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There are 2 relevant hadronic
contributions to the muon
anomalous magnetic moment
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e The Hadronic Vacuum Polarization

» The electromagnetic current correlator and the time-momentum representation

e Lattice QCD and numerical simulations o

» The path integral and the lattice regularization v va
e The lattice QCD action

» Montecarlo methods and importance sampling

PN SN DN SN N

e The HVP correlation function

e Connected and disconnected diagrams

e Statistical errors and noise reduction Main challenges
—  when aiming at

sub-percent accuracy

e Scale setting and continuum extrapolation

e Finite size effects
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e |sospin breaking effects
Crucial for

 Strong and electromagnetic isospin breaking sub-percent accuracy

» The expansionin m,—m, and «

e HVP: lattice results Mol ——s
ainz’ 3 e = 1
e The various contributions PACS 1 | o
ETM19 —_— : |
. RBC’18 | —_—
* Results and comparisons BMWC17 | e
. DHMZ19 | o~ ;
e Crosschecks: the window observable o Ts | = ..

660 680 700 720 740
1010 % aho-HVP

e The Hadronic Light-by-Light

e Conclusions

An excellent reference is the White Paper 2020:
Phys.Rept. 887 (2020), 1-166. e-Print: 2006.04822 [hep-ph]




( A The basic ingredient of any lattice calculation of the
HVP contribution to the muon anomalous magnetic
moment is

[ Cuv(x) — <]u(x)fv(0)> J the electromagnetic

current correlator

. J

where [ J,(x)= % (I«_tyuu)(X)—i (Jyud)(x)—i (E}/#S)(x)+ ]

Its Fourier transform is the Vacuum Polarization tensor

[HW(Q)= j d*xe®* C,,(x) ] [ HW(Q)=(Q,1QV—5WQ2)H(Q2) ]

7 AN R




THE HADRONIC VACUUM
POLARIZATION

- e

=3 PN - - E

"
B
B
(5.

e Traditionally, the leading hadronic contribution to the muon anomalous
magnetic moment is expressed as

@ (%Y ]

G = (ﬂj [d0f(0" 110

T

- / . J
where [H(Q2)54712 [H(Qz)—H(O)]] and f{Q?) is a known function.




e Traditionally, the leading hadronic contribution to the muon anomalous

magnetic moment is expressed as

@ (%Y ]

G = (g) [d0f(0" 110

T

- L T~
- / . J
where [11(Q2)s47z2 [H(Qz)—H(O)]J and f{Q?) is a known function.

» Most of recent lattice calculations of afVP’LO, however, start from the
so-called [ time-momentum representation } . Choosing 0, =(®,0,0,0),

the order of the integrals in d*x e dQ? is inverted, and one finds:

RN\ N\




THE TIME-MOMENTUM

REPRESENTATION

q1VPLo — g o2 Jdt];(t)..C(t) C(t)=—— jd X ]k(x t)]k(0)>
0

U
kl_oo

o[t (s -

(m,o1/2)

oo |\ F(£)/ 13 & . 3
U - - This is the input

0.010 The large t region

# is important from
lattice QCD
\ "4
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LATTICE QCD AND

NUMERICAL SIMULATIONS

Y’ » r, N ) - - - y, —

We now discuss how a QCD correlation functions, like

IS 5 .,
{C(t)?gz fd X<Jk(x,t)Jk(0)>} thwQ/\AAN\

which is intrinsically non-perturbative at long distance,
is computed with a

;- _ )
Lattice QCD

1 numerical simulation J
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THE PATH INTEGRAL
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The theoretical framework for Lattice QCD calculations
is the path integral approach in Euclidean time:

I !
Gx5005%,) = {P(%)..9(x,)) = — [1dp100x)...0(x)e™®

1

with [Zz J[d(/?]e_s((p)} [ Wick rotation: t — —it, ]

Essential for the numerical evaluation
iS(p) N e—S(fp)

of the path integral: e
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The theoretical framework for Lattice QCD calculations
is the path integral approach in Euclidean time:

1 )
G(x,...,x,)= <(0(x1)...q0(xx)> = N J[d(p] 0(x,)...0(x )e S(9)

!

with [Zz J[d(P]e_S(‘p)J [ Wick rotation: t — —it, ]

» A mathematical definition of the path integral is obtained by discretizing
the space-time on a 4-dimensional lattice:

(o —0,=0()| | lde1—>T1,dg, | 44

The path integral then reduces to an ordinary multidimensional integral

RN\ N\




THE LATTICE

REGULARIZATION

- - - -
g

e The fields are defined on a (hypercubic) 4-dimensional lattice

[ )= pan) | n=0.n.n.n) =z
x| a /
 Derivatives are replaced by finite differences —/
x+afll)—o(x

[au(D(X) - V() = LR )}

» Several discretizations are possible:
) x)—@(x—all ~ (x+all)-o(x—all)
Vip(r) = ¢(x) qoa( W Vo0 =2 uzaco H

e In the continuum limita—0: V,g—d,q+0(a) , ﬁuqﬁauq+0(a2)
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THE LATTICE

REGULARIZATION

— — - -
P

LQCD | W S
-~ DA 1 A /‘ } . ; 3» y »
The functional integral is only a formal definition, because of ultraviolet and
infrared divergences.

