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Open quantum systems: from foundations to  applications

• The systems we want to control and manipulate are subjected to 
interaction with the surrounding environment, i.e., they are open systems 

• Quantum properties (such as entanglement and coherences) are 
particularly fragile under such an interaction 

Quantum computation & 
communication

Quantum simulation

Quantum metrology 
and sensing



Theoretical framework

memory

CorrelationsReduced dynamics

[Davies, 1976; Alicki & Lendi, 1987; Breuer & Petruccione, 2002; Rivas & Huelga, 2012]

interaction
open systemenvironment

Bipartite setting



Non-Markovianity – a physical picture

system

[Breuer, Laine & Piilo, PRL 2009; Breuer, Laine, Piilo & B.V. RMP 2016]

system

environmentenvironment

• Correlations imply bidirectional information flow: memory effects

Megier, Smirne & Vacchini, arXiv 2101.02720 (2021), to appear in Phys. Rev. Lett.

• Variety of analytical and numerical methods

Master equations                             Path integrals
Numerical ab initio methods            Perturbative techniques
Stochastic methods                         ....and many more!

• Quantitative foundation based on entropic quantifiers



Stochastic unraveling – Quantum jumps
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Infinitely many possible mappings
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<latexit sha1_base64="uIGrT3NjsW2PvOnwsqDjkfuGvQU="></latexit>

Average of the trajectories
Stochastic trajectories 

on the set of pure states

• Deterministic evolution
interrupted by random jumps

• Quantum jumps experimentally observed in several platforms
Basche et al.Nature 373 (1995); Jelezko et al APL 81 (2002); Gleyzes et al Nature 446 (2007)

T (HS)
<latexit sha1_base64="qxOYEWOiEwDwiRRbxI7qZz/5ArQ=">AAACFHicbVC7TsNAEDyHVzCvACXNiQQJmsgOBZQRNCmDyEtKomh9WeDE+aG7NVJkpeUT+ApaqOgQLT0F/4IdIgQJU41mdrWz40VKGnKcDyu3sLi0vJJftdfWNza3Cts7LRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3b88xv36E2MgwaNIqw78N1IK+kAEqlQYGXSnbPB7oRoJLG+PCH18aDyyO7VBoUik7ZmYDPE3dKimyK+qDw2RuGIvYxIKHAmK7rRNRPQJMUCsd2LzYYgbiFa+ymNAAfTT+ZfDLmB7EBCnmEmkvFJyL+3kjAN2bke+lkFtTMepn4n9eN6eq0n8ggigkDkR0iqXByyAgt04qQD6VGIsiSI5cBF6CBCLXkIEQqxmlndtqHO/v9PGlVyu5xuXJRKVbPps3k2R7bZ4fMZSesymqszppMsHv2yJ7Ys/VgvViv1tv3aM6a7uyyP7DevwD7H50R</latexit>



Rate operator quantum jumps

Rate Operator 
(RO)

• Deterministic evolution fixed by

• Interrupted by jumps

| (t)i 7! |' (t),ji
<latexit sha1_base64="fgyyqzwbM+1Z87snuH7lH67GmFE="></latexit>

