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Preliminaries
(g-2) histo & sociology

• (g-2) is one of the most famous topics in physics: It is like the Monna 
Lisa of Quantum Field Theory.


• A lot of instant theory interest with about 100 papers on the arXiv in 
the last month.


• Disclaimer: I am not a g-2 expert! Consider this as an attempt to 
trigger interesting questions and to motivate more in-depth analyses… 


• Main references:


• [Fred Jegerlehner,Andreas Nyffeler, Phys. Rept. 477 (2009)]


• [Giudice, Paradisi, Passera, JHEP 11 (2012) 113]


• Many thanks to Paride Paradisi (PD) for material/slides and many 
discussions. 

https://arxiv.org/abs/0902.3360
https://arxiv.org/abs/1208.6583
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g-2 orienteering 
Plan

• Basics and status of TH vs EXP


• New Physics Strategies 


• Main lines of exploration and selected examples


• Discussion
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(g-2) : Introduction
The easy-peasy stuff 



Fabio Maltoni - 7th of May 2021 - Bologna

g-2 : Basics
From the Dirac equation…

⇒ 2

with μ0 =
e

2m

The Dirac equation implies: 

In general,  the interactions of magnetic and electric dipole moments are 

⇒

⇒as ⃗μ m , ⃗d e and ⃗B are axial vectors
P ⃗v = − ⃗v , T ⃗v = ⃗v
P ⃗a = ⃗a , T ⃗a = − ⃗a

⇒ P and/or T conservation ⇒ no ⃗d e
⇒ Standard Model ⇒ ⃗d e is extremely small

⇒
g = 2

η = 0
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g-2 : Basics
…to quantum field theory…

= − i +[ ] Gordon

decompositionqμ

qμ

= − i [ ]ūL(q2) uR(q1) +
ie
2m

g
2

ūL(q2) qμσμνuR(q1) + h . c . g = 2
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g-2 : Basics

= − i +[ ] Gordon

decompositionqμ

qμ

= − i [ ]ūL(q2) uR(q1) +
ie
2m

g
2

ūL(q2) qμσμνuR(q1) + h . c .

qμF1(q2) F2(q2)

= − i e (
qμ

1 + qμ
2

2m ) ūL(q2) uR(q1)F1(q2) +
ie
2m

ūL(q2) qμσμνuR(q1)(F1(q2) + F2(q2)) + h . c .

= Lorentz Invariance. 

Charge conservation 

g = 2

g
2

= 1 + F2(0) ⇒ g = 2 + 2aμ = 2 + 2F2(0)

⇒ F1(0) = 1

⇒ aμ = F2(0)

…to quantum field theory…
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= − i +[ ] Gordon

decompositionqμ

qμ

= − i [ ]ūL(q2) uR(q1) +
ie
2m

g
2

ūL(q2) qμσμνuR(q1) + h . c .

qμF1(q2) F2(q2)

= − i e (
qμ

1 + qμ
2

2m ) ūL(q2) uR(q1)F1(q2) +
ie
2m

ūL(q2) qμσμνuR(q1)(F1(q2) + F2(q2)) + h . c .

= Lorentz Invariance. 

Charge conservation 

g = 2

g
2

= 1 + F2(0) ⇒ g = 2 + 2aμ = 2 + 2F2(0)

⇒ F1(0) = 1

⇒ aμ =
g − 2

2
= F2(0)

ωc =
eB
mγ

ωs = g
eB
2m

+
eB
mγ

(1 − γ)

ωa = ( g − 2
2 ) eB

m
= aμ

eB
m

…to quantum field theory…
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g-2 : Basics

⇒ aμ

…to the effective interaction in the SM…

 Considering generic loops in the SM and in BSM without  the constraints of P, T invariance one obtains

which can be obtained from   : ([cf] = M−1)

δℒAMM
eff =

cf

2
ψ̄LσμνFμνψR + h . c .

 Loop corrections from QED can therefore be parametrized by 

⇒
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g-2 : Basics

Going beyond the SM and allowing for flavor violation one can parametrize the contributions to g-2 

ℒNP
eff

which describes dipole transitions  in the leptonic sector (ex.(ℓ → ℓ′ γ)

([Aℓℓ] = M−2)

…to the effective interaction in the BSM…
On leptonic dipoles: ` ! `0�

• NP effects are encoded in the effective Lagrangian

L = e
m`

2
�
¯̀
R�µ⌫A``0`

0
L + ¯̀0

L�µ⌫A
?
``0`R

�
F

µ⌫ `, `0 = e, µ, ⌧ ,

I Branching ratios of ` ! `0�

BR(` ! `0�)

BR(` ! `0⌫`⌫̄`0 )
=

48⇡3↵

G2
F

⇣
|A``0 |

2 + |A`0`|
2
⌘

.

I �a` and leptonic EDMs

�a` = 2m
2
` Re(A``),

d`

e
= m` Im(A``) .

