(mildly) non-linear
cosmological perturbations

* mildly non-linear scales as a window to
beyond ACUM cosmologies

* beyond linear perturbation theory
* resummations and RG

* results: BAO’s, neutrino mass, Non
Gaussianity

M. Pietroni-INFN Padova



the future of precision cosmology: non-linear scales
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a standard ruler: Baryonic Acoustic Oscillations

excess probability of finding galaxies
100 Mpc away from a given one

3.9 sigma evidence
Eisenstein et al. ‘05 L\
Padmanabhan et al. 06 O3}
Blake et al. 06 z

The same scale ‘seen’ in the CMB  °*|

0.02

acoustic peaks,
but at a much later epoch PP




a standard ruler: Baryonic Acoustic Oscillations

The same acoustic oscillation scale is
imprinted on the CMB anisotropies

Redshift surveys of galaxies (e.g. Sloan)
measure this scale both along and across the
line of sight

Reconstruct the expansion history of the
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Universe from z4.=1100 to today!
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fufure surveys
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Standard Approach: N-body simulations+fitting functions
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Cold dust cosmology: equations of motion

0o ov
5= TV [1+9v]=0, o +Hv+(v: 3) =-V¢
2 o 2
In Fourier space, ( definingd(x,7) =V - v(x,7) ), Vig= 2 M0

85(‘(;: T) +0(k,7)+ /d3k1d3k2 op(k — ki — ka)a(ky, ks)0(ky, 7)d(ks, 7) =0
00(k, 1) 3

Y WA N §QMH2(5(k7 T) + /d3k1d3k2 6p(k — ki — ka)B(ky, ko)0(k1,7)0(ke, ) =0



Cold dust cosmology: equations of motion

0o 0v
-tV L4V =0, -+ HV (v 3) Ve
2t 2
In Fourier space, ( definingd(x,7) =V - v(x,7) ), Ve 2 M0

00(k, )
&'

+0(k,T) + /d3k1d3k2 6p(k — ki — ka)a(ky, ka)0(ky,7)d(ka, 7) =0

k
aeéT, ) +HO(k, )+ gQMH2(5(k7 T) + /d3k1d3k2 6p(k — ki — ka)B(ky, ko)0(k1,7)0(ke, ) =0

(k1 + ko) - kg
kT

mode-mode coupling controlled by: a(ky, ko)

k1 + kal?(ky - ka)
2/€2k2

ﬁ(kla k2)



linear approximation: o(ki, ko) = A(ky, k) =0

no mode-mode coupling
04k, )
0

+0(k,7) =0

00(k
5(97.77) Ok ) gQMH25(k,T) ==({




linear approximation: o(kq, kz) = 8(kq, k) =0
no mode-mode coupling

00(k, ) L8k, 7) =0
0T
k
895(97’7) +HOKk,T) + gQMH25(k,T) =10

Q= AL ta 2

5(k, 7) a(7) ) 1 growing mode
™

|
s
uPT'
i
P ami RN

0(k, ) _% decaying mode




Compact Perturbation Theory

Crocce, Scoceimarro 09

Consider again the (non-linear) continvity and Euvler equations

9,
T vl Y A Hv+ (v -V)v=-V¢,
A 0T



Compact Perturbation Theory

Consider again the (non-linear) continuity and Euler equations

00 oA

Crocce, Scoceimarro 09

S v Sl =0, FysaURAA IR AL SN0 IES ATt
| LRy 5(n .k : 4 a(T) H-HHL
i (@(n,k;):e (—eézk))/H) T 2= ( a2 a1
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Cowmpact Perturbation Theory

Crocee, Scoceimarro 09

Consider again the (non-linear) continvity and Euvler equations

09 ov
-tV [ +8)v]=0, FysaURAA IR AL SN0 IES ATt

: ke N o(n,k : + a(T) L
s ( £2E27k; ) T ( _6(57777 k))/H ) Wiip A5 log GJ(TZ') s ( _31/2 3/12

then we can write (we assuwme an EdS wmodel):

(5a5877 i Qab) Spb(n7 k) ] en’yabc(ka _k17 _k2) Spb(nv kl) Spc(ny k2)




Compact Perturbation Theory

Crocee, Scoceimarro 09

Consider again the (non-linear) continvity and Euvler equations

09 ov
-tV [ +8)v]=0, FysaURAA IR AL SN0 IES ATt

define ( it ) 56_"( ot oI ) Wb s((:)) ?=( 32 )

then we can write (we assuwme an EdS wmodel):

(5a5877 i Qab) Spb(777 k) ] en/yabc(ka _k17 _k2) Spb(na kl) Spc(na k2)

and the only non-zero components of the mode-wode coupling are
k27 k3)
2

a
Y121 (k1, ke, kg) = y112(k1, ks, k2) = dp(ks + ko + ks) (

vo20 (K1, ko, kg) = dp (k1 + ko + k3) B(kz, k3)
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The field equation can be derived by varying the action

S = [dn.dny Xa 9 ©b — [ AN € Yabe Xa Pb Pe

w.rt. the auxiliary field x.(n, k)
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The field equation can be derived by varying the action

S = [dn.dny Xa 9 ©b — [ AN € Yabe Xa Pb Pe

w.rt. the avxiliary field x.(n, k)

gas(m1,72) is the retarded propagator: (0460, + Qap) goe(7,1) = ac dp(n — 1)

sothat ) (1,k) = gap(n, 1) p (0, k) is the solution of the linear equation
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The field equation can be derived by varying the action