pj(t) = � (t),jdt
<latexit sha1_base64="vs/PADIwPM8hcvcbiUzBcaO/8jA=">AAACGHicbVC7TsNAEDzzxrwClDQnYiSQUGSHAhokBA0lSASQkshaXxY4ONunuzVSZOUH+AS+ghYqOkRLR8G/cAkpeE01mtnR7k6ilbQUhu/eyOjY+MTk1LQ/Mzs3v1BZXDq1eWEENkSucnOegEUlM2yQJIXn2iCkicKz5Oag75/dorEyz06oq7GdwmUmL6QAclJcCYLA1/H1Om3stpSLdSAuW9pKJ2xe93iHkx8EcaUa1sIB+F8SDUmVDXEUVz5anVwUKWYkFFjbjEJN7RIMSaGw57cKixrEDVxi09EMUrTtcvBNj68VFijnGg2Xig9E/J4oIbW2myZuMgW6sr+9vvif1yzoYqddykwXhJnoLyKpcLDICiNdTcg70iAR9C9HLjMuwAARGslBCCcWrjff9RH9/v4vOa3Xoq1a/bhe3dsfNjPFVtgqW2cR22Z77JAdsQYT7I49sEf25N17z96L9/o1OuINM8vsB7y3T1p1nag=</latexit>
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<latexit sha1_base64="mstDtNnNPKHy1iKHez0uoCHsSHE="></latexit>
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<latexit sha1_base64="P+3A7ltCjIMHuH8IrCz7fjLFoeA="></latexit>
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<latexit sha1_base64="OfAe4TQxEuW2BjTOmNKUQKpKo4I="></latexit>

Smirne, Caiaffa & Piilo, Phys. Rev. Lett. 124, 190402 (2020) 

T (HS)
<latexit sha1_base64="qxOYEWOiEwDwiRRbxI7qZz/5ArQ=">AAACFHicbVC7TsNAEDyHVzCvACXNiQQJmsgOBZQRNCmDyEtKomh9WeDE+aG7NVJkpeUT+ApaqOgQLT0F/4IdIgQJU41mdrWz40VKGnKcDyu3sLi0vJJftdfWNza3Cts7LRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3b88xv36E2MgwaNIqw78N1IK+kAEqlQYGXSnbPB7oRoJLG+PCH18aDyyO7VBoUik7ZmYDPE3dKimyK+qDw2RuGIvYxIKHAmK7rRNRPQJMUCsd2LzYYgbiFa+ymNAAfTT+ZfDLmB7EBCnmEmkvFJyL+3kjAN2bke+lkFtTMepn4n9eN6eq0n8ggigkDkR0iqXByyAgt04qQD6VGIsiSI5cBF6CBCLXkIEQqxmlndtqHO/v9PGlVyu5xuXJRKVbPps3k2R7bZ4fMZSesymqszppMsHv2yJ7Ys/VgvViv1tv3aM6a7uyyP7DevwD7H50R</latexit>

RO eigenvectors and eigenvalues

Ø Positive probabilities guaranteed by a positive RO



Divisible dynamics
t0

<latexit sha1_base64="+iwvHTkTJo5cor+r85GJm+olrec=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2o4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+ONZMC</latexit>

t1
<latexit sha1_base64="i54I22mfKLSamlIhFxvrqLEtYGQ=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2Y4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+Px5MD</latexit>

⇤(t2)
<latexit sha1_base64="qGFpEETMnDIOv84OvuO7Ecwn9LY=">AAACBnicbVC7TgJBFJ3FF64vxNJmIphgQ3bXQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDTnOp5VZWV1b38hu2lvbO7t7uf183USJFlgTkYp00weDSoZYI0kKm7FGCHyFDX94OfUb96iNjMJbGsXYCWAQyr4UQKnUzeWLRbt9neZ7UKKud2IXi91cwSk7M/Bl4s5Jgc1R7ea+2r1IJAGGJBQY03KdmDpj0CSFwondTgzGIIYwwFZKQwjQdMaz2yf8ODFAEY9Rc6n4TMTfE2MIjBkFfpoMgO7MojcV//NaCfXPO2MZxglhKKaLSCqcLTJCy7QU5D2pkQimlyOXIReggQi15CBEKiZpS3bah7v4/TKpe2X3tOzdeIXKxbyZLDtkR6zEXHbGKuyKVVmNCfbAntgze7EerVfrzXr/iWas+cwB+wPr4xsLU5Z9</latexit>