I “Naive scaling”: a broad class of NP theories contributes to �a` and d` as

�a`

�a`0
=

m2
`

m2
`0

,
d`

d`0
=

m`

m`0
.
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) and gives
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) and gives

 Note 1: 

The connection with lepton flavor violation arises because this is the first term in the effective lagrangian that 
allows for an EM transitions between fermions with different masses. No dim=4 FCNC currents among fermions of 
different masses are allowed in an unbroken gauge theory. 
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) and gives

 Note 2: 

The form above is not manifestly SU(2) x U(1) symmetric. The corresponding SMEFT operators are   

ℒDipole
SMEFT =

ceB

Λ2
L̄σμνe′ RΦBμν +

ceW

Λ2
L̄σμνσIe′ RΦWI

μν + h . c .

which give rise to the same term as in  upon the Higgs field acquiring a vev (and accounting for (B,W) mixing).   ℒNP
eff



Fabio Maltoni - 7th of May 2021 - Bologna

g-2 : The theory budget
QED

Experiment (E989 − Run I) 116592040(54)

QED contribution

"g � 2 is not an experiment: it is a way of life."
[John Adams (Head of the Proton Synchrotron at CERN (1954-1961)]

This statement also applies to many theorists! [Nyffeler ’16]

a
QED
µ = (1/2) (↵/⇡) [Schwinger, 1948]

+ 0.765857426 (16) (↵/⇡)2

[Sommerfield; Petermann; Suura&Wichmann ’57; Elend ’66]

+ 24.05050988 (28) (↵/⇡)3

[Remiddi, Laporta, Barbieri...; Czarnecki, Skrzypek ’99]

+ 130.8780 (60) (↵/⇡)4

[Kinoshita et al. ’81-’15; Steinhauser et al. ’13-’16; Laporta ’17]

+ 750.86 (88) (↵/⇡)5 [Kinoshita et al. ’90-’19]

M. Passera    IAS    13.4.2021

aμ
QED  =  (1/2)(α/π)       Schwinger 1948 

         +  0.765857426 (16) (α/π)2 

Sommerfield; Petermann; Suura&Wichmann ’57; Elend ’66; MP ’04

         +  24.05050988 (28) (α/π)3 

Remiddi, Laporta, Barbieri … ; Czarnecki, Skrzypek ’99; MP ’04; 
Friot, Greynat & de Rafael ’05, Ananthanarayan, Friot, Ghosh 2020

         +  130.8780 (60) (α/π)4 
Kinoshita & Lindquist ’81, … , Kinoshita & Nio ’04, ’05; 
Aoyama, Hayakawa,Kinoshita & Nio, 2007, Kinoshita et al. 2012 & 2015;
Steinhauser et al. 2013, 2015 & 2016 (all electron & τ loops, analytic);
Laporta, PLB 2017 (mass independent term)   COMPLETED2!

         +  750.86 (88) (α/π)5  COMPLETED!        
Kinoshita et al. ‘90, Yelkhovsky, Milstein, Starshenko, Laporta,…
Aoyama, Hayakawa, Kinoshita, Nio 2012, 2015, 2017 & 2019. 
Volkov 1909.08015: A1(10)[no lept loops] at variance, but negligible δaμ~6×10-14

Muon g-2: the QED contribution

Adding up, we get:

aμQED  = 116584718.931 (19)(100)(23) x 10-11 
                 mainly from 4-loop coeff. unc.              6-loop              from α(Cs)             

 α = 1/137.035999046(27) [0.2ppb] Parker et al 2018

5

μ

WP20 value 

Shift down in aμQED  ~ 1.4 x 10-12  with new LKB Paris α(Rb) value (Morel et al 2020)[WP20 ⌘ T. Aoyama et al., Phys. Rept. ’20]

Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 4 / 31

QED corrections

Long history of contributions also from Bologna (Remiddi e Laporta). 

Key result of 4 loops as it is order . 5-loops is relevant for the electron…300 ⋅ 10−11
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g-2 : The theory budget
EW

Experiment (E989 − Run I) 116592040(54)

EW corrections

Order of magnitude ~ to the discrepancy. Cancellations take place.


Template for New Physics at the EW scale. 

∼ 10−14

Two-loop known and also other leading terms beyond. 


At one loop
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Two tidbits

[S. Ferrara and E. Remiddi, Phys. Lett. B53 (1974) 347.]

α
2π

−
α
2π+ =0

−2
1
2

−

Exact SUSY  no anomalous magnetic moment⇒

Anomaly cancellation condition

Cancellation of anomalies  no  enhanced terms!⇒ log M2
Z /m2

f

g-2 : The theory budget
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HVP

Experiment (E989 − Run I) 116592040(54)
HLO contribution from e+e� ! hadrons

M. Passera    IAS    13.4.2021

Keshavarzi, Nomura, Teubner 2018 

7

WP20 value obtained merging conservatively DHMZ + KNT + constraints from CHHKS   
Colangelo, Hoferichter, Hoid, Kubis, Stoffer 2018-19

μ

K(s) =

� 1

0
dx

x2(1 � x)

x2 + (1 � x)(s/m2)
aHLO

µ =
1

4�3

� �

4m2
⇡

ds K(s) �(0)(s) =
↵2

3�2

� �

4m2
⇡

ds

s
K(s)R(s)

 F. Jegerlehner, arXiv:1711.06089  

Davier, Hoecker, Malaescu, Zhang, arXiv:1908.00921

Keshavarzi, Nomura, Teubner, arXiv:1911.00367

WP20 value

aμHLO = 6895 (33)  x 10-11 

          = 6939 (40)  x 10-11 

          = 6928 (24) x 10-11 

              = 6931 (40) x 10-11 (0.6%)  

 

The hadronic LO contribution

Radiative Corrections to σ(s) are crucial.   S. Actis et al, Eur. Phys. J. C66 (2010) 585

