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A novel model of space charge forces is proposed for a low-energy (γ~1) bunch with arbitrary charge distribution in RF-guns. By exploiting Green function method, it is possible to
develop an analytical approach and derive expressions of self-induced forces for any transverse and longitudinal bunch distribution. The model is accurate also in the approximation
of low energy beams, when the 3D distribution can be decoupled in the two longitudinal and transverse planes. After having reproduced the results known in literature for Gaussian
and Uniform charge distribution, we derive space charge forces in parabolic charge distributions. The proposed model highlights the dependence of rms beam emittance on the non-
linearities, observed in the transverse phase space due to the space charge forces. Moreover, the model shows that the strongest non-linearities of the transverse phase space are
already generated at the cathode when the beam is emitted. Finally, the method allows to include a quadrupolar perturbations on the transverse charge density.
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Analytical approach

References

Pancake-like distribution

Cigar-like distribution

Green function-based methods can be used to describe
arbitrary beam distributions:

Inhomogeneous wave equation:

Green function for a ring of a unitary charge:

Solution in terms of zero-th order modified Bessel function: free-
space + image charge contribution:
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Assuming a separable form for the charge density (low energy 
approxima/on γ~1) 
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Without perturbation: No 𝜃 dependence 
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With perturbation: 𝜃 dependence 

𝐸-./ 𝑟, 𝑧 = −𝑄B
𝑑𝑘
2𝜋

𝑒*+, E𝜆(𝑘)
𝜕
𝜕𝑟
(𝑆 𝑘, 𝑟, 𝜃 + 𝛿𝑆(𝑘, 𝑟, 𝜃))

𝐸0
./ 𝑟, 𝑧 = −𝑄B

𝑑𝑘
2𝜋

𝑒*+, E𝜆(𝑘)
𝜕
𝜕𝜃
(𝑆 𝑘, 𝑟, 𝜃 + 𝛿𝑆(𝑘, 𝑟, 𝜃))

𝑟′

𝑎

Perturbation: superficial quadrupole term
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𝑚 = 2 perturbaKon (quadrupolar term):

Assuming the general form of the Green funcKon, without stopping at zero-th order, it is possible to model the perturbaKons
on the beam:
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