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“Strong and Electromagnetic J/psi and psi(2S) Decays

into Pion and Kaon Pairs,”

Phys. Rev. D 80 (2009) 034035
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dσ(e+e− → hadrons + γ(ISR)) =

H(Q2, θγ) dσ(e+e− → hadrons)(s = Q2)

◮ measurement of R(s) over the full range

of energies, from threshold up to
√
s

◮ large luminosities of factories compensate

α/π from photon radiation

◮ radiative corrections essential (NLO,...)

High precision measurement of the hadronic cross-section

at meson-factories



MC generators needed
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EVA: e+e− → π+π−γ
• tagged photon (θγ > θcut)

• ISR at LO + Structure Function

• FSR: point-like pions
[Binner et al.]

➘

e+e− → 4π + γ

• ISR at LO + Structure Function

[Czyż, Kühn,2000]

➙

H.C., A. Grzelińska,

J. H. Kühn, E. Nowak-Kubat,

G. Rodrigo, A. Wapienik

➙

PHOKHARA 7.0: π+π−,

µ+µ−, 4π, N̄N , 3π, KK,

Λ(→ · · · )Λ̄(→ · · · ), J/ψ, ψ(2S)

• ISR at NLO: virtual corrections

to one photon events and two

photon emission at tree level
2 2γ γ γ

γ
++

• FSR at NLO:π+π−, µ+µ−,K+K−

• tagged or untagged photons

• Modular structure

http://ific.uv.es/~rodrigo/phokhara/



Isospin relations: 4π
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Isospin relations: 4π
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∫

Jemµ (Jemν )∗ dΦ̄n(Q; q1, . . . , qn)

=
1

6π

(

QµQν − gµνQ
2
)

R(Q2)

R(Q2) = σ(e+e− → hadrons)(Q2)/σpoint



Isospin relations: 4π
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dΓτ→ν+hadrons

dQ2

= 2 Γe
|Vud|2SEW

m2
τ

(

1 − Q2

m2
τ

)2(

1 + 2
Q2

m2
τ

)

Rτ
(

Q2
)

∫

J−
µ J

−∗
ν dΦ̄n(Q; q1, . . . , qn) =

1

3π

(

QµQν − gµνQ
2
)

Rτ (Q2)



Isospin relations: 4π
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Rτ (− 0 0 0) =
1

2
R (+ + − −)

Rτ (− − + 0) =
1

2
R (+ + − −) + R (+ − 0 0)



Isospin relations: 4π; exp. situation
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e+e− → 2π+2π−: BaBar, CMD2, SND

e+e− → 2π0π+π−: BaBar(preliminary), CMD2, SND

τ− → ν3π0π−: ALEPH

τ− → ν2π−π+π0: ALEPH, CLEO



Isospin relations: 4π; exp. situation
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BaBar ( + Isospin )

ALEPH

τ− → π−3π0ντ

√

Q2 (GeV)

v

1.81.71.61.51.41.31.21.11

0.25

0.2

0.15

0.1

0.05

0



Isospin relations: 4π; exp. situation
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CLEO

BaBar ( + Isospin )

ALEPH

τ− → 2π−π+π0ντ

√

Q2 (GeV)

v

1.81.61.41.210.8

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0



4π: exp. situation
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◮ πω(→ π+π−π0) : CLEO, BaBar(prel.)

◮ ρ → ρ(→ ππ)ρ(→ ππ): BaBar(prel.)



The model
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H.C., J.H. Kühn (2000)



The model
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H.C., J.H. Kühn, A. Wapienik (2008)

H.C., A. Grzelińska, J.H. Kühn, G. Rodrigo(2006)



Comparing with τ data
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Br(τ− → ντ2π
−π+π0)

PDG06 (4.46± 0.06)%

model (4.12 ± 0.21)%

BaBar (CVC) (3.98 ± 0.30)%

Br(τ− → ντπ
−ω(π−π+π0))

PDG06 (1.77± 0.1)%

model (1.60 ± 0.13)%

BaBar (CVC) (1.57 ± 0.31)%



Comparing with τ data
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Br(τ− → ντπ
−3π0)