Hadronic vacuum polarization

aHVP
µ =

µ µ

Optical theorem (from unitarity; conservation of probability) for hadronic contribution

! dispersion relation:

Im �
2

� �(e+e� ! �� ! hadrons)

aHVP
µ =

1
3

⇣↵
⇡

⌘2
Z �

0

ds
s

K(s) R(s), R(s)=
�(e+e� ! �� ! hadrons)
�(e+e� ! �� ! µ+µ�)

[Bouchiat, Michel ’61; Durand ’62; Brodsky, de Rafael ’68; Gourdin, de Rafael ’69]

K(s) slowly varying, positive function � aHVP
µ positive. Data for hadronic cross section

� at low center-of-mass energies
p

s important due to factor 1/s: ⇠ 70% from

⇡⇡ [�(770)] channel, ⇠ 90% from energy region below 1.8 GeV.

Other method instead of energy scan: “Radiative return”

at colliders with fixed center-of-mass energy (DA�NE, B-

Factories, BEPC) [Binner et al. ’99; Czyż et al. ’00-’03]

Hadrons

γ

γ

e−

e+

a
HLO
µ =

↵2

3⇡2

Z 1

4m2
⇡

ds

s
K (s) R(s) R(s) =

�(e+
e
� !had)

�(e+e� !µ+µ�)

 1e−05

 0.0001
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(b) The uncertainty of the hadronic R-ratio.

Figure 21: Contributions to the total hadronic R-ratio from the di�erent final states (upper panel) and
their uncertainties (lower panel) below 1.937 GeV. The full R-ratio and its uncertainty is shown in light
blue in each plot, respectively. Each final state is included as a new layer on top in decreasing order of
the size of its contribution to ahad, LO VP

µ .

28

a
HLO
µ,e+e� = 6931(40) ⇥ 10�11(0.6%) [WP20]

Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 6 / 31

Vacuum polarization 

g-2 : The theory budget
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Experiment (E989 − Run I) 116592040(54)

Vacuum polarization Consequences of the BMW result

• Can �aµ be due to missing contributions in �(e+
e
�

! had)?

I An upward shift of �(s) also induces an increase of �↵
(5)
had(MZ ) defined by:

↵�1(MZ ) = ↵�1
h
1 � �↵(MZ ) � �↵

(5)
had(MZ ) � �↵top(MZ )

i

a
HLO
µ =

1
4⇡3

Z 1

4m2
⇡

ds K (s)�(s) , �↵(5)
had =

M
2
Z

4⇡↵2

Z 1

4m2
⇡

ds
�(s)

M2
Z
� s

Hadronic vacuum polarization

aHVP
µ =

µ µ

Optical theorem (from unitarity; conservation of probability) for hadronic contribution

! dispersion relation:

Im �
2

� �(e+e� ! �� ! hadrons)

aHVP
µ =

1
3

⇣↵
⇡

⌘2
Z �

0

ds
s

K(s) R(s), R(s)=
�(e+e� ! �� ! hadrons)
�(e+e� ! �� ! µ+µ�)

[Bouchiat, Michel ’61; Durand ’62; Brodsky, de Rafael ’68; Gourdin, de Rafael ’69]

K(s) slowly varying, positive function � aHVP
µ positive. Data for hadronic cross section

� at low center-of-mass energies
p

s important due to factor 1/s: ⇠ 70% from

⇡⇡ [�(770)] channel, ⇠ 90% from energy region below 1.8 GeV.

Other method instead of energy scan: “Radiative return”

at colliders with fixed center-of-mass energy (DA�NE, B-

Factories, BEPC) [Binner et al. ’99; Czyż et al. ’00-’03]

Hadrons

γ

γ

e−

e+

• A change in �(e+
e
�

! had) is strongly disfavoured by:
I EW-fit for

p
s & 1 GeV [Marciano, Passera, Sirlin, ’08, Keshavarzi, Marciano, Passera, Sirlin, ’20,

Crivellin, Hoferichter, Manzari, Montull, ’20]. A shift of �(e+e�
! had) to accomodate the

�aµ anomaly would necessarely require new physics to show up in the EW-fit!

I Experimental data on e+e�!⇡+⇡� for
p

s . 1 GeV [Colangelo, Hoferichter, Stoffer, ’21]

• A check of the BMW results by other lattice QCD (LQCD) coll. is worth.

• LQCD coll. should provide �↵LQCD
had to be compared with �↵e

+
e
�

had .
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Vacuum polarization 

g-2 : The theory budget
HVP

HLO contribution from lattice QCD

• Great progress in lattice QCD results. The BMW collaboration reached 0.8%
precision: a

HLO
µ,LQCD = 7075(23)stat(50)syst ⇥ 10�11 [Borsanyi et al., Nature 2021].

Nature | www.nature.com | 3

input, and the isospin-symmetry-breaking effects were included only 
as an estimate.

The second issue is noise reduction. Our result for aµ is obtained 
as an integral over the conserved current–current correlation func-
tion, from zero to infinite time separation, as shown in equation (2). 
For large separations the correlator is noisy, and this noise manifests 
itself as a statistical error in aµ. To reach the desired accuracy on aµ, one 
needs high precision at every step. Over 20,000 configurations were 
accumulated for our 27 ensembles on L ≈ 6 fm lattices (L is the spatial 
extent of the lattice). In addition, we include a lattice with L ≈ 11 fm. 
The most important improvement over our earlier aµ determination 
in ref. 14 is the extensive use of analysis techniques that are based on the 
lowest eigenmodes of the Dirac operator; see, for example, refs. 15–18.  
An accuracy gain of about an order of magnitude can be reached using 
this technique for aµ (refs. 19,20).

