
. 4

if our experiments cannot resolve Ax,
high-energy effects becomes local =
look like some term in a local Lagrangian

| 2
g @[ @ty @ s - @ o) - o [ dx Gyt e



high-energy effects are absorbed in parameters ¢, , M,...
determined by experiment

most general theory with given DOF and SYMMETRY:
1 1
Lepr = L<a(C<a, M, @) + 2 Ls(Cs,9) + 5 L (Co, @) + +.. |

Physica 96A (1979) 327-340 © North-Holland Publishing Co.

PHENOMENOLOGICAL LAGRANGIANS*

STEVEN WEINBERG

in the context of perturbation theory: if one writes down the most general
possible Lagrangian, including all terms consistent with assumed symmetry
principles, and then calculates matrix elements with this Lagrangian to any
given order of perturbation theory, the result will simply be the most general
possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles. As I said, this has not
been proved, but any counterexamples would be of great interest, and I do
not know of any.




1l

1 T
Lepr = Lea(C<as M, @) ++Ls(C5, ) + 5 L6 (Co, @) + +..

O

el
Probability o |A|* = |cﬂ<4(6<4) + — afl5(c) + c/l6(c) + -

[M < E < A] »
. typical expansion parameter: % | ‘criomain of validity: E < A
LY E <A Probability o [A]? = |Axy(ceq M)|2

all theories look like r'enor'mallzable

B Ty



.‘6 journey in coupling

F = F0[1 + C1%+ C2(%)2+...]



_ A—-e tA<A
.~a$sumpTion: DOF and SYMMETRY do not change

<t St
e iy

S(ci; N) = S(ci(t),e"tA)
the two descriptions agree when t > 0

PHYSICAL REVIEW B VOLUME 4, NUMBER 9 1 NOVEMBER 1971

Renormalization Group and Critical Phenomena.
I. Renormalization Group and the Kadanoff Scaling Picture™®

Kenneth G. Wilson
Labovatory of Nuclear Studies, Covnell University, Ithaca, New York 14850
(Received 2 June 1971)




lowering the cut-off generates a motion in the space of cc

QU
<2

at FP the theory is scale invariant

[arrows toward low-energy]

around a FP we linearize the motion

. Op; ~
Bi(c) = Bi(c”) +6_Cj \ (Cj 3 Cj) I3 V |

3B

aCj C=C*

has all negative(positive) eigenvalues = stc




wsible motion is from one stop to another sta

Uuv

IR
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but other possibilities are not excluded

\ A
€2 uv ) UV




7 A
C2 *
no, if the the motio
is describedbya
gradient flow
x
B
Bi(c) =
¢1
avV d y
O=VA—VA=jdV= g—dt— ]I,Blzdt

in this case the flow is irreversible

\‘
we have a quantity that decreases monotonically a on

- —|B, |2dt measures the loss of infor
' layer between A and (1 -



c
“Irreversibility” of the flux of the renormalization groupina
2D field theory

A. B. Zomolodchikov
L. D. Landau Institute of Theoretical Physics, Academy of Sciences of the USSR

(Submitted 20 May 1986)
Pis’ma Zh. Eksp. Teor. Fiz. 43, No. 12, 565-567 (25 June 1986)

There exists a function ¢(g) of the coupling constant g in a 2D renormalizable field
theory which decreases monotonically under the influence of a renormalization-
group transformation. This function has constant values only at fixed points,

where c is the same as the central charge of a Virasoro algebra of the corresponding
conformal field theory.

Some of the information on the ultraviolet behavior of the field theory is lost under
renormalization transformations with ¢ > 0, since in the field theory it is not legitimate
to examine correlations at scales smaller than the cutoff. We would therefore expect
that a motion of the space Q under the influence of the renormalization group would
become an “irreversible” process, similar to the time evolution of dissipative systems.

what happens in 4d ?




Effective Quantum Field Theory

- a set of DOF: fields ¢(x)
- a SYMMETRY: including the Lorentz group

- an EXPANSION PARAMETER: E' / A )
dynamics specified by
A

1 1 8
Lepr = Leg(C<, M, @) + Kﬁs(cs» @)+ pL6 (Ce, @) + +...

[most general local Lagrangian with given DOF and

- under which conditions on the fields ¢ (x)
and the parameters ¢, , M, the above theory is consistent ?
- is the RG flow of ¢, irreversiblein 4d ?






Physica 96A (1979) 327-340 © North-Holland Publishing Co.