�(t2, t1)
<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

ØNegative coefficients included – standard jumps do not apply
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• Solid line: exact solution
• Circles: average over 104  

trajectories

• Inset: example trajectories

t2
<latexit sha1_base64="y/uTl28KOEHEvoqBmSMfuNxO4EU=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHYsB1nWK25dbcAXSZeSWqkRGtY/RqMIp4oCJFLZkzfc2P0U6ZRcAlze5AYiBmfsgn0MxoyBcZPi8BzepoYhhGNQVMhaSHC742UKWNmKsgmFcMHs+jl4n9eP8HxpZ+KME4QQp4fQiGhOGS4FlkTQEdCAyLLkwMVIeVMM0TQgjLOMzHJqrGzPrzF75dJp1H3zuuN20ateVU2UyHH5IScEY9ckCa5IS3SJpwo8kSeyYs1t16tN+v9Z3TFKneOyB9YH9+RWZME</latexit>

Positive map

d

dt
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k=1

�k(t) [�k⇢(t)�k � ⇢(t)]
<latexit sha1_base64="+c2f47RSIU8OIEI+Z6wUmX6LqP8="></latexit>

�1 = �2 = 1
<latexit sha1_base64="V5chCbFFw59DshREuQQ6HyXExlQ=">AAACDXicbVC7TsNAEDzzDOYVoEI0JxIkqsgOBTRIETSUQSIPKYmi9WUTTrmzrbs1UhQhPoGvoIWKDtHyDRT8C05wAQlTjWZ2tTsTxEpa8rxPZ2FxaXllNbfmrm9sbm3nd3brNkqMwJqIVGSaAVhUMsQaSVLYjA2CDhQ2guHlxG/cobEyCm9oFGNHwyCUfSmAUqmb3y8W3fYAtIauf56R8rnvFovdfMEreVPweeJnpMAyVLv5r3YvEonGkIQCa1u+F1NnDIakUHjvthOLMYghDLCV0hA02s54GuGeHyUWKOIxGi4Vn4r4e2MM2tqRDtJJDXRrZ72J+J/XSqh/1hnLME4IQzE5RFLh9JAVRqbdIO9Jg0Qw+Ry5DLkAA0RoJAchUjFJy3LTPvzZ9POkXi75J6XydblQuciaybEDdsiOmc9OWYVdsSqrMcEe2BN7Zi/Oo/PqvDnvP6MLTrazx/7A+fgGSoKZWg==</latexit>

�3 = � tanh t
<latexit sha1_base64="eh+4h7sJiLoh02rLW9xkg4z8r/Q=">AAACDnicbVC7SgNBFJ2Nr7i+Vu20GUwEG8NuUmgjBG0sI5goJCHcHa9xyMzsMnNXkCD4CX6FrVZ2YusvWPgvbmIKX6c6nHMv954Tp0o6CsN3rzA1PTM7V5z3FxaXlleC1bWWSzIrsCkSldjzGBwqabBJkhSepxZBxwrP4sHRyD+7RutkYk7pJsWuhr6Rl1IA5VIv2CiX/U4ftIZejR/wXd4hMFec/HK5F5TCSjgG/0uiCSmxCRq94KNzkYhMoyGhwLl2FKbUHYIlKRTe+p3MYQpiAH1s59SARtcdjjPc8u3MASU8Rcul4mMRv28MQTt3o+N8UgNdud/eSPzPa2d0ud8dSpNmhEaMDpFUOD7khJV5OcgvpEUiGH2OXBouwAIRWslBiFzM8rb8vI/od/q/pFWtRLVK9aRaqh9OmimyTbbFdljE9lidHbMGazLB7tgDe2RP3r337L14r1+jBW+ys85+wHv7BB1XmTA=</latexit>