The third issue is isospin-symmetry breaking. The precision needed 
cannot be reached with pure, isospin-symmetric QCD. Thus, we 
include QED effects and allow the up and down quarks to have differ-
ent masses. These effects are included both in the scale determination 
and in the current–current correlators. We note that the separation 
of isospin-symmetric and isospin-symmetry-breaking contributions 
requires a convention, which we discuss in detail in Supplementary 
Information. Strong–isospin breaking is implemented by taking deriva-
tives of QCD + QED expectation values with respect to up/down quark 
masses and computing the resulting observables on isospin-symmetric 
configurations21. We note that the first derivative of the fermionic 
determinant vanishes. We also implement derivatives with respect 
to the electric charge22. It is useful to distinguish between the electric 
charge in the fermionic determinant (es or sea electric charge) and in 
the observables (ev or valence electric charge). The complete list of 
graphs that should be evaluated are shown in Fig. 1 with our numerical 
results for them.

The final observable is given as a Taylor expansion around the 
isospin-symmetric, physical-mass point with zero sea and valence 
charges. Instead of the quark masses, we use the pseudoscalar meson 
masses of pions and kaons, which can be determined with high preci-
sion. Using the expansion coefficients, we extrapolate in the charges, 
in the strong–isospin symmetry-breaking parameter and in the lattice 
spacing, and interpolate in the quark masses to the physical point. Thus, 
we obtain aµ and its statistical and systematic uncertainties.

The fourth issue is the extrapolation to the infinite-volume and con-
tinuum limit. The standard wisdom for lattice calculations is that MπL > 4 
should be taken, where Mπ is the mass of the pion. Unfortunately, this 
is not satisfactory in the present case: aµ is far more sensitive to L than 
other quantities, such as hadron masses, and large volumes are needed 
to reach per-thousand accuracy. For less volume-sensitive quantities, 
we use well established results to determine the finite-volume correc-
tions on the pion decay constant23 and on charged hadron masses24–26. 
Leading-order chiral perturbation theory27 and two-loop, partially 
quenched chiral perturbation theory20,28 for aµ help to describe 
finite-size corrections, but the non-perturbative, leading-order, large-L 
expansion of ref. 29 indicates that those approaches still lead to sys-
tematic effects that are larger than the accuracy that we are aiming 
for. In addition to the infinite-volume extrapolation, the continuum 
extrapolation is also difficult. This is connected to the taste-symmetry 
breaking of staggered fermions, which we use in this work.

We correct for finite-volume effects on aµ by computing them directly 
by performing lattice simulations on L ≈ 11 fm lattices, with highly 
suppressed taste violations and with physical, taste-averaged pion 
masses. These corrections are cross-checked against three models 
that describe the relevant long-distance physics, in turn validating 
the use of these models for the residual, sub-per-thousand extrapola-
tion to infinite volume. These models include: (i) the full two-loop, 
finite-volume, chiral perturbation theory corrections for aµ; (ii) the 

0 0.005 0.01 0.015 0.02

a2 (fm2)

SRHO (>0.4 fm)
SRHO (>1.3 fm)
SRHO (0.4–1.3 fm) + NNLO (>1.3 fm)

620

630

640

650

660

5101520

a Plig
ht

Number of !ts (×104)

Fig. 2 | Continuum extrapolation of the light connected component of aµ, 
a µ

light. Before extrapolation we apply a taste-improvement procedure on the 
correlator, starting at some distance tsep. (See Supplementary Information for 
details on the improvement ‘SRHO’.) Datasets are shown for two choices of tsep, 
0.4 fm (red) and 1.3 fm (blue). The corresponding lines show fits using linear 
and quadratic terms of a2 with varying number of lattice spacings in the fit. Our 
final analysis involves about 500,000 different continuum extrapolations, 
shown in the histogram on the left. The purple line in the left panel shows the 
central value of the final result. To estimate the error related to the 
taste-improvement procedure, we use next-to-next-to-leading-order 
staggered chiral perturbation theory (NNLO) in the long-distance part of the 
correlator (t > 1.3 fm). The corresponding data are shown with grey points, 
together with a histogram, from which the systematic error related to the taste 
improvement is obtained. The total error of the final result is given by the grey 
band in the left panel. Central values are medians; errors are s.e.m. The results 
are obtained on lattices of sizes L ≈ 6 fm.

Colangelo et al.5,
Hoferichter et al.6

Keshavarzi et al.4

Davier et al.3

Borsanyi et al.14

Blum et al.19

Giusti et al.34

Davies et al.33

Gérardin et al.32

This work

 660  680  700  720  740
 aP

LO-HVP ( ×1010) 

Lattice R-ratio

No new physics

Fig. 3 | Comparison of recent results for the LO-HPV contribution to the 
anomalous magnetic moment of the muon. See ref. 7 for a recent review. 
Green squares are lattice results: this result (filled symbol) and those of 
Gérardin et al.32, Davies et al.33, Giusti et al.34, Blum et al.19 and our earlier work, 
Borsanyi et al.14. Central values are medians; error bars are s.e.m. Compared to 
Borsanyi et al.14, this work has increased the accuracy of the scale setting from 
the per cent to the per thousand level; has decreased the statistical error from 
7.5 to 2.3; has computed all isospin-symmetry-breaking contributions, as 
opposed to estimating it, with the corresponding error being 1.4, down from 
5.1; has made a dedicated finite-size study to decrease the finite-size error from 
13.5 to 2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by 
obtaining much more statistics on our finest lattice and applying taste 
improvement. Red circles were obtained using the R-ratio method by Davier 
et al.3, Keshavarzi et al.4, and Colangelo et al.5 and Hoferichter et al.6; these 
results use the same experimental data as input. The blue shaded region is the 
value that �a µ

LO HVP should have to explain the experimental measurement of 
(gµ − 2), assuming no new physics.