=3 PN -

[ The lattice provides both an ultraviolet and an infrared cutoff }

[ 1) The ultraviolet cutoff } .
- ip-x ann - 272' _
‘P(p)ZZ(P(X)ep T Z‘P(dn)e 7 —p ¢(p+7)=qo(p)

[x:an]
1/ais th
:> The momentum p is cutoff | z |{E: Iji Iet
at the first Brillouin zone e — 2 uitraviole
cutoff

-
&

N
L b
‘f

i/
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THE LATTICE

REGULARIZATION
=z Z 7
[ 2) The infrared cutoff } The lattice is defined
in a finite volume a /|
For periodic boundary conditions . /
d ~ —ip-X
PO+D)=90) |, )= 0(pe —L—
p
27 2n  4rm 27
p=—k | = p=0"—,—,...,—(L/a-1
— ’ P, A — )

k=0,1,2,...,L/a-1 p = 0 is just a single point, it can be removed
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THE LATTICE

REGULARIZATION
=z Z 7
[ 2) The infrared cutoff } The lattice is defined
in a finite volume p 4
@ >
For periodic boundary conditions /

[¢(X+L)=¢(X)] , ¢(x):%2¢(p)e—ip-x - L —

21 2n 4nm 27
:> pi: ki - pi:O, ’ 99_(L/a_1)
L 1 L L L
k,=0,1,2,...,L/a-1 p = 0 is just a single point, it can be removed

The physical theory is obtained in the limits

a — 0 Continuum limit , L= o= Thermodynamic limit

RN\ N\




THE LATTICE

REGULARIZATION

- - - -

[ The simplest example: the scalar free theory on the lattice }

The Euclidean free action in the continuum is:

[ 5o = jd“x % [(8#(p)2 +m2q02}= J-d4x %go [—82+ mz] ) j

The scalar propagator is the inverse of the action operator:

[[—az+mz]S(x,o)=5(x)] | S(x):jd4p

S(p)e ™

2m)’

= (swmirn]
A\ TANE




[ e On the lattice ]

THE LATTICE

REGULARIZATION

-

g

In the action, derivatives are replaced by discretized derivatives:

[—82+ m2]S(x,O)=5(x) — [[—V2+m2]S(x,0)=5x,o ]

= [-V+m]S(x)=-),

1 .
S=7 2 8(pre™ =)

[ S(x+afl)—2S(x)+S(x—afl)

2
a

p
.2

u

}+ m°S(x)=0, ,

-

D, =—sen
b a

S (P)= (P +m2)1} ,

\

.
Compare with continuum propagator: S, (P)= (p2 + mz)

¢ A\ ANE




In lattice QCD, as in any other regularization of QCD,
gauge invariance must be exactly preserved




[ In lattice QCD, as in any other regularization of QCD,

gauge invariance must be exactly preserved

 [n the continuum, gauge
invariance is preserved introducing
the covariant derivative:

4 )
g(x)d,q(x) = G(x)D,q(x)
=g(x)(, +igA, )q(x)
4O SVOID
D,q(x)— V(x)D,q(x)
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o "‘T:M THE LATTICE
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RQCD ACTION

In lattice QCD, as in any other regularization of QCD,
gauge invariance must be exactly preserved

 [n the continuum, gauge
invariance is preserved introducing
the covariant derivative:

4 )
g(x)d,q(x) = G(x)D,q(x)
=g(x)(, +igA, )q(x)
4O SVOID
D,q(x)— V(x)D,q(x)

e On the lattice, finite differences

are involved:

q(x)V ,q(x)=

1 A
=—q@) lq(x+af)—q(x))

W/

It must be
rendered I
gauge invariant

< OO\ SRS




THE LATTICE

RQCD ACTION

- —~—

e The solution is known: introduce a “parallel transporter”

[ 70040 = G0 P(x.1)q0) }

e Under gauge transformation: g(x)V(x)" [V(X)P(X,y) V(y)+:| V(y)q(y)

e The explicit form of P(x,)) can be derived by observing that, for
infinitesimal transport, it defines the covariant derivative:

1 A A
lim ~ [ P(x,x+afl) g(x+af)) —q(0)] = D,q(x) = (9, +igA, () 4(x) —p

a—0 a

i /] ' A ia X
lim — [P(x,x+a,u)—1]=ngu(x) —p [ P(x,x+afl)=e 8Au(x) }

a—0 a




THE LATTICE

RQCD ACTION

e On the lattice, the parallel transporter _
on a single lattice site, called , [U (x)= elagAu(X)}
u

is the dynamical gauge variable

e Using the links one can define the lattice covariant derivatives

1 R 1
[V,g(x)z ;[Uﬂ<x>q<x+au>—q<x>ﬂ[ A0 = —[ g0 = U, ()" g(x - au)]]

[ uq(x)——(v +V)g(0) = - [U, (0 q(x+af)-U, ()" qlx - au)]]

2a

e In the continuum limit a—0: qu% D q+0(a) ?uqa Duq+0(a2)




e By having a definition of the lattice covariant derivative, the construction of

a gauge invariant fermionic action is “almost” straightforward:

[Continuum] [ Lattice ] ,+C_l._

. i~ 1 e
Sﬁfé?()C)EnDﬁm}q(x) - Sy =a Zq(x)bnvﬁm q(x)

lattice covariant derivative
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%&f THE QUARK ACTION

l"'l

by

PCOYS/ e R ONIES

e By having a definition of the lattice covariant derivative, the construction of
a gauge invariant fermionic action is “almost” straightforward:

[Continuum] [ Lattice ] ,+C_l._

- S PN I B
Sp=f67(x)BnDﬂ+m}q(x) - 5, =a Zq(x){gnvﬁm q(x)

lattice covariant derivative

e The previous form of the action is incorrect, however, because of the
doublers problem (not discussed here). The correct form is

K. Wilson

S-=a Zq(x)[ 7. u—%V2+m}q(x) 1975

¢ A\ ANE



GAUGE ACTION

- = - -
- . \

e In the continuum, the gauge action is written in terms of the field tensor

{SG = % [ Tr(GwGw)} { G, ()= V(X)G,, (x)V(x)" }

* On the lattice, the simplest pure gauge operator which transforms as G ,,, is
the plaquette, i.e. the smallest closed loop T 7

/
Y
0l /

[Puv(x) =U,(0)U,(x+ai)U, (x+av)" U, (x)" }

{PMV(X)AV(X)PW()C)V(X)JF] —> Tr| P, (x)|>Tr| P, (x)

Sameas G, The trace of the plaquette is gauge invariant

 \ANEE S




GAUGE ACTION

- - — —
~ \ .

