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using Lattice QCD and Unitarity
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Two critical issues:

State-of-the-art of the semileptonic B - D(*) decays

Vep | puzzle:
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discrepancy!

L. Vittorio (SNS & INFN, Pisa)

EXCLUSIVE INCLUSIVE
FLAG Review 2021 [arXiv:2111.09849]

V| x 10° = 39.36(68) VS |Vz| x 10° = 42.00(65)

Fit only to the B > (D, D*) channels Vip| x 10° = 42.16(50)

Bordone et al., Phys.Lett.B [2107.00604]
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State-of-the-art of the semileptonic B - D(*) decays

Two critical issues:

EXCLUSIVE INCLUSIVE
FLAG Review 2021 [arXiv:2111.09849]

smg | Vel x10°=3936(68) ws Vil x 10° = 42.00(65)

Fit only to the B - (D, D*) channels Vip| x 10° = 42.16(50)
g = 42.

Bordone et al., Phys.Lett.B [2107.00604]

| Vop | puzzle:

discrepancy!

*|R p(x)|anomalies:

R(D) — BB = Drvr) R(D) = 0.298 +0.003
gfégf”f) R(D)|exp = 0.339+0.026+ 0.014
R(D") = (B — D*1v;)
B(B — D*fyg) and
3.40 R(D*) = 0.252+0.005

discrepancy! R(D*)|exp = 0.295 % 0.010 = 0.010

HFLAYV Coll. (https://hflav-eos.web.cern. ch/hflav-eos/semi/spring21/html/RDsDsstar/ RDRDs.html)
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The Dispersive Matrix (DM) method completely changes the picture!

7 EXCLUSIVE INCLUSIVE
5 Vil x 103 =41.44+0.8 VS |Vep| x 10° = 42.00(65)
Compatlblllty Combination of the B) - (D, D*, D,, D;*) channels |Vcb| > 103 _ 42.16(50)
Bordone et al., Phys.Lett.B [2107.00604]
Rpeo
. . R(D) = 0.296 + 0.008

' The DM method allows to lighten
! both the problems! !

1.30
compatibility

L. Vittorio (SNS & INFN, Pisa)

0.026 = 0.014

" R(D)|exp = 0.339+
—————————————— ! and
R(D*) = 0.275 £ 0.008

R(D*)|exp = 0.295 + 0.010 + 0.010



The central role of the Form Factors (FFs) in excl. semil. B decays

* Production of a pseudoscalar meson (i.e. D):

2
/¢
2

dg? 2473

2
« [17ol? (1+2”f] )|f+< 2>|2+m3|pp|( 5;) 3m£|f°<q2>|2]

* Production of a vector meson (i.e. D*):

—

dl'; 1 m2 \? m?2 dl’
=1 = T 1 T i r = mp+/m
dw ( q(w)2) ( + 2q(w)2) % dw I: o/ Bj
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dw ~ dw + T — T = 183my vVw? -1 [Zq (w) (f(w) + mBmp« (w —1) g(w) )-I—ffl('w) ]
dTro _ Maw|Ve|?GEmy m2(m2 — q(w)*)*r3 (1 +7)*(w? — 1)%2 Py (w)?
dw 3273 q(w)®

Relation between the momentum transfer and the recoil:

¢ =m% +m% —2mpmpw
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Relation between the momentum transfer and the recoil:
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The central role of the Form Factors (FFs) in excl. semil. B decays

* Production of a pseudoscalar meson (i.e. D):

dg? 2473
2
m —
<ol (14 2;;) e+ mistiol (1 -

* Production of a vector meson

dl'y  dl'7; n dl'; o
dw  dw dw

Relation between the momentum

2
q2:m2B+mp—

L. Vittorio (SNS & INFN, Pisa)

—

(i.e. D*):

2\ 2 2
dl'z1 _ (1. ™7 |4
dw q(w)? 2q(w)?

- dr 77EW GEmp.|Vap|? /w0 2q

2\ 2 2
mp\ 3my jo N2

dw

.—I—mBmD* w? — 1)|g(w)’) +

) X dar [r = mp-/mz]

dw 48713 mp
dl'r 2 nEW|Vcb|2GFmB mZ(m2 — q(w)?)?r’(1 +r)?(w* - 1)3/22
dw 3273 q(w)®

transfer and the recoil:

2mpmpw

?1 (w

Two FFs coupled to the lepton mass:

fo(w) (pseudoscalar), P;(w) (vector)



The Dispersive Matrix (DM) method

i Our goal is to describe the FFs using a novel, non-perturbative and model independent
i approach: starting from the available LQCD computations of the FFs in the high-g? (or low-w)
i regime, we extract the FFs behaviour in the low-g? (or high-w) region!

Original proposal from L. Lellouch: NPB, 479 (1996)
New developments in PRD ’21 (2105.0249%7)
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The Dispersive Matrix (DM) method

i Our goal is to describe the FFs using a novel, non-perturbative and model independent
i approach: starting from the available LQCD computations of the FFs in the high-g? (or low-w)
i regime, we extract the FFs behaviour in the low-g? (or high-w) region!

Original proposal from L. Lellouch: NPB, 479 (1996)
New developments in PRD ’21 (2105.0249%7)

The resulting description of the FFs

* will be entirely based on first principles (LQCD evaluation of 2- and 3-point Euclidean correlators)

* will be independent of any assumption on the functional dependence of the FFs on the momentum transfer
* can be applied to theoretical calculations of the FFs, but also to experimental data

* keep theoretical calculations and experimental data separated

* is universal: it can be applied to any exclusive semileptonic decays of mesons and baryons

_ No HQET, no series expansion, no perturbative bounds

with respect to the well-known other parametrizations
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The DM method
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Non-perturbative values of the
susceptibilities from the dispersion
relations (see PRD ’21 (2105.07851)

The DM method

Estimates of the FFs,

and 2202.10285) computed on the TR
(%] of |afi dfe woowtwl) ™ s0-Yii—
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@ which FFs are
computed on the lattice



The “problematic” semileptonic B - D* channel

In arXiv:2109.15248, we have studied the final results of the FNAL/MILC computations of the FFs