⇤(t1)
<latexit sha1_base64="xafVSbwoxR23Bj6SQ7W3ruBYbFE=">AAACBnicbVC7TgJBFJ3FF66vFUubiWCCDdnFQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDbnup5VZWV1b38hu2lvbO7t7zn6ubqJEC6yJSEW66YNBJUOskSSFzVgjBL7Chj+8nPqNe9RGRuEtjWLsBDAIZV8KoFTqOrlCwW5fp/keFKnrndiFQtfJuyV3Br5MvDnJszmqXeer3YtEEmBIQoExLc+NqTMGTVIonNjtxGAMYggDbKU0hABNZzy7fcKPEwMU8Rg1l4rPRPw9MYbAmFHgp8kA6M4selPxP6+VUP+8M5ZhnBCGYrqIpMLZIiO0TEtB3pMaiWB6OXIZcgEaiFBLDkKkYpK2ZKd9eIvfL5N6ueSdlso35XzlYt5Mlh2yI1ZkHjtjFXbFqqzGBHtgT+yZvViP1qv1Zr3/RDPWfOaA/YH18Q0JwJZ8</latexit>



Continuous measurement framework

• No detector clicks: null count

• The j-th detector clicks

!t = (t1, j1; t2, j2; . . . tm, jm)
<latexit sha1_base64="3Cq7uA+I7tUc63rH7xT/nrIcR2E="></latexit>

Count sequence: Instants and types of the (non-null) counts

;
<latexit sha1_base64="rBPo6nbQ2auzjTuzIgyMiLji8Xo=">AAACA3icbVC7TsNAEDyHVzCPGChpTsRIVJEdCigjaCiDRB5SYkXnyyaccn7obo0UWSn5Clqo6BAtH0LBv2AbF5Aw1WhmVzs7fiyFRsf5NCpr6xubW9Vtc2d3b79mHRx2dZQoDh0eyUj1faZBihA6KFBCP1bAAl9Cz59d537vAZQWUXiH8xi8gE1DMRGcYSaNrJptm0MIYpxrQNO2R1bdaTgF6CpxS1InJdoj62s4jngSQIhcMq0HrhOjlzKFgktYmMNEQ8z4jE1hkNGQBaC9tAi+oKeJZhjRGBQVkhYi/N5IWaD1PPCzyYDhvV72cvE/b5Dg5NJLRRgnCCHPD6GQUBzSXImsEaBjoQCR5cmBipByphgiKEEZ55mYZBWZWR/u8verpNtsuOeN5m2z3roqm6mSY3JCzohLLkiL3JA26RBOEvJEnsmL8Wi8Gm/G+89oxSh3jsgfGB/fZiWWQw==</latexit>

It fixes the system state | (!t)i
<latexit sha1_base64="dM256jvBArCGm7MSHIttg82PZtw=">AAACEHicbVC7TsNAEDyHt3kFKKE4kSCFJrJDASWChhIkkiDFUbQ+lnDK+WzdrZGiQMMn8BW0UNEhWv6Agn/BDi6AMNVoZle7M2GipCXP+3BKU9Mzs3PzC+7i0vLKanltvWXj1AhsiljF5iIEi0pqbJIkhReJQYhChe1wcJz77Rs0Vsb6nIYJdiPoa3klBVAm9cpb1ap7GyRW1oI4wj70aDcwoPsK3Wq1V654dW8MPkn8glRYgdNe+TO4jEUaoSahwNqO7yXUHYEhKRTeuUFqMQExgD52MqohQtsdjVPc8Z3UAsU8QcOl4mMRf26MILJ2GIXZZAR0bf96ufif10np6qA7kjpJCbXID5FUOD5khZFZPcgvpUEiyD9HLjUXYIAIjeQgRCamWV9u1of/N/0kaTXq/l69cdaoHB4VzcyzTbbNasxn++yQnbBT1mSC3bNH9sSenQfnxXl13r5HS06xs8F+wXn/Au3gm3A=</latexit>

S

The system is continuously monitored by 
n detectors: every dt two kinds of events

o Transformations and probabilities by postulates of quantum mechanics

⇢ 7!
I!t,j(;)⇢

Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="/AY3PjlwvahIYsIcbs25ezHHWYQ="></latexit>

pj(;)(t) = Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="cXz4KcitiQvjuO/374zqSpPdR3E="></latexit>

If we identify the count sequence with the sequence of jumps, we get the 
same trajectories and associated probabilities as the unraveling!!