PHENOMENOLOGICAL LAGRANGIANS*

STEVEN WEINBERG

in the context of perturbation theory: if one writes down the most general
possible Lagrangian, including all terms consistent with assumed symmetry
principles, and then calculates matrix elements with this Lagrangian to any
given order of perturbation theory, the result will simply be the most general
possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles. As I said, this has not
been proved, but any counterexamples would be of great interest, and I do
not know of any.

counterexample

I .
e

1
L=-0"pdup+g (0"9a,0)" + ;

symmetries: Poincare’ and ¢ (x) - ¢(x) + ¢ it




equations of motion have a family of translationally in:

0,90(x) = C, (constant) |

we can quantize the fluctuation of the theory around

o(x) = @(x) — @o(x)
. linearized EOM for the fluctuations
d,0a(x)+8g cucvaﬂava(;c) =0

y

dispersion relation for quanta

speed of quanta is superluminal

= 2
w:=k-k— 8¢ (Cukﬂ) unless g = 0



.. one writes down the most general possible Lagrangian, including
consistent with assumed symmetry principles...

1 1
B Lprr = La(Ca M, @) + 5 Ls(cs, ) + -5 Le (Co,

.. calculates matrix elements with this Lagrangian to any given
perturbation theory, the result will simply be the most general
S-matrix consistent with: |

CAUSALITY: the effect cannot precede the cause

UNITARITY: conservation of probability in QM se
LORENTZ INVARTIANCE: we deal with relativistic th

J

GAUGE INVARIANCE: describe em, weak and s‘rr'on

. how do these principles affect the DOF {¢} and the parameter space {c . J?

[here: neglect gravitational interactions]



~ causdlityand

signal model [no spatial coordinates]

fin ()

fout (t)

source

assume:
- output depends linearly on input
- time-translational invariance

here ’rhé _
or be ab

+ 00

foue@ = | de’ (6 = ) fin(®)

— 00

1T
switch to Fourier space y(t) = . j dw y(w) e~

fout(@) = S(w)fin(w)
causality: output cannot precede the input

fm(t’) =0 t'<T » fout(t) =0




T
+00 |
S(w) = dt S(t)e'®t  can be analytically con
.
W > w+ L€ iwt iwt ,—et  Improves con
e>0 € of the integra

€

S(w) is analytic in the UHP ~ define = Sppys(w) = 11r51+ S(w + i€)
E—

analyticity in UHP of S(w) is a necessary condition ;”

is it sufficient?
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y ."‘ Imw |
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.0
*
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v C 2

L
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L
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.
: C,
;'..IllIllIllIllIllllITIlIlllllllll-""'.'.'..'.
. GHGIYTiCiTy » = dw S(w)eﬂwl

21 Je | 4e
+00
dw S(w) ettt = = dw S(w
C2

Yo prove causality, S(—[t|) =0,
we need sub-exponential behavior of S(w) at large |w|



ity and pol

unitarity (weak form)

we ask

| athee s atfu@?

— 00

this implies [exercise]l  |S(w) | <1

dispersion relation

S( +')—1f+ood’ S(4l |
w +i€) = - - w(w’—a)—ie) (w’_wf'
1 oo ImS(w")
Re S(w) = +—PPj dow'
T o (' —w)
 Re S(w")

1 +oo
ImS(w) = _EPPJ dw

(0" — w) | S(w) =n(w)—1



|in’) |

S-matrix elements

I\ _ [ Sl
Probability o« |{out|in’)|? (outlin >-<”’{|5 |in')

S+ — C+¢ = q S=1+iT
—i(P-T+) =TT (fIT|i) = @m)*6*(P; — P) Ty,
N

unitarity as a non-linear (and nonperturbative) relat
among matrix elements

(Tri — Tj) = i@m)* L 8*(Py — P)Tyf T



I Kinemati

consider a theory describing a single scalar particle of ma .'

elastic scattering

1 3
( ) Ty = T(s, t)

1 NS .
Mandelstam variables in C.O.M. frame
s = (p1 + p2)* s =4 E?
t=(p1 — P3)22 t =—2 k4
U= (P1 — Pa) U =S

— 42 8 -
s+t+u=4m Py =L

physical region



_. i‘ra]‘ry rel

forward elastic scattering
t=0 P1 = D3 :
scoFPm=pn W HS

(Tri — Tj) = i(2m)* X0 6*(Py — P)Typ Toi |

e

ImT,;  20:(s) = 2 454P—
20Ty 209) = 5= 4m2)z( )8

. optical theorem V |

ImT(s,0) = 2,/s(s —4m?) g;(s) > 0

s > 4m?