• BMW results weakens the long-standing muon g � 2 discrepancy but it shows
a tension with dispersive evaluations of a

HLO
µ,e+e� = 6931(40) ⇥ 10�11.
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MUonE: a new determination of �↵had

M. Passera    IAS    13.4.2021 29

Δαhad(t) is the hadronic contribution to the running of  α in the 
spacelike region: aμHLO can be extracted from scattering data! 

  The leading hadronic contribution aμHLO computed via  
     the timelike formula:

aHLO
µ =

1

4�3

� �

4m2
⇡

ds K(s) �0
had(s)

K(s) =

� 1

0
dx

x2 (1 � x)

x2 + (1 � x)
�
s/m2

µ

�

  Alternatively, simply exchanging the x and s integrations:

aHLO
µ =

↵

�

� 1

0
dx (1 � x) �↵had[t(x)]

t(x) =
x2m2

µ

x � 1
< 0

Hadronst

 Lautrup, Peterman, de Rafael, 1972

Carloni Calame, MP, Trentadue, Venanzoni, 2015

Spacelike proposal for aμHLO

[Carloni Calame, Passera, Trentadue, Venanzoni, 2015]
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Experiment (E989 − Run I) 116592040(54)

Vacuum polarization 
MUonE: a new determination of �↵had

M. Passera    IAS    13.4.2021 30

  Δαhad(t) can be measured via the elastic scattering μ e ➞ μ e. 

  We propose to scatter a 150 GeV muon beam, available at CERN’s  
North Area, on a fixed electron target (Beryllium). Modular 
apparatus: each station has one layer of  Beryllium (target) followed 
by several thin Silicon strip detectors.

//
μ μ

e

ECAL
Be

Si Si Si

Abbiendi, Carloni Calame, Marconi, Matteuzzi, Montagna,  

Nicrosini, MP, Piccinini, Tenchini, Trentadue, Venanzoni 

EPJC 2017 - arXiv:1609.08987 

MUonE: Muon-electron scattering @ CERN

[Courtesy by M. Passera]

• Letter of Intent submitted to CERN SPSC in 2019: Test run approved for 2021
Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 9 / 31
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Light-by-light The hadronic (N)NLO LbL contribution

• Hadronic light-by-light at O(↵3)

I Significant improvements thanks to data-driven dispersive approach
[Colangelo, Hoferichter, Procura, Stoffer ’14-’17; Pauk, Vanderhaeghen ’14]

I Lattice: RBC: 82(35) ⇥ 10�11 [1911.08123] Mainz: 110(15) ⇥ 10�11 [2104.02632]

M. Passera    IAS    13.4.2021 11

Hadronic light-by-light at O(α3)

 This term had a troubled life! But nowadays:

  Significant improvements due to data-driven dispersive approach.      
         Colangelo, Hoferichter, Procura, Stoffer, 2014–17; Pauk, Vanderhaeghen 2014. 

  Lattice: RBC: 82(35)x10-11 1911.08123    Mainz: 110(15)x10-11 2104.02632

μ

aμ
HNLO(lbl) =     80 (40) x 10-11  Knecht & Nyffeler ’02 

 =   136 (25) x 10-11    Melnikov & Vainshtein ’03 

 =   105 (26) x 10-11    Prades, de Rafael, Vainshtein ’09 

 =   100 (29) x 10-11   Jegerlehner, arXiv:1705.00263

 =     92 (19) x 10-11   WP20 (phenomenology) 

Hadronic light-by-light at O(α4)

Colangelo, Hoferichter, Nyffeler, MP, Stoffer 2014; WP20

 aμ
HNNLO(lbl)   = 2 (1) x 10-11 

The hadronic LbL contribution
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Hadronic light-by-light at O(α3)
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 =   136 (25) x 10-11    Melnikov & Vainshtein ’03 

 =   105 (26) x 10-11    Prades, de Rafael, Vainshtein ’09 

 =   100 (29) x 10-11   Jegerlehner, arXiv:1705.00263

 =     92 (19) x 10-11   WP20 (phenomenology) 

Hadronic light-by-light at O(α4)

Colangelo, Hoferichter, Nyffeler, MP, Stoffer 2014; WP20

 aμ
HNNLO(lbl)   = 2 (1) x 10-11 

The hadronic LbL contribution

[Colangelo, Hoferichter, Nyffeler, Passera, Stoffer ’14]
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Hadronic light-by-light at O(α3)

 This term had a troubled life! But nowadays:

  Significant improvements due to data-driven dispersive approach.      
         Colangelo, Hoferichter, Procura, Stoffer, 2014–17; Pauk, Vanderhaeghen 2014. 
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The hadronic LbL contribution
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Difference

g-2 : The theory budget
Δaμ

Status of the muon g � 2

• Status of the muon aµ ⌘
gµ�2

2 as of April 7th

a
EXP
µ = 116592061(41) ⇥ 10�11 [BNL + FNAL]

a
SM
µ = 116591810(43) ⇥ 10�11 [WP20]

�aµ = a
EXP
µ � a

SM
µ ⌘ a

NP
µ = 251 (59) ⇥ 10�11 (4.2� discrepancy!)