A+BA~[ A Blr...
» Expanding the plaquette up to O(a?), using e’e” = ¢ +B+|A.Bl+

P,(x)=U,(x)U,(x+ai)U,(x+av) U, (x)" = T

— eiagAﬂ(x)eiagAv(x+a[1)e—iagAﬂ(x+a\7)e_iagAv(x) _ eiazg(aﬂAv—avAﬂﬂg[Aﬂ ’Av:|+0(a))

1

ia’g (Gyy(x)+0(a) ~ .
[Puv(x)=e ( g ) } = Re(Puv)—l—Ea g Gquuv_l_"'




GAUGE ACTION

- = —— —

—

A+BA~[ A Blr...
» Expanding the plaquette up to O(a?), using e'e” = ¢ +B+|A.Bl+

P,(x)=U,(x)U,(x+ai)U,(x+av) U, (x)" = "

— "84 X) jiagh, (xtaft) e—iagAﬂ(Ha\?) o iasA () _ eiazg(aﬂAv—avAﬁig[Aﬂ 4, o)

a2 (G (x)+0 1
— [Puv(x):e’“g( uv () (a))} = Re(PW)zl—Ea“ng G, +...

uv = uv

y 1 _2N K. Wilson
—> | _'Bx%v[l NReTr(PW(x))} p="; s




RQCD ACTION

- -
g

e Summarizing: the lattice QCD Wilson action is [ S=58,+S, |with:

So =P Z[l—%ReTr(Pﬂ Sp=a' 2.q) Bn% =5 Vi 4m g(x)

+ In the limit a — 0 : ¥

{SG:%J'd“x Tr(Gﬂv(x)GW(x))} { Sszq(X){%nﬁu+m}q(x) }

We may define an infinite number of lattice actions which all converge to
the same continuum action but with different rate and symmetries

Wilson-clover, Twisted mass, Staggered, Domain Wall, Overlap ...

7 \ANEE S
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+ Domain Wall fermions

Stout-smeared staggered fermions 2+1+1

ETMc [D. Giusti]

L~b6-=1Im

future

Pion masses in the range 220 - 490 MeV
4 volumes @ M, =320 MeV and a=0.09 fm

Twisted-mass Wilson fermions, 2+1+1

@

Fermilab-HPQCD-MILC [Lahert, McNeile]

@ 2019
@ Current
@ Planned

T
0.000

I A. El-Khadra

T
0.005

T T
0.015 0.020 0.025

a?[fm?)

Lattice 2021, 26-30 July 2021

Mainz [Wittig, Risch, Miura, San Jose, Chao]
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° ° a
100 |
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° ° [ ] [ ]
'?:. 300
2 F N200 N451 N101 (H105)
= J303 [ ] L] L]
13
£ 250 .
Daso\ C1o1
D200 ° °
200 L ]
Das2
L] .
150 280 added since 2019 -
100 . . . . .
0 0.0392 0.0502 0.0652 00772 0.0852
a? [fm?]

+ Wilson-clover fermions, 2+1

-L~5—-6Im

- Highly Improved Staggered Quarks (HISQ) 2+1+1+1

"L~>—6im

- Subset also used by Aubin et al [Aubin]




NUMERICAL

SIMULATIONS

- - - -
g

The QCD path integral on the lattice is reduced to an
ordinary multidimensional integral

l SelU1-Ss[U,q,G
<0(an,6_1)>=2j[dU][dq][dij]O(U,q,q)e- cLlU1=Sp1U, q,q]

It can be evaluated, numerically, with

{ Montecarlo methods }




INTEGRAL OVER

FERMIONIC VARIABLES

- = - -
- . \

e Fermions in the path integral are represented by anticommuting
Grassmann variables.

e The action is quadratic in the quark fields and the integral over the
Grassmann variables can be performed analytically. For example:

_SG[U] - z qx'M[U]x'y'Qy'

(q0)g()=2" [1dU1ldqlldgla(x)g(v)e _
=7 [[aUIMIUT,, det M[U] e !

Effective action

/

1 1 —-S;[U]+Trlo
:> <Q(X)§(Y)>=EJ[dU]M[U oy € S¢lUI+TrlogM[U]

e For products of more quark fields the Wick theorem holds

 \ANEE S




THE MONTECARLD

METHOD

- < -

» The remaining integral is over gauge fields:

1 U
<0(x,y ...)>=E J[dU] O[U](x,y..)e """

This is like a statistical Boltzmann system with § = f H

o Its dimension is L? for each scalar field (for L=32 = L¥=10°).
It can be only evaluated with a [ Montecarlo method |

|

1 N
I=[def(x)=— > f(x) , x,=Random[0,] =
0 Ni=1

Fora 1-D
function:

(0)= l_[[csz] oU)e >V = Lﬁg(Uc)e—S(Uc) Thg field§ are extr:.:\cted
z Ne o with uniform weight
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THE IMPORTANCE

Y

SAMPLING

» - \ -y B
i - g . \

e Because of the Boltzmann weight exp[-S(U)], only
a small region of the configuration space gives a
relevant contribution to the functional integral. k
The procedure is highly inefficient

f(U) exp[-S(U)]

:> [ Use the importance sampling technique J

The fields are cted
N, 5 ithruniform weight

= _ZO(UC Yo SWe)

The fields are extracted
with weight ~ exp[-S(U)]

i/

A sy LY
(0)=- [lav1 o) = = > ow,)

C C=1

AN

-
&

N
LA >
‘f




STATISTICAL

ERRORS

- -
.