* 3 FNAL/MILC data (diamonds) for each FF: final results contained in arXiv:2105.14019 [hep-lat]
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The “problematic” semileptonic B - D* channel

In arXiv:2109.15248, we have studied the final results of the FNAL/MILC computations of the FFs

* 3 FNAL/MILC data (diamonds) for each FF: final results contained in arXiv:2105.14019 [hep-lat]
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In arXiv:2109.15248, we have studied the final results of the FNAL/MILC computations of the FFs
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The “problematic” semileptonic B - D* channel

In arXiv:2109.15248, we have studied the final results of the FNAL/MILC computations of the FFs

* 3 FNAL/MILC data (diamonds) for each FF: final results contained in arXiv:2105.14019 [hep-lat]
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The “problematic” semileptonic B - D* channel

In arXiv:2109.15248, we have studied the final results of the FNAL/MILC computations of the FFs

* 3 FNAL/MILC data (diamonds) for each FF: final results contained in arXiv:2105.14019 [hep-lat]
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The DM expectations of all the LFU observables

034 ————7————— T 71— T B> Dcase (PRD’22 (2105.08674)):
i 1 * 3 FNAL/MILC data for each FF
0.32 | N (see PRD ‘15 (1503.07237))
0.30 I ] B. - D.* case (in prep.):
0 ']+ 3data points for each FF
e i ’ from HPQCD fits (see PRD ‘20
g 0.28 | . (1906.00701) and arXiv:2105.11433)
o R 4
0.26 | . [ —————————— ——————= |
i ] ! The anomalies !
[ --- 68.3%C.L. cont 1 [ . '
0.24 [ I I in the B sector !
i — 95.5 % C.L. contours 1 I I
- ] | have been very |
022 ] ] ] I ] ] ] I ] ] ] I ] ] ] I ] ] ] I . I
0.24 0.28 0.32 0.36 0.40 0.44 ! lightened! |

R(D¢s))

1’ important issue: avoiding the mixing between theory and exps in the description of the FFs is fundamental!
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Two LQCD inputs have been used for our DM method (arXiv:2202.10285):

* 3 RBC/UKQCD data (points) for each FF [PRD ‘15 (1501.05363)]
* 3 FNAL/MILC data (squares) for each FF [PRD ‘15 (1503.07839)]

OneKC: fo(0) = f+(0)
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LFU in semileptonic B - m decays
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LFU in semileptonic B - m decays

Two LQCD inputs have been used for our DM method (arXiv:2202.10285): f”(q2 = 0)|RBC/UKQCD = —0.06 +0.25
* 3 RBC/UKQCD data (points) for each FF [PRD ‘15 (1501.05363)]

(?(QQ)

T, 2 _
* 3 FNAL/MILC data (squares) for each FF [PRD ‘15 (1503.07839)] f7(¢" = 0)|pnarmic = —0.01 +£0.16
o e = = —
I Peculiarity of B> rdecays: LONG extrapolation in g? : 9
_____________________________ f (q - O)|Combined — _0-04 :I: 0-22
]-2 T T T T T T T T T T
, p [ ]
! ] 0.6 | S
L0 F DM g* s i |
08 RBC/UKQCD +~6— /ﬁ i f vic877 1 It seems that the mean value and the
Tt DM Y 04 - gy i i .
— FNAL/MILC /é?’ o f P 7] uncertainty are not stable under
L E . / ™ , //// X % 7 ] . . .
0.6 4 15 ] ,////7, ’ ‘1 variation of the truncation order of a
3 D 02 L :/,,/A////’ 0.'..'.{.,::.'.‘.'..' | . .
0.4 1 W A 4 series expansion of the FFs...
L 4 \_/ R RRRARRNIKRKKE ]
02] s 1% oo DM 4
g 4 = 00 1 The DM approach
S Z = e RBC/UKQCD 6~ | . . d dent of this i 111
N ] - . is independent of this issue!!!
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LFU in semileptonic B - m decays

Two LQCD inputs have been used for our DM method (arXiv:2202.10285): f”(q2 = 0)|RBC/UKQCD = —0.06 +0.25
* 3 RBC/UKQCD data (points) for each FF [PRD ‘15 (1501.05363)]

3 FNAL/MILC data (squares) for each FF [PRD ‘15 (1503.07839)] fm(¢* = 0)|pnaL/minc = —0.01 £ 0.16
e e e e e e e e —— = =
I Peculiarity of B> rdecays: LONG extrapolation in g? : 9
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~  EER/ which satisfy unitarity and at
1 = 0.0 R DM . h ) d
s+ RS
& /”// ; RBC/UKQCD e 4 the same tlmfe reproduce
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LFU in semileptonic B - m decays

This issue is of capital importance to test LFU:

R/ — (B — 7Ty, )
" I'(B — muv,)
THEORY with DM method EXPERIMENT
Input RBC/UKQCD FNAL/MILC combined T/
= 1.05 £0.51
Ry 0.767(145) 0.838(75) 0.793(118) BelPleap 05+0.5
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Expected improved
precision @ Belle Il
(PTEP ‘19 (1808.10567))

SRT* ~ 0.09

~80% reduction of the error!




LFU in semileptonic B - m decays

This issue is of capital importance to test LFU:

RT/n = (B — ntv;)
I'(B — muv,)
THEORY with DM method
Input RBC/UKQCD FNAL/MILC combined
Ry/* 0.767(Ds) 08330581 || 0.793(3&]

Expected improved precision in LQCD

i ~

computations of the FFs
@ high momentum transfer

v N
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SRI/*

0.73

0.38

0.59

Hypothetical 50% reduction of the error...
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LFU in semileptonic B - m decays

This issue is of capital importance to test LFU:

R/ — I'(B — nTv,)
T =
I'(B — muv,)
THEORY with DM method EXPERIMENT
Input RBC/UKQCD FNAL/MILC combined T/
; . - = 1.00 = Q>8]
Ry 0.767(D%) 0.838(25( || 0.793(0] Rr¥leop = 1.0 M

4 N

Expected improved precision in LQCD
computations of the FFs

@ high momentum transfer

v N

Expected improved
precision @ Belle Il
(PTEP ‘19 (1808.10567))

Input RBC/UKQCD FNAL/MILC combined T / L
SRL/* 0.73 0.38 0.59 OR:/" ~0.09

~80% reduction of the error!