(0.1)QED , (1)EW , (18)HLbL , (40)HVP ,
| {z }

(43)TH

(41)�aEXP
µ

.

I Hadronic uncertainties (HLbL & HVP) are very hard to improve.
I �aEXP

µ ⇡ 16⇥10�11 by the E989 Muon g�2 exp. in a few years.

• Low-energy determinations of �aµ assume that systematic and hadronic
uncertainties are under control at the outstanding level of �aµ < 10�9!

An independent test of �aµ would be very desirable!
Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 13 / 31
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•  is a loop effect and just … one number:


• Two main strategies: top-down and bottom-up. In both cases need 
to correlate it with other searches/measurements/observations/
constraints/anomalies.

aμ

Strategies
Scales
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•  is a loop effect and just … one number:


• Two main strategies: top-down and bottom-up. In both cases need 
to correlate it with other searches/measurements/observations/
constraints/anomalies.


• For example: 

aμ WIMP miracle:  

Obtaining the correct abundance of dark matter today via 
thermal production requires a self-annihilation cross 
section of 

which is roughly what is expected for a new particle in 
the 100 GeV mass range that interacts via the electroweak 
force. 

Scales
Strategies

WIMP-(g-2) miracle squared!

https://en.wikipedia.org/w/index.php?title=Thermal_production&action=edit&redlink=1
https://en.wikipedia.org/wiki/Annihilation
https://en.wikipedia.org/wiki/Cross_section_(physics)
https://en.wikipedia.org/wiki/Cross_section_(physics)
https://en.wikipedia.org/wiki/GeV
https://en.wikipedia.org/wiki/Electroweak_force
https://en.wikipedia.org/wiki/Electroweak_force
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•  is a loop effect and just … one number:


• Two main strategies: top-down and bottom-up. In both cases need 
to correlate it with other searches/measurements/observations/
constraints/anomalies.


• For example: 


• More in general

aμ

M2

g2 Strong 
Heavy

Weak 
MZ

Feeble 
Light

Scales
Strategies
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Very simple 1-loop formulas exist that can be used to estimate effects of any NP model.

(c) Case M0=0  => ⇒ aS
μ = − 3aP

μ

Cancellations
General features

[Perez, 2021]
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Naive vs. enhanced

x

x

f1

f2

R L L L

R R L L

“normal” -> naive

“enhanced”

General features
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Naive scaling

NAIVE SCALING 

On leptonic dipoles: ` ! `0�

• NP effects are encoded in the effective Lagrangian

L = e
m`

2
�
¯̀
R�µ⌫A``0`

0
L + ¯̀0

L�µ⌫A
?
``0`R

�
F

µ⌫ `, `0 = e, µ, ⌧ ,

I Branching ratios of ` ! `0�

BR(` ! `0�)

BR(` ! `0⌫`⌫̄`0 )
=

48⇡3↵

G2
F

⇣
|A``0 |

2 + |A`0`|
2
⌘

.

I �a` and leptonic EDMs

�a` = 2m
2
` Re(A``),

d`

e
= m` Im(A``) .

I “Naive scaling”: a broad class of NP theories contributes to �a` and d` as

�a`

�a`0
=

m2
`

m2
`0

,
d`

d`0
=

m`

m`0
.

Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 20 / 31m2
e

m2
μ

= 2.5 ⋅ 10−5 ← μ → m2
τ

m2
μ

= 2.8 ⋅ 103

General features
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LFC and LFV

Two  classes of models, Flavor conserving and flavor violating. For example in SUSY:  

General features
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g-2 : New Physics
Examples
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LFC and LFV
SUSY

M2

g2

Weak 
MZ

f2 enhanced v/ml

Higgs enhanced
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g-2 vs LHC
SUSY

M2

g2

Weak 
MZ

Very extensive review of the SUSY scenarios available: [Athron et al, 2021]

https://arxiv.org/abs/2104.03691
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The Standard Model prediction of the electron g � 2

• Status of �ae as of 2012

�ae = a
EXP
e � a

SM
e = �9.2 (8.1) ⇥ 10�13,

�ae ⇥ 1013 : (0.6)QED4, (0.4)QED5, (0.2)HAD, (7.6)�↵, (2.8)�aEXP
e

.

I The errors from QED4 and QED5 will be reduced soon to 0.1 ⇥ 10�13 [Kinoshita]
I We expect a reduction of �aEXP

e to a part in 10�13 (or better). [Gabrielse]
I Work is also in progress for a significant reduction of �↵. [Nez]

• Status of �ae as of 2018: 2.4� discrepancy [Parker et al., Science, ’18]

�ae = a
EXP
e � a

SM
e (↵Berkeley) = �8.8 (3.6) ⇥ 10�13

�ae ⇥ 1013 : (0.1)QED5, (0.1)HAD, (2.3)�↵, (2.8)�aEXP
e

.