The multidimensional integral is replaced by a sum over a finite number of
field configurations sampled with weight exp[-S5]:

_ sy LN
(0)=- [tav1 0W)e s = = Y ow,)

C C=1

The estimate is affected by statistical error which decrease like 1//N. :

1 <&

(40%) = N—E(O(Uc)— (0))

C C=1

In order to ensure enough statistical precision, many gauge field configurations must
be generated




We now have all the ingredients required to discuss the numerical
calculation of the

[ HVP correlation function in Lattice QCD J

4 Y

C C(1)=-2,(ji(3.0)j.(0))
.

{ jk(x):ZQf(qﬂ/ka)(x) }
f




[o The integral over fermionic fields is evaluated analytically }

Performing the Wick contractions:

C(t) = = X (0] (0) = ZQfo 2<(quf)(x>(qf 14y )(0)) =

X

= foQf'z[6ff' <Tr(Sf(x,0) Y 5:(0,%)7, )>U - <Tr(Sf(x,x) 7/k)Tr(Sf(O’O) Vi )>Ui|
fof X

<20 O

where ( ) .>Udenotes the average over gauge fields.




'@' 2 Tr S,(x,0)7,5,(0, X)Vk)> Connected
diagram
OQ Ox =ZTr(Sf(x,x)yk)Tr(Sf(o,o)yk) Discpnnected
f A X

diagram

* For the connected diagram only S, (x,0) is needed. Solve the equation

L ZyAf(Z’y)Sf(y?x) =0(z,x) }

for x = 0 only. For the disconnected contribution, S, (x,x) is needed for each x. A
factor F = L* =~ 107 more expensive. With stochastic methods: F = 103 - 10*

AN




a The integral over gauge fields is performed numerically with
the Montecarlo method:

N
@- —Z > Tr(S, Ve x,0)7,S,(Ue; 0.1)7,) Connected J
C c=1 X \
J
N
Q Q —EZTY(S (Ueix.0)7, ) Tr(S,(U:0.0)7,) | Disconnected J
0 C Cc=l X \
f f
N T ‘ Y
Sum over gauge The propagator is computed
configurations for each gauge configuration

NG\ N\




We now discuss the main sources of

[ UNCERTAINTIES ]

in the lattice calculation of the correlation function I\/\/\/\/\/Q\/\AA/\]\

4 )
1) Statistical errors and noise reduction

2) Scale setting and continuum extrapolation

3) Finite size effects

¢ A\ ANE




e For light quark (u,d) contribution to the HVP, statistical errors increase
rapidly at large times and the signal/noise ratio in C(¢) becomes small

4 )
O A M ] Integral over all times
=) O A30.32| 3 O A30.32 3
2 ] -
10" E@ O B2532| 4 0 B25.32| 3 *
< D20.48 ] LN < D20.48 1 00
S HVP,LO T
a1 = 8a j djf(t) C(z)
e 0

.o HVP,LO
Specific of q,

=P |arge statistics and dedicated techniques are required

¥ 2N = :

Y

A
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; AND NOISE REDUCTIAON

- - ,

.

An example, from the BMW Collab.
("~ (" )
680 ' ; 16 — ‘ ‘ ! ! ! ! !
random source —e— 3 3 3 3 3 3 1 1
660 k1 ‘low modes+solver truncation —e— - 14 q;(p ,,,,,, Upper and lower bounds .
Y V. ‘ o] T L TSN O R
' AR X X
g RN Ra 3 = B 44; é‘}%
5. 600 | T gl addT s s
o, | & = A | . m | 1 |
580 | g T e e e e S S S
: = : m §
560 1 T
2 s 5 | | hi —e—
540 | # ; | - o —B—
n i | | ‘ : ‘ : ‘ avg —A—
520 ' ' R '
2 2.5 3 3.5 4 3 32 34 36 38 4 42 44 46
t.[f te[f
kBMW 2020 [fm]  BMW 2020 [fm] y
Fort <t, For? > 1,

i/
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Tl e SCALE SETTING AND

LQCD “‘/ "3 CONTINUUM EXTRAPOLATION
- <% > Al / y - > e IV PG W o - N 2 g —
e In a lattice simulation, any dimensionful physical quantity ——
turns out to be expressed in units of the lattice scale.
For example: z ] a
L . 4
[Mh"” =am] ys]

=P A (precise) determination of the lattice spacing is thus required.
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SCALE SETTING AND

CONTINUUM EXTRAPOLATION

LQCD

/ w4 Ay £ } : A 5y P - A . TR e
e In a lattice simulation, any dimensionful physical quantity ——
turns out to be expressed in units of the lattice scale.
For example: z ] a
L . 4
[Mh"” =am] ys]

=P A (precise) determination of the lattice spacing is thus required.

e In @ mass independent renormalization scheme, the bare coupling is only
a function of the UV cutoff:

[g§=g§(a)]—>[a=a(g§)} — [a=Mff”/m5hyS}

At fixed gé

-
&

A

AN



) SCALE SETTING AND

LQCD CONTINUUM EXTRAPOLATION |,
e R Y —_ -— ’
/ <%k Ty J »p g : > )y IVRE S N - T —
e In a lattice simulation, any dimensionful physical quantity ——
turns out to be expressed in units of the lattice scale.
For example:

Mlatt _ phys 9y
po —am,

=P A (precise) determination of the lattice spacing is thus required.

e In @ mass independent renormalization scheme, the bare coupling is only
a function of the UV cutoff:

[g§=g§(a)]—>[a=a(g§)} — [a=Mff”/m5hyS}

At fixed 83

* Note: a, is dimensionless, but it depends on a through a+m,, in the kernel.
It is found that da, " /a," =~1.8 ala == High precision on a is required