PDG06 (1.04± 0.08)%

model (1.06 ± 0.09)%

BaBar (CVC) (1.02± 0.05)%



Experimental data: PDG09 + ...
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J/ψ ψ(2S)
M [MeV℄ 3096.916±0.011 3686.09±0.04
Γee [keV℄ 5.55±0.14±0.02 2.38±0.04

B(e+e−)[%℄ 5.94±0.06 0.752±0.017
B(K+K−)[10−5℄ 23.7±3.1 6.3±0.7
B(K0

SK
0
L)[10−5℄ 14.6±2.6 5.4±0.5

B(π+π−)[10−5℄ 14.7±2.3 0.9±0.5[w.a. by CLEO℄
σ(K+K−)[pb℄ - 5.7±0.8 [CLEO℄
σ(K0

SK
0
L)[pb℄ - < 0.74 (90% C.L.) [CLEO℄

σ(π+π−)[pb℄ - 9.0±2.2 [CLEO℄

∆α 0.02117 [F.J.+...℄ 0.02219 [F.J.+...℄



Contributions to e+e− → PP̄
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σ
(

e+e− → PP̄
)

= πα2
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Decay width
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One should not use

Γ(R → PP̄ ) = ΓQED × |1 + cRP |2

but

Γ(R → PP̄ ) = ΓQED ×
[

|1 + cRP |2

+ 2αMR
3
√
s(1−∆α)

ΓR
ΓRe

Im(cRP )
]



Pion form factor
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|Fπ|2 =
4B(R→π+π−)
β3
πB(R→e+e−)

J/ψ ψ(2S)
|Fπ|2[10−3℄ above Eq. 10.0±1.6 4.8±2.73
|Fπ|2[10−3℄ o� peak - 5.92±1.46

CLEO:Phys. Rev. Lett. 95,(2005) 261803

|Fπ|2(√s = 3.671GeV) = (5.63 ± 1.42) · 10−3
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ψ(2S) → K+K−

R+ ≡ 4B(K+K−)

β3
K+B(e+e−)

= |FK+|2
[

|1 + c+|2 + rImc+
]

r = 2α
3(1−∆α)B(e+e−)

= 0.663 ± 0.015

R+ = (3.75 ± 0.43) · 10−2
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ψ(2S) → K+K−

S+ −R+
γ2

4 = |FK+|2 [1 + γ(1 + Rec+)]

S+ = σ(e+e− → K+K−)(1 − ∆α)2/
(

πα2

3s β
3
K+

)

γ = Γe
E−MR

3(1−∆α)
α

CLEO: γ = −0.063 ± 0.001
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ψ(2S) → K+K−

R+

S+−R+
γ2

4

=
1+2|c+| cos(φ+)+|c+|2+r|c+| sin(φ+)

1+γ(1+|c+| cos(φ+))
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ψ(2S) → K+K−

φ+ (deg.)

|c+|

350300250200150100500
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ψ(2S) → K+K−

ψ(2S)

φ+ (deg.)

|FK+ |2

350300250200150100500

0.0055

0.005

0.0045

0.004

0.0035

0.003

0.0025
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ψ(2S) → K+K−

0.052 < |FK+| < 0.073

to be compared with CLEO

0.059 < |FK+| < 0.067



Contributing amplitudes
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×

|M2γ,ISR|2 2 Re(Mγ1,NLOISR × M
†
γ1,LOISR)

1

1

2
1

×
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The cross section
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dσ =

|Mγ1,LOISR · CV PR,P (Q2) +Mγ1,LOFSR · CV PR,P (s)|2dΦ1

+|M2γ,ISR · CV PR,P (Q2)|2dΦ2

+2 Re(Mγ1,NLOISR ×M
†
γ1,LOISR

) · |CV PR,P (Q2)|2dΦ1

+|Mγ1,ISR ; γ,FSR · CV PR,P ((Q+ kγ)
2)|2dΦ2

+2 Re(MNLOFSR
γ1,LOISR

×M
†
γ1,LOISR

) · |CV PR,P (Q2)|2dΦ1

+|Mγ,ISR ; γ1,FSR · CV PR,P ((Q+ kγ1)
2)|2dΦ2

+2 Re(MNLOISR
γ1,LOFSR

×M
†
γ1,LOFSR

) · |CV PR,P (s)|2dΦ1 ,



The cross section ...