~ analytic extension in complex

. assume T (s,0) has no singularities other than those implied by the
unitarity relation [more on this, later on]

complex s-plane  t =0 here T(s,0) de
an imaginai
Ims
t here T(s,0) is real

/

below real axis, analytic continuation I(s".0) -
by the Schwartz Reflection Principle $,V) =

[T(s, 0)]"
ImT(s,0)
» discontinuity (cut) along the real line, starting

define  T},,(s,0) = li%l+ T(s +i€,0)
E—



b |
Tynys (5,0) = el—iglJ’ e

lm (s, 0)

altb | un.lts

Res

(a) first Riemann sheet




: . show that for s <4m? , T(s,0) is real, at any order

each vertex carries +i
each propagator carries +i
each loop, after Wick rotation, carries +i

consider a general diagram with Nyvertices, N, propaga
up to an overall sign we have ,

(i)NV+NI+NL (l)2N1+1

[,(Z—m2 +ie) [1,(k? — m? + ie)

(i)2N1+1 €—0 i

0,2 —m2 +ie)  [I,(kZ — m2)




w Ty rel

Partial Wave Expansion !

- R
T(s,t) = 167TZ(2] + 1) f;(s)P;(cos 9) |
J=0

1+ 7‘
f;(s) =Ej_1 dz P;(z) T(s,t(2)) t = (N

unitarity relation in elastic region: 4m* <s < 9m?
[total cross-section -> elastic cross-section]

single relation s — 4m2

replacedby an  Imf;(s) = | ](S)| -
infinite series
s — 4m?
Imfi(s) 2 1)
\




show that the unitarity relation in the elastic region c

S—4m?2

S;(s)| =1  with  S;(s) =1+2i f;(s)

S

. use the previous result o show that in the elas’ri!r'e
the most general solution of the unitarity equation rea

-
f(s) = \/s —S;Lmz Sin5](S)ei51(S) 0;(s) (real) scattering phase

. show that the total cross-section can be writte

o
I

16 |

o) === ) @+ D
=0 i

A P ! |



. crossing:

particles are indistinguishable from anti-particles with ‘r,{
and momentum

; TN 3

D1 v ( ) " 4
g \/ P4 —p, o
¢ 4
s-channel t-channel

s=@1+1p)° > (01 —p3)° =t
t=(p1—p3)° > @1+ Dp)° =5

TS (s,t) = T(s, t) T®
TS (s, t) = TO (s, t)
T(s,t) =T(t,s)

to be precise, the meaning of the equality sign above is that
there exists a complex analytic function T (s,t) whose boundary values in
their respective physical regions are the two scattering amplitudes.



s-channel

TS (s,t) = T(s,t)
TO) (s, t) = TW(s, 1)
T(s,t) =T(u,t) |

complex s-plane t =0

TW (s, t) =T (u,t)
v B

Ims

| Tonys (5,0) = el

1
-

m T(s + i€, 0)

T, hys(4m? —s,0) = lim T(4m? — s + i€, 0)

e—0t



~ results of a huge collective effort in late 50's and

T(s,t) at fixed t <0 is analytic in the complex
s-plane, except for the cuts related fo unitarity

-5 dnspgrsuon
relations

[Martin]

-

T(s,t) is polynomially bounded in s at large |s|

IT(s, )] < Is|V |s| » m?

. analyticity and polynomial boundness of T(s,t) ins
can be extended in the region |t| < 4m*

S S

Froissart bound

lim IT(s,0)l

N,

Lighest Particle Maximal Analyticity: The 2 — 2 scattering amplitude of the lightest
particles in the theory, T'(s,t), is analytic on the physical sheet for arbitrary complex s and ¢,
except for potential bound-state poles, a cut along the real axis starting at s = 4m?, and the
images of these singularities under the crossing symmetry transformations.

=0 |[t|] <4m?







Articles
EFTs

Phenomenological Lagrangians

Steven Weinberg (Harvard U. and Harvard-Smithsonian Ctr. Astrophys.) (Oct, 1978)

Published in: Physica A 96 (1979) 1-2, 327-340 « Contribution to: Symposium Honoring Julian
Schwinger on the Occasion of his 60th Birthday, 327-340

—

Symmetry and Emergence

Edward Witten (Princeton, Inst. Advanced Study) (Oct 4, 2017)
Published in: Nature Phys. 14 (2018) 2, 116-119 ¢ e-Print: 1710.01791 [hep-th]

More Is Different

P. W. Anderson

Science, New Series, Vol. 177, No. 4047. (Aug. 4, 1972), pp. 393-396.
Effective field theory for gravity and emerging penomena (J. Donoghue)
talk available at h‘vr:rps://esn’r.cea.fr'/Phocea/ Page/index.php?id=71