• Status of �ae as of 2020: 1.6� discrepancy [Morel et al., Nature, ’20]

�ae = a
EXP
e � a

SM
e (↵LKB2020) = 4.8 (3.0) ⇥ 10�13

�ae ⇥ 1013 : (0.1)QED5, (0.1)HAD, (0.9)�↵, (2.8)�aEXP
e

.

• �ae . 10�13 is not too far! This will bring ae to play a pivotal role in
probing new physics in the leptonic sector. [Giudice, P.P, & Passera, ’12]
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Testing new physics with the electron g � 2

• Longstanding muon g � 2 anomaly

�aµ = a
EXP
µ � a

SM
µ ⌘ a

NP
µ = (2.51 ± 0.59) ⇥ 10�9

�aµ ⌘ a
NP
µ ⇡ (aSM

µ )weak ⇡
m

2
µ

16⇡2v2 ⇡ 2 ⇥ 10�9

• Testing the muon g � 2 anomaly through the electron g � 2

�ae

�aµ
=

m
2
e

m2
µ

() �ae =

✓
�aµ

3 ⇥ 10�9

◆
0.7 ⇥ 10�13

I ae has never played a role in testing NP effects. From aSM
e (↵) = aEXP

e ,
we extract ↵ which was is the most precise value of ↵ up to 2018!

I The situation has now changed thanks to th. and exp. progresses.
I ↵ can be extracted from atomic physics and ae used to perform NP tests!

[Giudice, P.P, & Passera, ’12]
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g-2 of the electron
Naive scaling
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Naive vs enhancement with taus
g-2 of the tau
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Model-independent predictions

• BR(`i ! `j�) vs. (g � 2)µ

BR(µ ! e�) ⇡ 3 ⇥ 10�13
✓

�aµ

3 ⇥ 10�9

◆2✓ ✓eµ

10�5

◆2

BR(⌧ ! µ�) ⇡ 4 ⇥ 10�8
✓

�aµ

3 ⇥ 10�9

◆2✓ ✓µ⌧

10�2

◆2

• EDMs vs. (g � 2)µ

de '
✓

�aµ

3 ⇥ 10�9

◆
10�28

✓
�CPV

e

10�4

◆
e cm ,

dµ '
✓

�aµ

3 ⇥ 10�9

◆
2 ⇥ 10�22 �CPV

µ e cm .

• Main messages:

I �aµ ⇡ (3 ± 1) ⇥ 10�9 requires a nearly flavor and CP conserving NP
I Large effects in the muon EDM dµ ⇠ 10�22 e cm are still allowed!

[Giudice, P.P., & Passera, ’12]
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Naive scaling at work
LFV decays and EDMs

5

10−29

10−5

Comments: 
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ALPS
⇤ . 1 GeV: Axion-like Particles and the muon (g � 2)

Axion-like Particle effective Lagrangian

L = e
2
C��

a

⇤
Fµ⌫ F̃

µ⌫ +
cµµ

2
@⌫

a

⇤
µ̄�⌫�5µ

l

a, s

l

a, s

a, s

ll

a, s

llll

A

DC

B

Figure: Contributions of a scalar ‘s’ and a
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Feeble and light

A pseudo-scalar in the vertex correction A) gives a negative contributions 
to Δaμ. However, the B) and two loop contributions can be positive: 
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Let us consider an axion-like particle:
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Hidden photons
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Feeble 
Light

NA64mu

[Amaral & al, 2021]

Feeble and light

https://inspirehep.net/literature/1856600
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[Abdullahi, Hostert, Pascoli 2021]

Feeble and light

https://inspirehep.net/literature/1856600
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EFT approach
SMEFT

⇤ � v : the muon g-2 in the Standard Model EFT [Buttazzo and P.P., ’20 ]

• SMEFT Lagrangian relevant for �a`

L =
X

V=B,W

C
`
eV

⇤2

�
¯̀
L�

µ⌫
eR

�
HVµ⌫ +

X

q=c,t

C
`q

T

⇤2 (`L�µ⌫eR)(QL�
µ⌫

qR) + h.c.

`L

`R

�
C`

e�

`L

`R

�Z

C`
eZ

`L

`R

�C`q
T

q = t, c

�a` ' 4m
2
`

e⇤2
v

m`

✓
C

`
e� � 3↵

2⇡
c

2
W �s

2
W

sW cW

C
`
eZ log

⇤
mZ

◆
�

X

q=c,t

4m
2
`

⇡2
mq

m`

C
`q

T

⇤2 log
⇤

mq

|�aµ|
3⇥10�9 ⇡

� 250 TeV
⇤

�2 |Cµ
e� | |�aµ|

3⇥10�9 ⇡
� 50 TeV

⇤

�2 |Cµ
eZ

|
|�aµ|

3⇥10�9 ⇡
� 100 TeV

⇤

�2 |Cµt

T
| |�aµ|

3⇥10�9 ⇡
� 10 TeV

⇤

�2 |Cµc

T
|

I Strongly coupled NP: C
µ
e� , C

µt

T
⇠ g2

NP/16⇡2 . 1 implying ⇤ . few x 100 TeV,
beyond the direct production reach of any foreseen collider.