H. Czyż, IF, UŚ, Katowice, PHOKHARA 7.0 ... 29

CV PR,P (s) =
1

1 − ∆α(s)
− 3Γ

φ
e

αmφ
BWφ(s)δP

+CJ/ψ,P (s) + Cψ(2S),P (s) ,

CR,P (s) =
3
√
s

α

ΓRe (1 + cRP )

s−M2
R + iΓRMR

.



The pion form factor
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model
CMD2 2006

KLOE
SND

CMD2 2007
CMD2 2004

e+e− → π+π−

√
s (GeV)

|Fπ(s)|2

10.90.80.70.60.50.4

100

10

1

model
BaBar

CLEO-c
J/ψ

DM2 1989
CMD2 2007

e+e− → π+π−

√
s (GeV)

|Fπ(s)|2

43.532.521.51

10

1

0.1

0.01

0.001

χ2/d.o.f. = 271/270

C. Bruch, A. Khodjamirian and J.H. Kühn, Eur. Phys. J. C39(2005)41

H. C., A. Grzelińska and J.H. Kühn, Phys.Rev.D81:094014,2010



The pion form factor
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Fπ(s) =





N
∑

n=0

cπρnBWρn(s)





fit

+





∞
∑

n=(N+1)

cπρnBWρn(s)





dQCD

BWρn(s) =
m2
ρn

+H(0)

m2
ρn

− s+H(s) − i
√
s Γρn(s)



The pion form factor
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ω contribution

cπρ0
BWρ0(s) →

cπρ0
BWρ0(s)

1 + cπω
(1 + cπωBWω)

expansion parameters

cπρn =
(−1)nΓ(β − 1/2)

α′m2
ρn

√
πΓ(n+ 1)Γ(β − 1 − n)

,

α′ = 1/(2m2
ρ0

), m2
ρn

= m2
ρ0

(1 + 2n)

fn = Fn





5
∑

i=1

cπρi



 /





5
∑

i=1

Fi



 n = 1, 2, 3, 4, 5



The pion form factor
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e+e− → π+π−

√
s (GeV)

1
−

|F
n
o

ta
il

π
(s

)|2
/|F

π
(s

)|2

43.532.521.510.50

0.2

0.1

0

−0.1

−0.2

−0.3

−0.4

−0.5

−0.6

−0.7



The pion form factor
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The kaon form factors
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constr.
unconstr.

CMD-2 1995
SND 2001
SND 2007

e+e− → K+K−

√
s (GeV)

|FK+(s)|2

1.051.041.031.021.011

10000

1000

100

10

constr.
unconstr.

Cleo-c
J/ψ

DM2 1988
ND 1991

SND 2007

e+e− → K+K−

√
s (GeV)

|FK+(s)|2

43.532.521.5

100

10

1

0.1

0.01

0.001

χ2/d.o.f. = 277/256(con)221/260(uncon)

C. Bruch, A. Khodjamirian and J.H. Kühn, Eur. Phys. J. C39(2005)41

H. C., A. Grzelińska and J.H. Kühn, Phys.Rev.D81:094014,2010



The kaon form factors
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constr.
unconstr.
SND 2001

CMD-2 2004
SND 2006

e+e− → K0K̄0

√
s (GeV)

|FK0(s)|2

1.051.041.031.021.011

10000

1000

100

10

constr.
unconstr.
DM1 1981

CMD-2 2003
SND 2006

e+e− → K0K̄0

√
s (GeV)

|FK0(s)|2

43.532.521.5

100

10

1

0.1

0.01

0.001

0.0001

χ2/d.o.f. = 277/256(con)221/260(uncon)