Hypothetical 50% reduction of the error...

For further investigation of possible NP effects in the future, it is fundamental to extrapolate

appropriately the FFs behaviour in the whole kinematical range
L. Vittorio (SNS & INFN, Pisa) 8



Conclusions

The Dispersion Matrix approach is an attractive tool to implement unitarity and lattice QCD calculations in the analysis
of exclusive semileptonic decays of mesons and hadrons. Its most important features are the following:

- it does not rely on any assumption about the momentum dependence of the hadronic Form Factors
- it can be based entirely on first principles (i.e. unitarity and analiticity) using lattice determinations
both of the relevant Form Factors and of the dispersive bounds (the susceptibilities)
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- it does not rely on any assumption about the momentum dependence of the hadronic Form Factors
- it can be based entirely on first principles (i.e. unitarity and analiticity) using lattice determinations
both of the relevant Form Factors and of the dispersive bounds (the susceptibilities)

Two important features of the DM approach for the determination of LFU observables have been investigated in this talk:

1. it avoids mixing among theoretical calculations and experimental data to describe the shape of the FFs
2. it predicts band of values that are equivalent to the infinite number of (BCL) fits satisfying unitarity and
reproducing exactly a given set of data points
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Conclusions

The Dispersion Matrix approach is an attractive tool to implement unitarity and lattice QCD calculations in the analysis
of exclusive semileptonic decays of mesons and hadrons. Its most important features are the following:

- it does not rely on any assumption about the momentum dependence of the hadronic Form Factors

- it can be based entirely on first principles (i.e. unitarity and analiticity) using lattice determinations
both of the relevant Form Factors and of the dispersive bounds (the susceptibilities)

Two important features of the DM approach for the determination of LFU observables have been investigated in this talk:

1. it avoids mixing among theoretical calculations and experimental data to describe the shape of the FFs
2. it predicts band of values that are equivalent to the infinite number of (BCL) fits satisfying unitarity and
reproducing exactly a given set of data points

0.34 ~ ~ - 1 * ' 1 T T
Phenomenological results for LFU: oo b :
1. The anomalies in semileptonic (charged current) B decays
. . 0.30 [ ]
have been lightened: consistency between theory and _ i
experiment @ the 1.30 level 2 o028 [ ]

2. Possible SU(3); symmetry breaking effects in R(D*) vs R(D*)? & !

3. Importance of DM method for B = 7 decays, no LFU 0.26 .
anomalies at present mainly due to the large experimental o4 [ -~ 68.3% C.L. contours 1
uncertainty . r — 95.5 % C.L. contours

O22 L v o0y
0.24 0.28 0.32 0.36 0.40 0.44

. . . R(D))
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Exclusive Vcb determination through unitarity

Starting from the FFs bands, we use the experimental data to compute bin-per-bin estimates of Vcb.
NB: the experimental data do NOT enter in the determination of the bands of the FFs

To do it, it is sufficient to compare the two sets of measurements of the differential decay widths

dP/dw, xr = w,COSQZ,COSHme

by the Belle Collaboration (arXiv:1702.01521, arXiv:1809.03290) with their theoretical estimate, computed through the
unitarity bands shown before. ‘

X |

dl'(B — D*(— Dr)tv)  G%|Val*n4w
dwdcosOpdcosO,dy —  4(4m)?

x B(D* — Dm){(1 — cos 6;)*sin? 0, | H, |

+ (1 4 cos 8y)? sin? 0, | H_|? + 4sin® 6, cos? 6, | Hy|?
— 2sin? 6y sin® 6, cos 2xH+H_
— 48in 0y(1 — cos 6y) sin 6, cos 6, cos xH1 H

L. Vittorio (SNS & INFN, Pisa) + 4sin 0y(1 + cos 0y) sin 6, cos 6, cos x H_Ho},
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CKM matrix elements

43 [ — T T [ T T T [ T T T [ T T T [ T T T [ T T T ] T T ]

S 41 B : &P ! ]
x ! O bm ]
> 40 O FLAG 21| -
B E] 4

- inclusive T

39 <> _

I @ utnt 21|

38 i [ S T S TR N T N TN AN N SN SR AN S NN SN SN S NN TN SR DA BN S T |

3.4 3.6 3.8 4.0 4.2 4.4 4.6 4.8

3
vV bI x 10
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Semileptonic B, - D.* decays (in prep.)

SU(3): symmetry breaking effects?

9 (GeV) FY (GeV?)
6.5

Black bands: 60 f(Wmaz) =419+ 0.31 GeV

B > D* 55
Blue bands:  5° g(Wmaz) = 0.180 £ 0.023 GeV ™1 |
Bs 9 Ds* 4.5
01 F1(Wmaz) = 11.0 £ 1.3 GeV?
330 11 12 13 14 15 10 11 12 13 14 15
(a) (b) Py (Wmag) = 0.411 £ 0.048 .
g (GevT) &
Orange points: | 10 f?(Wmaz) = 4.42 £ 0.30 GeV,
0.4
HPQCD 08 7* (Wmaz) = 0.261 =+ 0.044 GeV 1,
Red points: 0.3
FNAL/MILC 06 F$ (Wimae) = 14.9 + 1.3 GeV?,
0.4
01— . . . w w Pls(wmax) — 0.551 :l: 0.048.
1.0 1.1 1.2 1.3 1.4 1.5 1.0 1.1 1.2 1.3 1.4 1.5
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Semileptonic B, - D.* decays (in prep.)

SU(3): symmetry breaking effects?

f(z (GeV) F (GeV?)