Extension to fully general non-Markovian dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before | (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>



Extension to fully general non-Markovian dynamics

p(k!k0)
j� (t) =

Nk0(t)

Nk(t)

��� k0 (t),j�
�� dt

<latexit sha1_base64="YMVXAvC0m6gvCpPZ1uzA0UhNecg="></latexit>

| k(t)i = |' k0 (t),j�i 7! | k0(t)i
<latexit sha1_base64="TZsmwnN/304SbsQZ/0caTnHdhsQ="></latexit>

Positive eigenvalues: as before | (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>



Extension to fully general non-Markovian dynamics
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time

• 7 coupled sites: transport,...)

• Different site populations
• Trajectory of populations  

with reversed jumps
• average 3x104 trajectoriestime (a.u.)

Positive eigenvalues: as before | (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

� 1,j < 0
<latexit sha1_base64="7gFlgSsAVkEYsFEqrsEAHTT3iCA=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFBQIGgog0QCUhxZ68sGDs4P3a2RIisVn8BX0EJFh2j5Agr+Bce4AMJUo5lZ7e4EiZKGHOfDmpicmp6ZnZu3FxaXllcqq2ttE6daYEvEKtaXARhUMsIWSVJ4mWiEMFB4EdyejPyLO9RGxtE5DRLshnAVyb4UQLnkVzZrNdtTeb4HfuYlRvruLr8Z8kPu2LWaX6k6dacAHyduSaqsRNOvfHq9WKQhRiQUGNNxnYS6GWiSQuHQ9lKDCYhbuMJOTiMI0XSz4o0h304NUMwT1FwqXoj4cyKD0JhBGOTJEOja/PVG4n9eJ6X+QTeTUZISRmK0iKTCYpERWub9IO9JjUQwuhy5jLgADUSoJQchcjHNC7PzPty/34+TdqPu7tUbZ43q0XHZzBzbYFtsh7lsnx2xU9ZkLSbYPXtkT+zZerBerFfr7Ts6YZUz6+wXrPcvy+yapg==</latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

� 1,j > 0
<latexit sha1_base64="HRkBrRLUDKzERlJb2vSNjNdhB+A=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFAhBA1lkEhAiiNrfdnAwfmhuzVSZKXiE/gKWqjoEC1fQMG/4BgXQJhqNDOr3Z0gUdKQ43xYE5NT0zOzc/P2wuLS8kplda1t4lQLbIlYxfoyAINKRtgiSQovE40QBgovgtuTkX9xh9rIODqnQYLdEK4i2ZcCKJf8ymatZnsqz/fAz7zESN/d5TdDfsgdu1bzK1Wn7hTg48QtSZWVaPqVT68XizTEiIQCYzquk1A3A01SKBzaXmowAXELV9jJaQQhmm5WvDHk26kBinmCmkvFCxF/TmQQGjMIgzwZAl2bv95I/M/rpNQ/6GYySlLCSIwWkVRYLDJCy7wf5D2pkQhGlyOXEReggQi15CBELqZ5YXbeh/v3+3HSbtTdvXrjrFE9Oi6bmWMbbIvtMJftsyN2ypqsxQS7Z4/siT1bD9aL9Wq9fUcnrHJmnf2C9f4FzxSaqA==</latexit>

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>
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Quantum instrument: map from the set of outcomes to CP maps on

I!t,j⇢ = V!t,j⇢V
†
!t,j

dt
<latexit sha1_base64="qi4h+TVyDWK6NP/UYqiowbaYCoI="></latexit>

I!t,;⇢ = F!t,;⇢F
†
!t,;