O ANNEE L 1




SCALE SETTING AND

CONTINUUM EXTRAPOLATION

¥ JPN PN e - Y - P —

e Once the lattice spacing has been determined for each 3, the

. . . . . a
physical result is obtained after a continuum extrapolation: ———
( [sovector , m, ~ 420 MeV ) ( T ' ; 3 7 )
190 F fit1: a? E—
185 - fit 2: @® 40> 755 =¢ 3 3 3
180 - 620} e el e S— N -
B i st e
L 2 : > >1.0Im
170 L < 600 | T SRHO(0.451.Sfm)+NNLO(>1.3fm) —e— |
: none +—4A—
165 | T i Bt S A e —
160 i fit 1: x?/dof =1.1 ~ 560 | T —_—
155 1 fit 2: x2/dof = 0.9 - N
150 -Mainz coll.@Lattice 2021 T el I N BMVW;ZOZ—O'—rr; """"""""" T
0 0.002 0.0042 20.006 0.008 0.01 200k 150k 100k 50k 0 0.005 0.01 0.015 0.02
a” [fm - T 3
\ [fm] ) \ #its a“[fm?] y

Improved lattice actions and other techniques may help in better controlling
the extrapolation
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J ‘d/ " FINITE SIZE

EFFECTS

»j. u(‘ e . Y - e \x

 In order to keep finite size effects (FSE) small:

ﬁ-f-% [L>>§zl/m} => [mL>>1}
%

In QCD m — m_, the lightest particle in the spectrum

— | —>

» For a large class of physical amplitudes, including a, ", FSE are
exponentially small: -

~
m_L~4 = [ ~6{fm
[C(L) — C(OO)] ~exp(—m_L) | CT—> | istypically required for

percent accuracy

* Finite volume effects are controlled by long distance dynamics
— Chlral Perturbatlon Theory (ChPT) may heIp in their evaluation




FINITE SIZE

EFFECTS

, -

HVP

e It turns out that for a,," the condition m_L ~ 4 is not sufficient:

u
FSE are exponentially small, but the prefactor is large
r 450 AL LIS AL LN B LELELEN BLELELEN BLELELEN DL N r i ' ' ' T ' ' ' I ‘ I I I I ' I I I I I i N
400 - 400 j ________ $"“$ _________ % ___________ + ____________ :
;g\ 350 - A40.XX . E + A40.XX
%v ] % - 350 | + ® data 1
£, M ~ 320 MeV © i l
®© n O FVEs corrected (& only) |
300 - a~0.089 fm ] L © FVEs corrected (dual + n x) .
i 200 _ + A FVEs corrected (dual + nn @ L) |
| ETMC 2018 ) \_ETMC 2018 J

e For FSE in a;’"”, NLO ChPT is not sufficient === N2LO ChPT and other

phenomenological models have been studied and tested with simulations
on very large lattices (L =~ 11 fm)

AN




FINITE SIZE

EFFECTS
Finite-size effects

@ Typical lattice runs use L < 6fm, earlier model estimates gave O(2)% FV effect
[Aubin et.al. ’16]

From B. C. Téth
Lbig =10.752 fm BMW Collab.
@ Lattice 2021

L= 6.2721m

1. a,(big) — a,(ref)
@ perform numerical simulations in L,g = 10.752 fm
@ perform analytical computations to check models

lattice | NLO XPT | NNLO XPT | MLLGS | HP | RHO
18.1(2.0)wa(1.4)eom | 116 | 157 | 178 | 16.7 | 15.2
[Gounaris & Sakurai '68][Lellouch & Liischer '01][Bernecker & Meyer '11]
[Hansen & Patella ’19, "20] [Chakraborty et.al. '17]

2. 8,(0) - ,(big)
@ NNLO XPT: 06(03) [Aubin et.al. '20]
3,(c0) — a,(ref) = 18.7(2.0)sa(1.4)cont (0.3)big (0.6) 10 (0.1)cea[2.5]

More details: [F. Stokes, Mon 1:00pm EDT]
30t Jul 2021 B. C. Téth Muon g-2: BMW calculation of HVP
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ISOSPIN BREAKING |

[

EFFECTS

; - - -
PN - TaliT .

isospin breaking (I1B) effects cannot be neglected
Isospin symmetry is an almost exact property of the strong
interactions whose breaking effects are induced by @

0 [mu;tmd} [0[(md—mu)/AQCD]:1/100J “STRONG”

[In a theoretical determination of @, which aims at a sub-percent accuracy}

e [ 9. 7 4 } [0(06):1/100 J “ELECTROMAGNETIC”

Since electromagnetic interactions renormalize m,, and m, in a different way, the
two effects are actually intrinsically related

AN
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ISOSPIN BREAKING |

P

EFFECTS

A , - < - s ‘ \

In a theoretical determination of @, which aims at a sub-percent accuracy,
isospin breaking (I1B) effects cannot be neglected

» A strategy for evaluating IB effect on the lattice consists in
treating the IB part of the Lagrangian as a perturbation and @

Expand in [md_mu} and @ The “RM123” method
2011-2013

o Since O(m,—m )=0(x)= 107, only the leading term in the expansion is
required when aiming at 0.1-1.0 % accuracy

e This approach has been followed by all present lattice calculations of IB

effects in afVP
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1) Identify the IB term in the action: }

Sm:g:muﬁu+mdgd]:g[%(mu+md)(ﬁu+c7d)—%(md—mu)(zju—gd)—‘:
:Z: ud(ﬁu+c?d)—Am(ﬁu—c?dﬂ:So—AmSA’ , [SEZx(ﬁu—Jd)]

[2) Expand the functional integral in powers of Am = m,; - m,; }

- A . A

(0)- [ Dy 0?‘%””?3 - 2% Of‘so (1+AmAS) _(9), +Am{0 s> o) + &m0
JD(DQ Sorams JD(pe S°(1+Am S) 1+Am% 0

> /

& \ANNEE Sy



THE M, -mM, EXPANSION

-

=3 PN

-

-
The small IB

parameter is

factorized out

&

J

&

Correlation functions are
computed with the standard
isospin symmetric QCD action

J

- - ) -

B

ADVANTAGES




" — - S _ -0 - [ Sl

STRONG IB EFFECTS: |

(.