7




- OO

RG flow

Irreversibility of the Flux of the Renormalization Group in a 2D Field Theory

A.B. Zamolodchikov (Moscow, ITEP) (1986)
Published in: JETP Lett. 43 (1986) 730-732, Pisma Zh.Eksp.Teor.Fiz. 43 (1986) 565-567

The Ubiquitous 'c': from the Stefan-Boltzmann Law to Quantum
Information

John Cardy (Oxford U., Theor. Phys.) (Aug, 2010)

Published in: J.Stat.Mech. 1010 (2010) P10004 « Contribution to: STATPHYS24 « e-Print:
1008.2331 [cond-mat.stat-mech]

Renormalisation Group Flows in Four Dimensions and the 'a-theorem’
John Cardy

https://www-thphys.physics.ox.ac.uk/people/JohnCardy/seminars/oxford2012.pdf

On Renormalization Group Flows in Four Dimensions

Zohar Komargodski (Weizmann Inst. and Princeton, Inst. Advanced Study), Adam
Schwimmer (Weizmann Inst.) (Jul, 2011)

Published in: JHEP 12 (2011) 099 e e-Print: 1107.3987 [hep-th]



~ Dubovsky (Harvard U., Phys. Dept. and CERN and Moscow, INR), Alberto Nicolis (Harvard U.,

positivity bounds

Causality, analyticity and an IR obstruction to UV completion
Allan Adams (Harvard U., Phys. Dept.), Nima Arkani-Hamed (Harvard U., Phys. Dept.), Sergei

Phys. Dept.), Riccardo Rattazzi (CERN) (Feb, 2006)
Published in: JHEP 10 (2006) 014 « e-Print: hep-th/0602178 [hep-th]

Positive moments for scattering amplitudes

Brando Bellazzini (IPhT, Saclay and CERN), Joan Elias Mirdé (ICTP, Trieste), Riccardo
Rattazzi (EPFL, Lausanne, LPTP), Marc Riembau (EPFL, Lausanne, LPTP and Geneva U., Dept.
Theor. Phys.), Francesco Riva (Geneva U., Dept. Theor. Phys.) (Oct 30, 2020)

Published in: Phys.Rev.D 104 (2021) 3, 036006 ¢ e-Print: 2011.00037 [hep-th]




anomalies

Gauge anomalies in an effective field theory

John Preskill (Caltech) (Oct 2, 1990)
Published in: Annals Phys. 210 (1991) 323-379

- A Note on Gauge Anomaly Cancellation in Effective Field Theories

Ferruccio Feruglio (Padua U. and INFN, Padua) (Dec 27, 2020)
Published in: JHEP 03 (2021) 128 ¢ e-Print: 2012.13989 [hep-ph]

light-by-light scattering A l
Heisenberg-Euler effective Lagrangians: Basics and extensions
Gerald V. Dunne (Connecticut U.) (Jun, 2004)

Contribution to: From Fields to Strings: Circumnavigating Theoretical Physics: A Conference in
Tribute to lan Kogan e« e-Print: hep-th/0406216 [hep-th]

Eons

The Heisenberg-Euler Effective Action: 75 years on

Gerald V. Dunne (Connecticut U.) (Feb, 2012)

Published in: Int.JMod.Phys.A 27 (2012) 1260004, Int.J.Mod.Phys.Conf.Ser. 14 (2012) 42-56
Contribution to: QFEXT 11, QFEXT 11, 42-56 « e-Print: 1202.1557 [hep-th]

On light by light interactions in QED
Joel Thiescheffer

ol https://fse.studenttheses.ub.rug.nl/15677/1/Finalversion.pdf



lecture notes

Saclay Lectures on Effective Field Theories
Adam Falkowski

https://www.dropbox.com/s/2p2ejfbupmik6hv/saclaylectures.pdf?dl=0

The Analytic S-matrix
Alexander Zhiboedov (CERN)

https://www.ipht.fr/Docspht//search/article.php?IDA=12792

Scale invariance vs conformal invariance

Yu Nakayama (Caltech) (Feb, 2013)
Published in: Phys.Rept. 569 (2015) 1-93 « e-Print: 1302.0884 [hep-th]

The Physics of the chiral fermions

F. Feruglio (Padua U. and INFN, Padua) (May, 1994)

Published in: Acta Phys.Polon.B 25 (1994) 1279-1316 « Contribution to: 17th International
School of Theoretical Physics: Standard Model and Beyond '93 « e-Print: hep-ph/9405260 [hep-

ph]



include NLO term in the continuum limit

X e — g = aod (x)‘ *_a a 02 (x)‘
n+1 n o kax(p aJl__ 2 kangg a

+ ...

x=na

and verify that

. Lorentz-like symmetry is broken

X
. expansion parameter of the EFT is =

. what happens with the shift symmetry?