<latexit sha1_base64="oBWpPrNr9L4EK6R56MnnyRSf4iM="></latexit>

V!t,j =
q
� (!t),j |' (!t),jih (!t)|

<latexit sha1_base64="CCYF91Dn2uVKtTCF0FXYApK/v1w="></latexit>

S(HS)
<latexit sha1_base64="abBaWJ8WEaBKpOb1HnkqkE9DAqg=">AAACCnicbVC7TsNAEDzzxrwCSDQ0JxKk0ER2KKBE0KQMCkmQEstaXxY4cX7obo0UmfwBX0ELFR2i5Sco+BfskAICU41mdrWzEyRKGnKcD2tmdm5+YXFp2V5ZXVvfKG1udUycaoFtEatYXwZgUMkI2yRJ4WWiEcJAYTe4PSv87h1qI+PogoYJeiFcR/JKCqBc8ks7lYrdqvZDoBsBKmuM/NaBXan4pbJTc8bgf4k7IWU2QdMvffYHsUhDjEgoMKbnOgl5GWiSQuHI7qcGExC3cI29nEYQovGycf4R308NUMwT1FwqPhbx50YGoTHDMMgni6Bm2ivE/7xeSlfHXiajJCWMRHGIpMLxISO0zItBPpAaiaBIjlxGXIAGItSSgxC5mOZN2Xkf7vT3f0mnXnMPa/XzevnkdNLMEttle6zKXHbETliDNVmbCXbPHtkTe7YerBfr1Xr7Hp2xJjvb7Bes9y+cSJh+</latexit>

F!t,; =
�
Id� iH

eff
!t

dt
�
| (!t)ih (!t)|

<latexit sha1_base64="xdG0BzjwTAdZwVdmNf6h5sDEUr4="></latexit>

Spare slide: definition of the quantum instrument

o When applied to the state                         fixed by the count sequence    

I!t,j | (!t)ih (!t)| = V!t,j | (!t)ih (!t)|V †
!t,j

dt
<latexit sha1_base64="V/V9GOQHkJmFKDvui4GdUSJPdY4="></latexit>

I!t,;| (!t)ih (!t)| = F!t,;| (!t)ih (!t)|F †
!t,;

<latexit sha1_base64="gl+1nV5QqGiYtat7Gu7FOAxJi8g="></latexit>

| (!t)ih (!t)|
<latexit sha1_base64="1vdWfFIXkAv1shuLjJTdML2SaMw=">AAACKHicbVC7TsNAEDzzDOYVoKQ5kSCFJrIDEpQIGsogkYAUR9H6WMKJ89m6WyNFCT/CJ/AVtFDRoRQ0fAl2cAGBaW40s6u9mTBR0pLnjZ2Z2bn5hcXSkru8srq2Xt7YbNs4NQJbIlaxuQrBopIaWyRJ4VViEKJQ4WV4d5r7l/dorIz1BQ0S7EbQ1/JGCqBM6pUPqlV3FCRW1oI4wj70aC8woPsKeaCK95c7cqvVXrni1b0J+F/iF6TCCjR75Y/gOhZphJqEAms7vpdQdwiGpFD44AapxQTEHfSxk1ENEdrucJLuge+mFijmCRouFZ+I+HNjCJG1gyjMJiOgWzvt5eJ/Xielm6PuUOokJdQiP0Qyy5sfssLIrDbk19IgEeQ/Ry41F2CACI3kIEQmplmPbtaHP53+L2k36v5+vXHeqByfFM2U2DbbYTXms0N2zM5Yk7WYYI/smb2wV+fJeXPenfH36IxT7GyxX3A+vwBciqUc</latexit>