THE M, -mM, EXPANSION

>
- - p 2 S T

A 1 A N _ =
[<0>:<0>0+Am<os>0+... } , L B =—(m, ~m,) } £S=2x(uu—da’) }
)
The small IB Correlation functions are
parameter is computed with the standard ADVANTAGES
factorized out isospin symmetric QCD action
\ O\ 4
g N >
3) At leading order in Am, the _ @+

corrections only appear in the

Am
valence quark propagators: J — — > - @+
- J

(disconnected contractions of &u and dd vanish due to isospin symmetry)

RN\ N\
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QED IB EFFECTS: 4#’

S

THE EXPANSION IN &

- = - —
bl O - P .

-

QED interactions are introduced through a full covariant derivative which
contains both QCD and QED links:

1 ef A —i1aed, (x
[Vﬂqf(x)z—[(Eu(x)) Uu(x)q(x+a,u)—q(x)}J [Eu(x):e Au()J

a
QED J L QCD

—ieAu(x)

4 A
Tadpole diagrams

are required by
gauge invariance
. (in QCD and QED) )

. ~ . I
Since [Eﬂ(x)—e —l—zeAu(x)—Ee A#(x)+...

the expansion in « for the quark propagator leads to:

{(fﬁf@)2 CS\(\’% ] {(efe)2 }j:{%
¥ \“2N=

+ counterterms




[. For a," "°, the expansion at leading order in Am and « has the form: }

= - @%%

0(1) O(md O(a)

+ QED sea-quark diagrams + disconnected diagrams ...
\§ J

These corrections are essentials when aiming at < 1% accuracy

¢ A\ ANE




LATTICE RESULTS

o el s = SNy

Summing up all the various contributions:
[ f A 1 [ A \ [ ‘ \

| 1 1 | 1
[ afvP,LO :aHVP,LO(ud)_l_a‘LI;IVP,LO(S)_l_aZIVP,LO(C)_I_aHVP,LO +5aHVP,L0 ]

p l l l uldisc i
(~90%] [ ~8% | [ ~2% ] [ ~2% | ~1% |
(<0)

Isospin Breaking Only in the light-quark connected
disconnected

contribution the sub-percent
charm _ .
strange accuracy is required

 \ANEE S




LO-HVP

LATTICE RESULTS

- T P S
4 N
4 T T T T T T T T T T T T T T T T T T T T T
From H Wittig s L R _L i
@ Lattice HVP A 1o
—— ubin et al.
Workshop
—— —Q— H——+ Mainz/CLS 19
Nov 2020 T i
~ g o 0 @ FHM 19
—— o~ @+ —+e—— PACS 19
—— T —— —— ETMC 19
[¢] O BMW 17
10 11 12 13 14 15 50 52 54 56 600 650 700 660 680 700 720 740
(GEVP)C > 1010 (GEVP)S . 1010 (a;}ivp)fzon . 1010 allivp A 1010
FHM 20 ———— (preliminary) e BMW 20
Mainz/CLS 20 ——=——— (preliminary)
—— ETMC 19
BMW 20 Q-+
vy
° Mainz/CLS 19 O RECUKQCD s
RBC/UKQCD 18 o fa3 BMW 17
BMW 17 t—t=D—t—1 ——O——— FHM 17
-30 -275 -25 -225 -20 -175 -15 -125 -10 -75 -5 -25 O 0 l 5 10 I 115 I 2I0
(G'BVP)disc 1010 §alB . 1010
\ H




it

' g,-2 and &

< LQCD

o

A% B

LATTICE RESULTS

v

LO-HVP

-

~—

-
7
4 T T T T T T T T T T T T T T T T T T T T I
From H Wittig s L R > i
@ Lattice HVP — 1
—Q— ubin et al.
Workshop /
Nov 2020 I‘ e One calculation BN Mainz/CLS 19
S g - has reached the | =& FHM 19
——— o sub-percent —e—— PACS 19
—— T accuracy —e— ETMC 19
® .y BMW 17
10 11 12 13 14 15 50 52 54 56 600 650 700 660 680 700 720 740
(GEVP)C > 1010 (GEVP)S . 1010 (a;}ivp)fzon . 1010 allivp A 1010
FHM 20 ———— (preliminary) e BMW 20
Mainz/CLS 20 ——=——— (preliminary)
—— ETMC 19
BMW 20 La ol
=
° Mainz/CLS 19 O RECUKQCD s
RBC/UKQCD 18 o a3 BMW 17
BMW 17 ===t ——O——— FHM 17
-30 -27.5 -25 -22.5 -20 -175 -15 -125 -10 -75 -5 -25 O 0 l 5 10 I 115 | 2|0
(G'BVP)disc 1010 §alB . 1010
\ H

D
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a

LO-HVP
LATTICE RESULTS

- P ™~

Summary of contributions to a,

Isospin symmetric

O O O O O

From B C Téth connected light connected strange connected charm disconnected
BMW Collab 633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)
@ Lattice 2021 @ QED Strong isospin-breaking
| isospin-breaking: O |O O
valence :
ted disconnected
Nature 593 (2021) connected -1.23(40)(31)  disconnected -0.55(15)(10) 6(.:28?63(;(%3) -4.67(54)(69)
7857, 51-55
anivi2002123471  [O OO a0 OO OO|  Ee
. . . ottom; higher oraer;
isospin-breaking: perturbative
w10 O Off
connected 0.37(21)(24) disconnected -0.040(33)(21)
QED Finite-size effects
: N : . isospin-symmetric
|sosp|nr;it))(rezak|ng. OO O )
M isospin-breaking
Final result | comese -0.0093(86)(95) disconnected 0.011(24)(14) 0.0(0.1)
— T e EaE