Black bands: ©69:
B > D* 55 1
Blue bands: 50

Bs 9 Ds* 4.5 14 \

F(Wmaz) = 4.19 £ 0.31 GeV |

\
g(Wmaz) = 0.180 £ 0.023 GeV ™1 |

40 b Fi (Wmaz) = 11.0 £ 1.3 GeV?
330 11 12 13 14 e % 11 12 13 5
(a) (b) Py (Wmag) = 0.411 £ 0.048 .
g5 Gev) A
Orange points: | 10 f?(Wmaz) = 4.42 £ 0.30 GeV,
04
HPQCD 08 9* (Wimaz) = 0.261 %+ 0.044 GeV 1
Red points: o3 _
FNAL/MILC 06 ~ TS5 (Wimaz) = 14.9 £ 1.3 GeV?,
04
N \N P? (wmaz) = 0.551 £ 0.048.
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A methodological break: comparison with BGL/BCL

Boyd, Grinstein and Lebed, Phys. Lett. B853, 306 (1995)

What is the main improvement with respect to BGL/BCL parametrization? Boyd, Grinstein and Lebed, Nucl. Phys. B461, 493 (1996)
Boyd, Grinstein and Lebed, Phys. Rev. D 56, 6895 (1997)

Basics of BGL: the hadronic FFs corresponding to definite spin-parity can be —
represented as an expansion, originating from unitarity, analyticity and crossing og“'ta”tV:
symmetry, in terms of the conformal variable z, for instance

1 Zaigl
< a n=0
9(2) = \/X1 qO ¢g(z qo Pl Z "

Basics of BCL: similar to BGL, the expansion series has a simpler form, for instance

1 ! n
. n n—N N
fr(z) = Ry g ag |2" — (—1) naa
Nz -1 Bourrely, Caprini and Lellouch, Phys. Rev. D 79, 013008 (2009)
— E by, zk, Unitarity:
n=0 N N

Y Bfaaman <1, Y BY bmb, <1
i,j=0 i,j=0

L. Vittorio (SNS & INFN, Pisa)



LFU in semileptonic B - m decays

Fit Ne=3 MN=d N=5 f™(¢* = 0)lrBo/UKQCD = —0.06 £ 0.25
x2/dof 2.5 0.64 0.73
dof ° ' ? f™(¢* = 0)lpnar/mic = —0.01 4 0.16
p 0.02 0.63 0.48
S B bibE  0.11(2) 0.016(5)  1.0(2.3) fﬂ(q2 = 0)|combined = —0.04 +0.22
STBO b0 0 0.33(8) 2.8(1.7) 8(19)
£(0) 0.00(4) 0.20(14)  0.36(27)
Table XlII N
of arXiv:1503.07839 bg 0.395(15)  0.407(15) 0.408(15)
(FNAL/MILC Coll.) b —0.93(11) —0.65(16) —0.60(21)
by —1.6(1) —0.5(9) —0.2(1.4)
by 0.4(1.3) 3(4)
by 5(5)
b9 0.515(19)  0.507(22) 0.511(24)
b9 —1.84(10) —1.77(18) —1.69(22)
b9 —0.14(25) 1.3(8) 2(1)
b 4(1) 7(5)
b9 3(9)

L. Vittorio (SNS & INFN, Pisa)



Table XllI

of arXiv:1503.07839
(FNAL/MILC Coll.)

L. Vittorio (SNS & INFN,

LFU in semileptonic B - m decays

Fit | N, =3 N, =4 N, =5]|
x2/dof 2.5 0.64 0.73
dof 6 4 2

p 0.02 0.63 0.48
S B btbl  0.11(2) 0.016(5)  1.0(2.3)
S BO b0b0  0.33(8) 2.8(1.7) 8(19)
£(0) 0.00(4) 0.20(14)  0.36(27)
by 0.395(15)  0.407(15) 0.408(15)
b —0.93(11)  —0.65(16) —0.60(21)
by —1.6(1) —0.5(9) —0.2(1.4)
by 0.4(1.3) 3(4)
by 5(5)
b9 0.515(19)  0.507(22) 0.511(24)
b9 —1.84(10) —1.77(18) —1.69(22)
b9 —0.14(25) 1.3(8) 2(1)
b3 4(1) 7(5)
b9 3(9)
Pisa)

f™(¢* = 0)|rBc/UKQCD = —0.06 £ 0.25

fﬂ-(q2 = O)‘FNAL/MILC = —0.01 £0.16

F™(q% = 0)|combined = —0.04 + 0.22

It seems that the mean value and the
uncertainty are not stable under variation
of the truncation order...



Table XllI

of arXiv:1503.07839
(FNAL/MILC Coll.)
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LFU in semileptonic B - m decays

f™(¢* = 0)|rBc/UKQCD = —0.06 £ 0.25

DM result

f™(¢* = 0)|pnar/mimc = —0.01 £ 0.16

Fit | N, =3 N, =4 N, =5]|
x2/dof 2.5 0.64 0.73
dof 6 4 2

p 0.02 0.63 0.48
S B bbbt 0.11(2) 0.016(5)  1.0(2.3)
S BO b0b0  0.33(8) 2.8(1.7) 8(19)
£(0) 0.00(4) 0.20(14)  0.36(27)
by 0.395(15)  0.407(15) 0.408(15)
b —0.93(11)  —0.65(16) —0.60(21)
by —1.6(1) —0.5(9) —0.2(1.4)
by 0.4(1.3) 3(4)
bf 5(5)
b9 0.515(19)  0.507(22) 0.511(24)
b9 —1.84(10) —1.77(18) —1.69(22)
b9 —0.14(25) 1.3(8) 2(1)
b3 4(1) 7(5)
b 3(9)
Pisa)

F™(q% = 0)|combined = —0.04 + 0.22

It seems that the mean value and the
uncertainty are not stable under variation
of the truncation order...

The DM approach
is independent of this issue!!!