!t
<latexit sha1_base64="ZHl5V2Yz2z1r6FuRImz5W/JAvEY=">AAACAHicbVC7TsNAEDyHVzCvACXNiRiJKrJDAWUEDWWQyENKQrS+bMIp54fu1khRlIavoIWKDtHyJxT8C7ZJAQlTjWZ2tbPjx0oact1Pq7Cyura+Udy0t7Z3dvdK+wdNEyVaYENEKtJtHwwqGWKDJClsxxoh8BW2/PFV5rceUBsZhbc0ibEXwCiUQymAUunOcexuFOAI+mQ7Tr9UdituDr5MvDkpsznq/dJXdxCJJMCQhAJjOp4bU28KmqRQOLO7icEYxBhG2ElpCAGa3jRPPeMniQGKeIyaS8VzEX9vTCEwZhL46WQAdG8WvUz8z+skNLzoTWUYJ4ShyA6RVJgfMkLLtA7kA6mRCLLkyGXIBWggQi05CJGKSdqPnfbhLX6/TJrVindWqd5Uy7XLeTNFdsSO2Snz2DmrsWtWZw0mmGZP7Jm9WI/Wq/Vmvf+MFqz5ziH7A+vjG8o2lWk=</latexit>

| (!t)ih (!t)| 7! |' (!t),jih' (!t),j |
<latexit sha1_base64="wAuhWRIz9YpUJ9wvwydCIsQm1Yo="></latexit>

pj(t) = � (!t),jdt
<latexit sha1_base64="9gyn8xd7aQPNKw4xsOwZBVATZDQ=">AAACHnicbVC7TsNAEDzzDOYVoKQ5kSAFhCI7FNAgRdBQgkQAKY6s9WUJB2f7dLdGQlb+gU/gK2ihokO0UPAvOCEFr6lGMzva3Ym0kpY8790ZG5+YnJouzbizc/MLi+Wl5VObZkZgS6QqNecRWFQywRZJUniuDUIcKTyLrg8G/tkNGivT5IRuNXZi6CXyQgqgQgrLm9Wqq8OrGm3sBaqIdSHMA21lLUhj7EFIG1tXfd4lt1oNyxWv7g3B/xJ/RCpshKOw/BF0U5HFmJBQYG3b9zR1cjAkhcK+G2QWNYhr6GG7oAnEaDv58Kc+X88sUMo1Gi4VH4r4PZFDbO1tHBWTMdCl/e0NxP+8dkYXu51cJjojTMRgEUmFw0VWGFmUhbwrDRLB4HLkMuECDBChkRyEKMSsaM8t+vB/f/+XnDbq/na9cdyoNPdHzZTYKltjNeazHdZkh+yItZhgd+yBPbIn5955dl6c16/RMWeUWWE/4Lx9AqxHoIg=</latexit>

P (t) = 1�
nX

j=1

pj(t)

<latexit sha1_base64="KiD8JV6oSmLHVuwaMsH6qtzgy8k=">AAACFXicbVC7TsNAEDzzDOZloKQ5SJCgILJDAU2kCBrKIJEQKQnW+Vjgwvls3a2RkJWaT+AraKGiQ7TUFPwLtkkBgalGM7vanQliKQy67oc1MTk1PTNbmrPnFxaXlp2V1baJEs2hxSMZ6U7ADEihoIUCJXRiDSwMJJwFN0e5f3YL2ohIneJdDP2QXSlxKTjDTPKdjUrFbm7jjl33dnsmCf10UPeG54rG/iCXKxXfKbtVtwD9S7wRKZMRmr7z2buIeBKCQi6ZMV3PjbGfMo2CSxjavcRAzPgNu4JuRhULwfTTIsqQbiWGYURj0FRIWojwcyNloTF3YZBNhgyvzbiXi/953QQvD/qpUHGCoHh+CIWE4pDhWmQdAb0QGhBZ/jlQoShnmiGCFpRxnolJVpqd9eGNp/9L2rWqt1etndTKjcNRMyWyTjbJNvHIPmmQY9IkLcLJPXkkT+TZerBerFfr7Xt0whrtrJFfsN6/ALyMm6Q=</latexit>

| (!t)ih (!t)| 7!
1

P (t)

�
1� iH

eff
!t

dt
�
| (!t)ih (!t)|

�
1 + iH

eff,†
!t

dt
�

<latexit sha1_base64="IRbPMi3I2A03GhvtNt8bYz1lnzA="></latexit>