3oth Jul 2021

RN\ \



LO-HVP
LATTICE RESULTS

_— < P i N

Summary of contributions to a,

Isospin symmetric

O O O OOl r )

From B. C. Toth Zgg”:g:‘;(igzh)t C;’;f;l;f:(esdgj(t;f;ge con:zc;t(eod) (c;r;arm disc(onne)czted | F|rst message:
7(2. : . : -13.36(1.18)(1.36
BMW Collab. — ; | 2
@ Lattice 2021 QED Strong isospin-breaking
| isospin-breaking: m O |O O The teChnOIOgy
valence - connecte isconnecte
Nature 593 (2021) connected -1.23(40)(31)  disconnected -0.55(15)(10) 6.60(63)t(52) (-14.67(54)(2931 and mEthh (l)qu
7857, 51-55 to reach the
aniv:2002123471  [O OO a0 OO OO|  Fe - sub-percent
isospin-breaking: IO O @| perturbative '
sea 0.11(4) daCcuracy
connected 0.37(21)(24) disconnected -0.040(33)(21) .
— are available !
QED Finite-size effects \_ )
i . P isospin-symmetric
|sosp|n-.break|ng. OO O "18.%2_5)
. mixed isospin-breaking
Final result | comesed -0.0093(86)(95) disconnected  0.011(24)(14) 0.0(0.1)
=) D IRV = i B 50 SIS =P Accuracy 0.8%

30t Jul 2021 B. C. Téth Muon g-2: BMW calculation of HVP
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lattice —B—
R-ratio =—&—

BMWc’20 |
LM20 }
Mainz'19 }
FHM’19 |
PACS19 |
ETM19 }
RBC’18 |
BMWc’17 |
WP’20 |
DHMZ19 |
KNT19 |
CHHKS’19 |

—{l—
|——lE-_|
——

(=
=

=l
=

B

11]

——

=S~

o :

no new,physics

Aol
720 740

700
10 _ _LO-HVP
10~ x ay y

660 680

-

NS

Lattice QCD

a!""? =(707.5+5.5)-107"

BMW Collab. H

~

/

-

Lattice QCD
WP prev. average *

a"" =(711.6 £18.4)-107"°

~

LO-HVP

LATTICE RESULTS

- —

_—

The BMW result is:

» Compatible with other lattice results
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lattice —B—
R-ratio =—&—

BMWc’20 |
LM20 }
Mainz'19 }
FHM’19 |
PACS19 |
ETM19 }
RBC’18 |
BMWc’17 |
WP’20 |
DHMZ19 |
KNT19 |
CHHKS’19 |

1]

—0m
-G
&

i =all

no ne\é/, physics

660 680 700
10"%% a

720
LO-HVP
W

740

LO-HVP

LATTICE RESULTS

- - —

_—

The BMW result is:

» Compatible with other lattice results

~e Consistent with the experiment
within 1.5 0

J

-

NS

Lattice QCD

BMW Collab. H

a!""? =(707.5+5.5)-107"

~

/

-

Lattice QCD
WP prev. average *

a"" =(711.6 £18.4)-107"°

~




o e e L A

LO-HVP

LATTICE RESULTS
IV - S - Y. - SNy
g lattice —E— ) The BMW result is:
R-ratio —6—
SMtesd | ] o Compatible with other lattice results
Mainz:19 - —a—
PACS 1S | SR e Consistent with the experiment
ETM19 | = 5 o
RBC'18 | =t within 1.5 o
BMWc’17 | B—
WP20 | —o— : i
DHMZ19 | = e 2.1 0 higher than the R-ratio value
KNT’19 } o :
CHHKS19 | | , =S~ _ nonewphysics .
660 680 700 720 740
k 1010 x atO-HVP J
;- . N
P 0 a0 =(7075 £ 5.5) 10N o \
- ' J aﬁvp’w = (693.1 + 4.O)°1O‘1°
; D .
- R-ratio - WP average
Lattice QCD q"VPLo _ (711.6 + 18.4)°10_10 § )
WP prev. average #
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-
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| 8,2 and Gl RARE LO-HVP
. LQCD  sa=asfl A< LATTICE RESULTS
1 aattice 5 A The BMW result is:
SMtesd | Sl o Compatible with other lattice results
Mainz’'19 | —
PACS1S | o] | e Consistent with the experiment
ETM19 | = : ] o
_7BC8 | —& : within 1.5 o
DHUIZTS | ps 1| 2.1 0 higher than the R-ratio value
KNT19 | o : _
CHHKS19 | | , =S~ _ nonewphysics .
660 680 1;3)0 or20 740 It is important to test the BMW
~ - “ | result with other lattice calculations
/ ] s————————
e QLD EeIo _ (7075 + 5.5) 105 \
o colab. | @™ = (693.1 + 4.0)-107™
p 1+ 4.
f Lattice QCD HVP,LO —10\ R-ratio - WP average
a"""=(711.6 £18.4)-107° |\ J
WP prev. average #




m THE WINDOW
INUS

OBSERVABLE

s
s

-

[ lattice —B— ) ( lattice —B— )
R-ratio —6— R-ratio / lattice —6—
B'\"mgg [ ——) ] Mainz’20 (prelim.) | =a
Mainz’19 } — 1 FHM’20 (prelim.) | —a——
PI;Iél\g’w - —a— . ETM20 (prelim) | —8——
19 | : = s |
ETMA9 | = : BMWc’20 —m—
RBC'18 | =5 LM’20 —F—
BMWc17 B Aubin et.al’19 (2a) | ——
WP’20 | =0 : 1 . ,
KNT’19 | RS : 1 RBC’18 | ——
CHHKS19 | | . =9~ _ nonewphysics |, 1 —O—
660 680 1500 ore0 740 198 200 202 204 206 208 210 212 214
\ xay ) 1010><[a"gh! _