LFU in semileptonic B - m decays

2
f7(q¢" = 0)|rBc/UKQCD = —0.06 + 0.25
2
f(¢° = 0)[pnar/mmc = —0.01 £ 0.16
Table XIX
of arXiv:1501.05363 T2 — 0 . —0.04 + 0.22
(RBC/UKQCD Coll.) "(q )|combinea ' '
7 e
K p(® b(l)/b(o) b(2)/b(0) b(3)/b(0) Z Binbmbn K b(® b(l)/b(o) b(2)/b(0) b(3)/b(0) Z Bounbmbn f(q2 — 0) X2/dof p
1 0.447(36) 0.00394(63) 0.447(36) 4.02 2%
2 0.410(39) -1.30(52) 0.0120(59) 0.241(83) 0.30 58%
3 0.420(43) -1.46(59) -4.7(7.2) 0.15(42) 0.07(32)
1 0.460(61) 0.0225(60) 0.460(61) 90.1 0%
2 0.516(61) -4.09(55) 0.408(63) -0.074(73) 0.03 87%
3 0.516(61) -3.94(97) 0.7(3.8) 0.32(41) -0.02(28)
2 0.366(37) -2.79(54) 0.0337(85) 2 0.587(58)  -3.33(38) 0.346(55) 0.040(65) 6.18 0%
3 0.427(40) -1.62(46) -7.7(1.5) 0.38(15) 2 0.521(60) -4.03(52) 0.404(62) -0.066(70) 0.10 91%
2 0.410(39) -1.24(51) 0.0113(56) 3 0.520(60) -3.12(42) 4.5(1.3) 0.41(17) 0.248(82) 0.58 56%
3 0.424(41) -1.50(57) -6.0(5.0) 0.24(38) 3 0.519(60) -3.81(81) 1.2(3.4) 0.27(25) 0.01(24) 0.07 79%

L. Vittorio (SNS & INFN, Pisa)




LFU in semileptonic B - m decays

f™(¢* = 0)|rBc/UKQCD = —0.06 £ 0.25

Same considerations developed
for the FNAL/MILC case...

fﬂ-(q2 = 0)‘FNAL/MILC = —0.01 £0.16

Table XIX
of arXiv:1501.05363 T2 __ 0 . — —0.04 +0.22
(RBC/UKQCD Coll.) J(@" = 0)lcombined
e for
K] p© bW @ p@ /O p®) O S B bby, K] b© bW /6@ p@ pO  p3) b0 S B, bbby W:_(])I x2/dof  p
1 0.447(36) 0.00394(63) 0AT30) 4.02 2%
2 0.410(39) -1.30(52) 0.0120(59) 0.241(83) 030  58%
3 0420(43) -1.46(59) -4.7(7.2) 0.15(42) 0.07(32)
1 0.460(61) 0.0225(60) | 0.460(61) 901 0%
2 0516(61) -4.09(55) 0.408(63) -0.074(73)  0.03  87%
3 0.516(61) -3.94(97) 0.7(3.8) 0.32(41) -0.02(28)
3| 0.366(37) -2.79(54) 0.0337(85) |2 | 0.587(58) -3.33(38) 0.346(55) 0.040(65)] 618 0%
3| 0427(40) -1.62(46) -7.7(1.5) 0.38(15) 2| 0.521(60) -4.03(52) 0.404(62) -0.066(70)] 0.10  91%
2 | 0.410(39) -1.24(51) 0.0113(56) | |3 | 0.520(60) -3.12(42) 4.5(1.3) 0.41(17) 0.248(82)] 0.58  56%
3| 0424(41) -1.50(57) -6.0(5.0) 0.24(38) 3| 0.519(60) -3.81(81) 1.2(3.4) 0.27(25) 0.01(24) | 007  79%
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LFU in semileptonic B - m decays

T2 __ —
Same considerations developed f (q - 0)|RBC/UKQCD 0.06 + 0.25
for the FNAL/MILC case... ) DM result
f(¢° = 0)[pnar/mmc = —0.01 £ 0.16
Table XIX
of arXiv:1501.05363 T2 — 0 . —0.04 + 0.22
(RBC/UKQCD Coll.) f (q )|Comb1ned . .
e for
K] p© bW @ p@ /O p®) O S B bby, K] b© bV /6@ b B0 p®) /pO) S B, bbby lml x?2/dof p
1 0.447(36) 0.00394(63) 0.417(36)  4.02 2%
2 0.410(39) -1.30(52) 0.0120(59) 0.241(83)  0.30  58%
3 0.420(43) -1.46(59) -4.7(7.2) 0.15(42) 0.07(32)
1 0.460(61) 0.0225(60) 0.460(61) 901 0%
2 0.516(61) -4.09(55) 0.408(63) 0.074(73)  0.03  87%
3 0.516(61) -3.94(97) 0.7(3.8) 0.32(41) -0.02(28)
2 | 0.366(37) -2.79(54) 0.0337(85) |2 | 0.587(58) -3.33(38) 0.346(55) 0.040(65)] 6.18 0%
3| 0.427(40) -1.62(46) -7.7(1.5) 0.38(15) 2 | 0.521(60) -4.03(52) 0.404(62) 0.066(70)] 010  91%
2 | 0410(39) -1.24(51) 0.0113(56) | |3 | 0.520(60) -3.12(42) 4.5(1.3) 0.41(17) 0.248(82)| 058  56%
3| 0.424(41) -1.50(57) -6.0(5.0) 0.24(38) 3| 0.519(60) -3.81(81) 1.2(3.4) 0.27(25) 0.01(24) 007  79%

2" important issue: the DM method equivalent to the results of all possible fits
which satisfy unitarity and at the same time reproduce exactly the input data

L. Vittorio (SNS & INFN, Pisa)




The Dispersive Matrix (DM) method

Let us examine the case of the production of a pseudoscalar meson (as for the B — D case). Supposing

to have n LQCD data for the FFs at the quadratic momenta {1, - - - , ¢, } (hereafter ¢ = q2 ), we define
(@flof) (Dflg) (Dflgn) -+ (Bfl9t) \  (hy|hy) = P j, (2)ha(2)
( (glof)  Agelge)  (gtlge) -+ (gtlgen) \ o /lzlzl 2miz
M= | (9ulof) (gulgs) (9nlge) -+ (9tlgt.) _ 1
. . . . . g9i(2) = 77—
: : : : : — z(1)z
\ (00 /0) (galge) (oralgn) - (9ln) ) T oo requmemen

CENTRAL REQUIREMENT:

I I
I I
I I
The conformal variable z is related to the momentum transfer as: I det ]_\/_[ > O I
I - I

ty—t . 1 Two advalr-It;g_es_: __________
ty—t_ 1. zisreal
Z (t) — ‘ 2. 1-to-1 correspondence:
t+—1 —
t +—t _I_ 1 [01 tmax_t-] @[zmaxl 0]
+ o A lot of work in the past:

L. Lellouch, NPB, 479 (1996), p. 353-391

C. Bourrely, B. Machet, and E. de Rafael, NPB, 189 (1981), pp. 157 - 181
E. de Rafael and J. Taron, PRD, 50 (1994), p. 373-380

L. Vittorio (SNS & INFN, Pisa)



(Df10)) (6flge)| (Dflge) --- (Oflgt,)
(gelof)  (gelge)  (gelge,) --- (gtlge,)
M = | [galof)| (gulg)| (gtlge) - (9tlge,)

The DM method

(Gtn|9tn)

do(z, Q%) = \/2n1\/3ti;_t+_t (11_+)z5/2 (5(0) 1+z):2_(ﬂ( Q?) + 1+z) 2’

Vo e (0 122) (s + 122) 7 B =

Thus, we need these external inputs to implement our method:

el f) (genlge) | (glon)

We also have to define the kinematical functions

¢+ (2, Q%)

- estimates of the FFs, computed on the lattice, @ {t,,...,t, }: from Cauchy’s theorem (for generic m)

(G| 6F)] = Dltms Q) (tm) (Gon90)| = ——

LQCD data! 11— Z(tl)z(tm)

- non-perturbative values of the susceptibilities, since from the dispersion relations (calling Q2
the Euclidean quadratic momentum) == S e e e e e e e e e e mmmm—m - =

I
2 : Since the susceptibilities are computed
X(Q ) Z <¢f | ¢f> I on the lattice, we can in principle use
I
I
I

whatever value of Q2 !
L. Vittorio (SNS & INFN, Pisa)



The DM method

In the presence of poles @ tp1,tp2, - ...,tPN:

z — z(tp1)

¢(z7q2) — ¢P(z’q2) = ¢(zaq2) X

Thus, we need these external inputs to implement our method:

1— Z(tpl)z

(Df10)) (6flge)| (Dflge) --- (Oflgt,)
(gelof)  (gelge)  (gelge,) --- (gtlge,)
M = | [galof)| (gulg)| (gtlge) - (9tlge,)
<gtn.|¢f ) (gtn.|gt> (gtn.|gt1> <gtnigtn>

z — Z(tpN)

1 —Z(tpn)z

- estimates of the FFs, computed on the lattice, @ {t,,...,t, }: from Cauchy’s theorem (for generic m)

<gtm‘¢f> — ?b(tman)f(tm)

LQCD data!

<gtm |gtl>

B 1
1 —z(t) 2(tm)

- non-perturbative values of the susceptibilities, since from the dispersion relations (calling Q2

the Euclidean quadratic momentum)

X(Q%) >

(@f|of)

L. Vittorio (SNS & INFN, Pisa)



The DM method

At this point, the form of the matrix is much simpler:

[ X  6f Sifi dofs o dnfy )

¢f 1 1 1 1
1—22 1—2z21 1—22z0 °°° 1—2zzn

¢ f 1 1 1 1
1J1 1—%2 1—2% 1—2129 *°° 1—2z12N

¢ f 1 1 1 1
2J2 1552 1—2321 1—23 t 1—202n

¢ f 1 1 1 1
\ NJN l1—znz 1—2n21 l—2zn22 °°° 1—22 /

N
L. Vittorio (SNS & INFN, Pisa)



The DM method

The positivity of the original inner products guarantee that det M > (: the solution of this inequality
can be computed analitically, bringing to

st |B = VYV S F(2) S|B+ VT bouns

& -2 1 1 a (1-29)(1 - 2j)
= e L T Peem e [V A ek T

UNITARITY FILTER: unitarity is satisfied if y is semipositive definite, namely if

(1-2)(1 - 22)

X > Y Nfifidp;did;

1l — z:2;
i,5=1 "

This is a parametrization-independent unitarity test of the LQCD input data

L. Vittorio (SNS & INFN, Pisa)



The DM method

The positivity of the original inner products guarantee that det M > (: the solution of this inequality
can be computed analitically, bringing to

st |B = VYV S F(2) S|B+ VT bouns

& -2 1 1 a (1-29)(1 - 2j)
b= d(2)¢(2) ; qubjdjﬁ 7= d?(2)¢?(2) 1 — 22 X~ ijzzl fili9ijdid; 1 — 2z

UNITARITY FILTER: unitarity is satisfied if y is semipositive definite, namely if

(1-2)(1 - 2)

X > Y Nfifi¢pjdsd;

1,7=1

How do we treat the uncertainties?

1 — Ri %5

L. Vittorio (SNS & INFN, Pisa)



Statistical and systematic uncertainties

How can we finally combine all the N, lower and upper bounds of both the FFs??

One bootstrap event case:

after a single extraction, we have one value of the lower bound f, and one value of the upper one f, for each
FF. Assuming that the true value of each FF can be everywhere inside the range (f, - f;) with equal
probability, we associate to the FFs a flat distribution

P(fors) = !

fuo@) — oo
Many bootstrap events case:

how to mediate over the whole set of bootstrap events? Since the lower and the upper bounds of a generic FF are
deeply correlated, we will assume a multivariate Gaussian distribution:

Vdet p exp  pupup(fu — (f))* + Projo(fr — (f1))* + 2p10p(fo — (fu))(fL — (fL))
2T 2

In conclusion, we can combine the bounds of each FF in a final mean value and a final standard deviation, defined as

O(fo+) — fro)Ofvo) — fot)

P(fLan) —

NO
<f> — <fL> T <fU> PARAMETRIZATION
2 , ADOPTED!!!
o = 2o ((fo) = (fu)? + 5(0%, + 0%, + )
N 12 v L 3 O-flo O-fup plO,uPO-floO-fup
L. Vittorio (SNS & INFN, Pisa)



Kinematical Constraints (KCs)

REMINDER: after the unitarity filter we were left with N, < N survived events!!!