I Weakly coupled NP: C
µ
e� , C

µt

T
. 1/16⇡2 implying ⇤ . 20 TeV maybe within the

direct production reach of a very high-energy Muon Collider
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LSMEFT(�SM, µ & v)
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Connecting (g � 2)µ with high-energy processes [Buttazzo and P.P., ’20 ]

• SMEFT Lagrangian relevant for �a`
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Figure: Connection between the Feynman diagrams for leptonic g-2 (upper row) and
high-energy scattering processes (lower row) within the SMEFT: H = v + h/
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• At high energy �µµ!f can compete with �aµ to test the very same NP!
Paride Paradisi (University of Padova and INFN) Theoretical implications of the muon g-2 measurement 17 / 31

⇤ � v : the muon g-2 in the Standard Model EFT [Buttazzo and P.P., ’20 ]
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EFT : bottom up
(g-2)μ vs muon collider

[Buttazzo & Paradisi, 2020]

https://arxiv.org/abs/2012.02769
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The muon g-2 at a Muon Collider [Buttazzo and P.P., ’20 ]
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(g-2)μ vs muon collider
EFT : bottom up

[Buttazzo & Paradisi, 2020]
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Connecting with anomalies
B-Anomalies

"Coincidences mean you're on the right path."  (Van Booy, writer)

• Is there a mounting evidence of violation of lepton flavor universality?


• Is (g-2)μ flavour violating?


• Are the (g-2)μ and flavor anomalies related?

"Why is it when something happens it is ALWAYS you, muons?"  (Falkowski, blogger physicist)
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g-2 : 1M$ question
B-Anomalies
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g-2 : 1M$ question
B-Anomalies
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Flavour (Anomalies)
New Physics in the t-channel

Λ/√gµ ~ 7 TeV
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CKM-like flavor structure

Λ/√gτ ~ 1 TeV
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Lepton flavor extension ge ≪ gµ ≪ gτ
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3. operators containing flavour-blind contractions of the light fields have vanishing Wil-

son coefficients.

We first discuss the consequences of these hypotheses on the structure of the relevant effec-

tive operators and then proceed analysing the experimental constraints on their couplings.

2.1 The effective Lagrangian

According to the first hypothesis listed above, we consider the following effective Lagrangian

at a scale Λ above the electroweak scale

Leff = LSM− 1

v2
λq
ijλ

!
αβ

[
CT (Q̄i

Lγµσ
aQj

L)(L̄
α
Lγ

µσaLβ
L) + CS (Q̄i

LγµQ
j
L)(L̄

α
Lγ

µLβ
L)
]
, (2.1)

where v ≈ 246GeV. For simplicity, the definition of the EFT cutoff scale and the nor-

malisation of the two operators is reabsorbed in the flavour-blind adimensional coefficients

CS and CT .

The flavour structure in eq. (2.1) is contained in the Hermitian matrices λq
ij , λ

!
αβ and

follows from the assumed U(2)q × U(2)! flavour symmetry and its breaking. The flavour

symmetry is defined as follows: the first two generations of left-handed quarks and leptons

transform as doublets under the corresponding U(2) groups, while the third generation

and all the right-handed fermions are singlets. Motivated by the observed pattern of the

quark Yukawa couplings (both mass eigenvalues and mixing matrix), it is further assumed

that the leading breaking terms of this flavour symmetry are two spurion doublets, Vq and

V!, that give rise to the mixing between the third generation and the other two [31, 32].

The normalisation of Vq is conventionally chosen to be Vq ≡ (V ∗
td, V

∗
ts), where Vji denote

the elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. In the lepton sector we

assume V! ≡ (0, V ∗
τµ) with |Vτµ| % 1. We adopt as reference flavour basis the down-

type quark and charged-lepton mass eigenstate basis, where the SU(2)L structure of the

left-handed fields is

Qi
L =

(
V ∗
jiu

j
L

diL

)
, Lα

L =

(
ναL
%αL

)
. (2.2)

A detailed discussion about the most general flavour structure of the semi-leptonic

operators compatible with the U(2)q×U(2)! flavour symmetry and the assumed symmetry-

breaking terms is presented in appendix A. The main points can be summarised as follows:

1. The factorised flavour structure in eq. (2.1) is not the most general one; however,

it is general enough given that the available data are sensitive only to the flavour-

breaking couplings λq
sb and λ!

µµ (and, to a minor extent, also to λ!
τµ). By construction,

λq
bb = λ!

ττ = 1.

2. The choice of basis in eq. (2.2) to define the U(2)q ×U(2)! singlets (i.e. to define the

“third generation” dominantly coupled to NP) is arbitrary. This ambiguity reflects

itself in the values of λq
sb, λ

!
µµ, and λ!

τµ, that, in absence of a specific basis alignment,

are expected to be

λq
sb = O(|Vcb|) , λ!

τµ = O(|Vτµ|) , λ!
µµ = O(|Vτµ|2) . (2.3)
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g-2 : Conclusions
A few lessons

•  >0 at 4 , confirmed by new FNAL experiment.


• Borderline control of hadronic uncertainties leaves open the 
possibility that the deviation might be resolved with the SM.


• However, it is stimulating to entertain the possibility that NP 
might be responsible for the deviation. 


• Two main strategies: top-down and bottom-up. In both cases 
need to correlate it with other searches/measurements/
observations/constraints/anomalies.


• Is the (g-2)μ anomaly related to lepton flavor violation? 


• What is next?
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g-2 : More questions
Please add to the list

• Bologna experimental activities. Opportunities? Challenges? New ideas and proposals?


• ….


• ….


• ….


• ….


• ….


• ….


• ….