\ / u,wm]lso y

. B.C.T6th @ Lattice 2021
e A very useful crosscheck: the window observable: @ Latt

| 2 W lp=0.4fm  Less challenging than full aHVP O
a, =8a Idtf(t)‘.C(t) {,=1.0fm lattice calculation (5|gnal/n0|se, finite
f et~ Euclidean time Size effects, discretization errors)
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THE HADRONIC

LIGHT-BY-"LIGHT

- . -

_—

There are 2 relevant hadronic
contributions to the muon

anomalous magnetic moment
\_ J

u
Hadronic Hadronic
Vacuum Light-by-Light
Polarization scattering

(HVP) (HLbL)




THE HADRONIC

LIGHT-BY-"LIGHT

- - —

There are 2 relevant hadronic
contributions to the muon
anomalous magnetic moment

-

u u
Hadronic Hadronic
Vacuum Light-by-Light

Polarization scattering

(HVP) (HLbL)

J

RN\ N\

y
=1

e The lattice calculation of HLbL is
essentially analogous to the one
discussed for HVP

e The basic ingredient is the 4-point
correlator of the e.m. current:

[ (7,0, ()], (2),(0)) }

e The calculation is much more
challenging. However, being HLbL
of O(a3), an accuracy of ~ 10% is
sufficient

-

Y

A



THE HADRONIC

LIGHT-BY-"LIGHT

» The calculation involves both connected and disconnected diagrams

&1 00 909999995

Leading Sub-leading

and there is a large cancellation between connected and disconnected

[- At present, two complete lattice calculations: }

r ) e 2
RBC 2019 abeL (7 87t 3 54) 107" Dispersive approach
: , i ;HJ?L (9 2 _|_ 1 9) 10—10
HILbL -10
Mainz 2021 a,  =(10.68 £1.47)-10 (WP average]

\ y, L J
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CONCLUSIONS
TR TN eS.
» Tremendous progress of lattice - | ~
. . attice —B—
calculation of HVP and HLdL in the R-ratio —e—
last few years Bawezor Bl
Mainz’19 S —
) _ . FHM19 | —a— |
e The first calculation of HVP with sub- PAG 01 - =8
percent accuracy presented by the B8 | -
WP’20 | —.— :
BWM collab. It must be checked by - =
: . KNT'19 | o ,
other lattice calculations CHHKS'10 | o o hysics |
. ] 660 680 700 720 740
e Two complete lattice calculations of L 100 x 3, > y

HLbL are available, in agreement within
each other and the data driven result

GRAZIE PER UATTENZIONE !
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W THE HADRONIC VACUUM
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. . HVP,LO
Most of recent lattice calculations of a, use the so-called

POLARIZATION

[ Time-momentum representation }

[Qu:(a),0,0,0)]

Q2:0)2

1) T, (0)=(0,0,-6,0" Q") =-0’'TI(Q)=-0’T(&") , k=123

2) Hkk(a))szteiwtTd3kak(x)=—Tdteiwt C() |, C(l)———z fd3kak(x t)

kl_oo

1)_+2>) +wdte’“"’C(t) wZH( ) ’ aHVP’LO:MeZdewa (wz)(H(wz)_H(O))
0

u

—00

It is the Fourier transform in time
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THE LATTICE

REGULARIZATION

— — - -
P

The cutoff can be in conflict with important symmetries of the theory,
as for example Lorentz invariance or chiral invariance

This problem is common to all regularizations, like for example Pauli-Villars,
dimensional regularization etc.

Some of the symmetries are not
recovered in the infinite cutoff limit |:> [ Anomalies ]
(continuum limit)

RN\ N\




e By having a definition of the lattice covariant derivatives, the

construction of a gauge invariant fermionic action seems trivial: ydg
— 1 hiig 4 _ 1 ~
Sp=[a(0| S7,D,+m |q(x) Sp=a* 24| 57,V +m | qx)
covariant

derivative




RS ‘

THE QUARK ACTION

kY £ - -V
2,

r =
o - ’ -~ < -
P \ 3 \‘ \\

e By having a definition of the lattice covariant derivatives, the
construction of a gauge invariant fermionic action seems trivial: a3

1 - ~
s=fairbonfar (501, onfu)

covariant
» However, already in the free theory (g=0, Uﬂ=1): derivative

e < 1 A ~
[EZWH+”"}S<x>=an[S(xwu)—S(x—aul+mS<X>=5<x>
u 2

v

p +m

~
r. : The propagator for m=0
S(p)= % with {ﬁ# = —sin(apﬂ)] has 16 poles (doublers)
a rather than 1 !!

g
The poles are located at ap = (0,0,0,0), (w,0,0,0), ..., (w,%,0,0), ..., (7w,7,7,).

7 \ANEE S

-

Y

A



v,

THE QUARK ACTION &
l‘ (A

™

P SRR e i .
. J'\' ‘\

e The solution proposed by K. Wilson, consists in adding to the

action a formally irrelevant (d=5) operator, the “Wilson term”: [a]
/
il 1 arl
K. Wilson ANC = = 5
S = x)|=y,V —V +m |g(x

e The free quark propagator now is:

— l’ﬁ-l_M(p) with M(p)= m+—ZSen [ap }
S(p)= M)

4
=P (0,0,0,0)=m | M(n,0,0,0)=m+2—r M(7,7,0,0)=m+ ", .
a

The mass of the doublers is at the cutoff scale. They decouple from the theory.
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