C. Bruch, A. Khodjamirian and J.H. Kühn, Eur. Phys. J. C39(2005)41

H. C., A. Grzelińska and J.H. Kühn, Phys.Rev.D81:094014,2010



The kaon form factors

H. Czyż, IF, UŚ, Katowice, PHOKHARA 7.0 ... 37

FK+(s) =
1

2

(





Nρ
∑

n=0

cKρnBWρn(s)





fit

+





∞
∑

n=Nρ+1

cKρnBWρn(s)





dQCD

)

+
1

6

(





Nω
∑

n=0

cKωnBW
c
ωn

(s)





fit

+





∞
∑

n=Nω+1

cKωnBW
c
ωn

(s)





dQCD

)

+
1

3

(







Nφ
∑

n=0

cKφnBW
K
φn

(s)







fit

+







∞
∑

n=Nφ+1

cKφnBW
K
φn

(s)







dQCD

)



τ → KKν
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con.
uncon.
CLEO

√

Q2 (GeV)

1.81.61.41.21

4.5

4

3.5

3

2.5

2

1.5

1

0.5

0

−0.5

CLEO Phys. Rev. D 53, 6037 (1996)



PHOKHARA 7.0
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dσ

d
√

Q2
( nb
GeV

)

30◦ < θK+K− < 150◦

20◦ < θγ < 160◦

√
s = 10.52 GeV

e+e− → K+K−γ(γ)

√

Q2 (GeV)

2.62.42.221.81.61.41.210.8

0.1

0.01

0.001

0.0001

1e− 05

dσ

d
√

Q2
( nb
GeV

)

30◦ < θK0,K̄0 < 150◦

20◦ < θγ < 160◦

√
s = 10.52 GeV

e+e− → K0K̄0γ(γ)

√

Q2 (GeV)

2.62.42.221.81.61.41.210.8

0.1

0.01

0.001

0.0001

1e− 05

1e− 06



PHOKHARA 7.0 - FSR
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dσ(IFSNLO)

d
√
Q2

/dσ(ISRNLO)

d
√
Q2

- 1

30◦ < θK+K− < 150◦

20◦ < θγ < 160◦

√
s = 10.52 GeV

e+e− → K+K−γ(γ)

√

Q2 (GeV)

21.81.61.41.21

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0



Energy resolution
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∆q = 14.5 MeV

√
s = 10.52GeV

dσ

d
√

Q2

e+e− → J/ψγ → π+π−γ(γ)

3.23.183.163.143.123.13.083.063.043.023

0.1

0.01

0.001

0.0001

1e − 05

1e − 06



PHOKHARA 7.0 - FSR
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√
s = 10.52 GeV

dσ(w=10−4)

d
√

Q2
/dσ(w=10−7)

d
√

Q2
− 1

e+e− → J/Ψγ → K+K−γ(γ)

√

Q2 (GeV)

3.0993.0983.0973.0963.0953.0943.0933.092

0.05

0

−0.05

−0.1

−0.15

−0.2

−0.25

smeared

√
s = 10.52 GeV

dσ(w=10−4)

d
√

Q2
/dσ(w=10−7)

d
√

Q2
− 1

e+e− → J/Ψγ → K+K−γ(γ)

√

Q2 (GeV)

3.23.153.13.053

0.002

0.001

0

−0.001

−0.002



PHOKHARA 7.0 - FSR
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ISRNLO
IFSNLO

smeared

w = 10−4

√
s = 10.52 GeV

dσ

d
√

Q2

e+e− → J/Ψγ → K+K−γ(γ)

√

Q2 (GeV)

3.23.183.163.143.123.13.083.063.043.023

0.00028

0.00026

0.00024

0.00022

0.0002

0.00018

0.00016

0.00014
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PHOKHARA 7.0 - fully tested

◮new 4 π hadronic current

◮new pion and kaon form factors

◮J/ψ and ψ(2S) contributions included

NLO FSR corrections important

at a few percent level

Left over 1-loop corrections to e+e− → µ+µ−γ
to be included soon