Let us focus on the pseudoscalar case. Since by construction the following kinematical constraint holds

fo(0) = f4+(0)

we will filter only the N, < N, events for which the two bands of the FFs intersect each other @ t = 0.
Namely, for each of these events we also define

From WE theorem

(D(pp)|V"[B(pB)) = [+(pB+PD)" + f-(PB -

One then defines

P10 = max|F ;,(t = 0), Foo(t = 0)]

Gup = Min[Fy . (t = 0), Fyyp(t = 0)]

mp — Mp

pp)H

(D(pp) |V*| B(ps)) = £+(¢?) (psg - q—Qqﬂ) P




Kinematical Constraints (KCs)

We then consider a modified matrix

[ 6f168)  (@flg)  (@flan) - (Bfle)  (@flgn.) )

(gelof)  (gtlge)  (gelge,) -+ (9elge.)  (9tlgtnys)
M = (9¢, !qﬁf ) <gt1.|gt> (9¢, !gt1> : (9t, |.gtn> (9t, |§?tn+1>
(gtnlOf)  (9talgt)  (9tal9t) - (9tal9t.)  (9tn|Gtni1)

\ (i1 [8) (9tninl9) (Gtninlgtr) - (Gtnia|9t) (9tnin|Gtnin) )

with t,,; = 0. Hence, we compute the new lower and upper bounds of the FFs in this way. For each of the N, events,
we extract Ny, values of fo(0) = f+(0) = f(0) with uniform distribution defined in the range [, ¢up]. Thus, for both
the FFs and for each of the N, events we define

Fio(t) = min[EL(t), FA(L), -, Fp <2 (1)),
Fop(t) = max[F}(t), F2,(t), -, Fuy“2(t)

L. Vittorio (SNS & INFN, Pisa)



Non-perturbative computation of the susceptibilities

In arXiv:2105.07851, we have presented the results of the first computation on the lattice of the susceptibilities for
the b - ¢ quark transition, using the N=2+1+1 gauge ensembles generated by ETM Collaboration.

How are they defined? The starting point is the HVP tensor:

mv,(Q) = / d'z =9 (O[T [B(a)yPe(z) 2(0)4Eb(0)] |0)
= _QMQVHO+ (Qz) + (6/J/VQ2 - Q,uQV)Hl— (Qz)

To compute the susceptibilities on the lattice, we start from the Euclidean correlators:

xo+(Q°) = % QT+ (Q%)] = /0 "t (@) e 1) Co- () = [ (01T [a)c(o) e(0)10b(0)] 0}
0-@) = g o (@@ = 1 [ a2 ¢, Cr- () = ;2: [ 2017 [Bapetz) e0)b(0)] 1)
Xo- (@) = 55 Q- (@)] = [t 2io@t) Co- ). - (1) = / F2(OIT [Bzrse(a) 0 0nsb0)] 0)
xl+(Q2)z—% 85;2 [Q°T1;+(Q%)] =31 /0 dt t4jlé§i)01+() Cr(t / d*x(0|T [b(x)vyv5c(z) &(0)77795b(0)] |0)

L. Vittorio (SNS & INFN, Pisa)



Non-perturbative computation of the susceptibilities

In arXiv:2105.07851, we have presented the results of the first computation on the lattice of the susceptibilities for
the b - ¢ quark transition, using the N=2+1+1 gauge ensembles generated by ETM Collaboration.

How are they defined? The starting point is the HVP tensor:

mv,(Q) = / d'z =9 (O[T [B(a)yPe(z) 2(0)4Eb(0)] |0)
= —QuQuTTg Q%) + (8,0 Q% — Q)T (Q?)

To compute the susceptibilities on the lattice, we start from the Euclidean correlators:

xo+ (@) = 8i [Q°TTo+(@%)] = /0 Tt 2io(Qt) Cpe(t), —eks i /O v jlgi,t,) [(my — me)*Cs(t') + Q*Co+ (t')]
2 00
x1-(Q%) = —%anQ [Q*11,-(Q%)] = i/o dt t4jlé§t) Cy-(t)
o0 1. 1 [ -
(@)= 50 [@0-@) = [Tt in@n 00, —e L [T at et P (g mo () + @26y (0)
2
1+ Q) =~ s [T (@] = [~ at D52 6

L. Vittorio (SNS & INFN, Pisa)



Non-perturbative computation of the susceptibilities

The possibility to compute the ys
on the lattice allows us
to choose whatever value of Q2 1111
(i.e. near the region of production
of the resonances)

NOT POSSIBLE IN PERTURBATION THEORY!!!

‘ (mp + me)Agep << (mp + mc)2 - q2

POSSIBLE IMPROVEMENT IN THE STUDY
OF THE FFs through our method!

Work in progress...

To compute the susceptibilities on the lattice, we start from the Euclidean correlators:

Yo+ (@2) = % Q%M+ (Q)] = /0 " dt 250(Qt) Cor (1)

0-@) = o @@ = 1 [~ a2 o
Xo- (@) = 55 Q- (@)] = [t 2io@t) Co- ).

2
1+ Q) = = o QP (@] = ¢ [T ar 20

L. Vittorio (SNS & INFN, Pisa)

..

. 1.

i/o dt' t'* jlgi/t ) [(mp —me)*Cs(t) + Q*Co+ (t')]

L[ 2O eyt + @200 )



Non-perturbative computation of the susceptibilities

0-030 :l T 1 I T 1 T I T 1 1 I T 1 1 I :I
[ : phys hys:
IRSL mbp ’ E- Following set of masses:
L5 D]
0.025 YO ] _
%00 o o 1 mp(n) = A" mphs forn=1,2,...
: o L] _
0.020 | o - my, = app/(Zpa)
[: 82532 1A = [P mEMeY10 = [5.198/1.176]/10 ~ 1.1602
>:<-> 0.015 i a~0.082 fm O (r,-n -
C m ~12MeV i Nine masses values!
- . m =m " () (I’, r) . h
— . c c N f— p ys
0.010 - ] mh(l) = m?
- ] phys
S o : 1 r: Wilson parameter
0.000 _Elﬂuau NI SR T (NN SRR TR SR N S SN M M ]
1 2 3 4 5
m (GeV)

Large discretisation effects and contact terms
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Contact terms & perturbative subtraction

In twisted mass LQCD:

o +r/a J4k N Q Q
Iy = /—w/a (2m)* Trb Gk + 5 ) Galk - 5)]’ k3
G-(p) _ _i’Yuﬁu + MZ(p) — 1T fbqi7Y5
(/ - o
B + M3 (p) + g _C;
1, _ i . ~_ 2 . (ap
Pp=" sin(apy),  Mi(p) = mi + §api> p=- Sln(%) k — %

038 = o 2(2] + (r} — r3) 25 + (3 — r3)(r} + 13) Z4)g°"
+ (1324 + 13273 + e 2#2) g% + (22 + (r} =) Z2)Q - Qg*°
+ (227 4 (12 =1} 22°)QQP + rira(a 222 g% + (ZH + (r3 + 1) 2T
+ (il +75) 20 Q - Q™ + (iZ5'" + u3Z5)g™") + O(a®),  CONTACT TERWMSI!

F. Burger et al., ETM Coll., JHEP ’15 [arXiv:1412.0546]
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Contact terms & perturbative subtraction

In twisted mass LQCD (tmLQCD):

+7/a d4k Q Q
af _ a AW _ X Q

Thus, by separating the longitudinal and the transverse contributions, we can
compute the susceptibilities for all the spin-parity quantum numbers in the free <
theory on the lattice, i.e. at order (’)(ozg) using twisted-mass fermions!

E— 9
free LO discr y

X5 =X X

LO term of PT @ O(Oz(s)) contact terms and discretization effects @ O(agam) with m > 0
Perturbative subtraction: > Higher order corrections?
free LO
X5 =7 X5 — |X5  TXj @ @
Work in progress...
L. Vittorio (SNS & INFN, Pisa)
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Contact terms & perturbative subtraction

1 T T T I 1 T T T I T 1 1 T I T 1 1 T I T

1]

B25.32
a~0.082 fm

m ~ 12 MeV
ud

hys
m=mpy
c c

ElEI

BIB IBI 1 1 1 I 1 1 1 I 1 1

0]

O (r,-r

O (r,r)

B
=

—

2
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m
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h

4
(GeV)

(9)

X+

0.030

0.025

0.020

0.015

0.010

0.005

0.000

1 1 1 I 1 T 1 1 1 I 1 1 1 I |
: m phys m phys : :

; b
i ’ perturbative subtraction -
I B25.32 ]
[ © 2~0.082fm O ]
i m ~12 MeV O @mr ]
- m=m phys -
: o © © :
000 @ @ .
B g B i
_ g © ]
i EBIE IEI 1 L 1 I 1 1 L l L 1 1 I :I ]
1 2 3 4 5

m (GeV)
NOT ENOUGH...



Contact terms & perturbative subtraction

:Emphys m Ps ]
_@ c b |
 ® 00| 1
O @ B
9 g O@n| |-
[ CD(D M -]
= © o L
[ B25.32 O m ]
_ a ~ 0.082 fm @ )
: m ~ 12 MeV :
_—_ ud . —
L m =m P .
L | T
1 2 3 4 5
m (GeV)
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perturbative subtraction

o1 B
AS =
L=

®

a~0.082 fm

m ~ 12 MeV
ud

hys
m=mpy
c c

O (r, -r)
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For the extrapolation to the physical b-quark point we have used the ETMC ratio method:

m—)

to ensure that

L2
RJ(na a , Myd

All the details are deeply discussed in arXiv:2105.07851. In this way, we have obtained the first lattice QCD

ETMC ratio method & final results

Xjlmn(n)

; 0’2 ) mud]

pjlmn(n)]

) =

Xjlmn(n — 1); a2, myg]

pilmn(n — 1)]

po+(mn) = po-(mp) =1,

p1-(mn) = pr+(mp) = (mh

pole)2

limy, 00 Rj(n) =1

determination of susceptibilities of heavy-to-heavy (and heavy-to-light, in prep.) transition current densities:

b-c

b->u

Perturbative | With subtraction || Non-perturbative | With subtraction Non-perturbative | With subtraction
xv, [1073] 6.204(81) — 7.58(59) — 2.04(20) —
XAp [10_3] 24.1 19.4 25.8(1.7) 21.9(1.9) 2.34(13) -
Xvy[107% GeV 2] 6.486(48) 5.131(48) 6.72(41) 5.88(44) 4.88(1.16) 4.45(1.16)
XAp[107% GeV~2] 3.894 — 4.69(30) — 4.65(1.02) —

Bigi, Gambino PRD ’16
Bigi, Gambino, Schacht PLB ’17

Bigi, Gambino, Schacht JHEP ’17
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For the extrapolation to the physical b-quark point we have used the ETMC ratio method:

R;(n; a2, Myud) =

ETMC ratio method & final results

Xj[mn(n); a?, myqg

pjlma(n)]

Xjlmn(n — 1); a2, myg]

pjlma(n —1)]

m—)

to ensure that
limy, 00 Rj(n) =1

All the details are deeply discussed in arXiv:2105.07851. In this way, we have obtained the first lattice QCD

po+(mn) = po-(mp) =1,

p1-(mp) = py+(myp) = (mb€)?

determination of susceptibilities of heavy-to-heavy (and heavy-to-light, in prep.) transition current densities:

b->c b->u
Perturbative | With subtraction || Non-perturbative | With subtraction Non-perturbative | With subtraction
xv, [1073] 6.204(81) — 7.58(59) 2.04(20) —
x4, [1073] 24.1 19.4 25.8(1.7) 21.9(1.9) 2.34(13) —
Xvy[107% GeV 2] 6.486(48) 5.131(48) 6.72(41) 5.88(44) 4.88(1.16) 4.45(1.16)
XAp[107% GeV~2] 3.894 4.69(30) — 4.65(1.02) —

Differences with PT? ~4% for 1-, ~7% for 0", ~20 % for 0* and 1*
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