S = [dn.dny Xa 9 ©b — [ AN € Yabe Xa Pb Pe

w.rt. the avxiliary field x.(n, k)

gas(m1,72) is the retarded propagator: (0460, + Qap) goe(7,1) = ac dp(n — 1)

sothat ) (1,k) = gap(n, 1) p (0, k) is the solution of the linear equation

SSSasimiaceer
B+ Ae %2m=m) p > TTENET

Explicitly, one finds: g(n1,72) = { 0 m < 1



A" aC‘riO" pri"cip'e Matarrese, M.P, ‘07

The field equation can be derived by varying the action

S = [dn.dny Xa 9 ©b — [ AN € Yabe Xa Pb Pe

w.rt. the avxiliary field x.(n, k)

gas(m1,72) is the retarded propagator: (0460, + Qap) goe(7,1) = ac dp(n — 1)

sothat ) (1,k) = gap(n, 1) p (0, k) is the solution of the linear equation

0 m < 12
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Explicitly, one finds: g(m,nz)/{/ B+Ae -T2 532
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A" aC‘riO" pri"cip'e Matarrese, M.P, ‘07

The field equation can be derived by varying the action

S = [dn.dny Xa 9 ©b — [ AN € Yabe Xa Pb Pe

w.rt. the avxiliary field x.(n, k)

gas(m1,72) is the retarded propagator: (0460, + Qap) goe(7,1) = ac dp(n — 1)

sothat ) (1,k) = gap(n, 1) p (0, k) is the solution of the linear equation

e

/< ) B 1(3 2)
== 2(ma=tn2 = =
Explicitly, one finds: g(n1, 72 /{ B+Ae m > 02 O

A_}( Ul
growing mode decaqu mode 5 A i 1 )

N

i
Initial conditions: %(77 k) ocup = ( 1l )
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A generating functional

g 1

o —1 : _
ZIJ, A] = /DsoDxeXp{/dmdnz {—§xg 'Pgt x+ixeg 1s0]

—i/dn €7y xpp — Jp — Ax]}

the initial conditions are encoded
in the linear power spectrum:



A generating functional

a 1

o —1 : _
ZIJ, A] = /Dg&DxeXp{/dmdm {—ng 'Pgt x+ixeg 1@@]

—i/dn €7y xpp — Jp — Ax]}

the initial conditions are encoded
in the linear power spectrum:

Pi(n, n';s k) = (P (k)g' (),

Derivatives of Z w.rt. the sources J and A give all the n-point correlation
functions (power spectrum, bispectruwm, ...) and the full non-linear
propagator



Perturbation Theory: Feynman Rules

------- 5 propagator (linear growth factor): —i gab(Na, M)
i .
- b power spectrum: B (1451w k)
¢ |
interaction vertex: —i e Yape(Ka, kb, ke)



Perturbation Theory: Feynman Rules

————— - b propagator (linear growth factor): i Gab (s T5)
5 .
a - b power spectrum: B (01705 1)
¢ |
interaction vertex: —i e Yape(Ka, kb, ke)

Example: 1-loop correction to the density power spectrum:

1 1 1 1 1 \\,_,1
0 s o—( ) o+ 2 — o

Linear Power spectrum



Perturbation Theory: Feynman Rules

————— - b propagator (linear growth factor): i Gab (s T5)
5 .
a - b power spectrum: B (01705 1)
¢ |
interaction vertex: —i e Yape(Ka, kb, ke)

Example: 1-loop correction to the density power spectrum:

1 1 1 1 1 N
] + — (e — + 2 — - =

Linear Power spectrum 999~ D13

All known results in cosmological perturbation theory are expressible in terms
of diagrams in which only a trilinear fundamental interaction appears




PT in the BAQ range

1-loop propagator

-

677(1 — enb)Z ]

Gav(k;Mas M) = Gab(Ma, M) |1 — kz}f(

2

O(k*o™

(o 677"1)_1 ~ 0.15h Mpc™*

1 P(q
<02 = /dgq g )> in the BAO range!
q

the PT series blows up in the BAQ range



But it can be resummed!!

(Crocce-Scoccimarro “06)

e NN Ky OOk

k2 0'2 6277-

(e 2

physically, 1t represents the effect of multiple interactions of the k-mode

with the surrounding modes

‘coherence momentum’ k_.;, = (O' 677)_1 D hN[pC_1

N\

damping in the BAO

range!



Partial (!) list of contributors to the
field

* “traditional” PI.: see Bernardeav et al,
Phys. Rep. 3267 1,(2002), and refs.
therein: Jeong-Komatsu: Saito et al:
Sefusatti....

* resummation methods: Valageas:
Crocce-Scoccimarro: Mcelonald:
Matarrese-M.P: Matsubara: M.P:
Taruya-Hiratamatsu: Bernardeav-
Valageas: Bernardeauv-Crocce-
Scoccimarro....



Time-RG

(also for cosmologies with D= = D= (k, 2))

(0060 + Qab) ©6(n, k) = €"Vape(k, —k1, —ka) ©p(1, k1) ©c(n, k2)

g0 ose oo

=) Q{pe)+ )Y v {ppyp)

Onlppp)=—) Qpoe)+ Y v {pppe)

infinite fower of equations
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single run!



Advantages

Works also for cosmologies with Q., = Q. (k, 1)

not only for Q. = ( _31 /2 3_/12 )

Power spectrum ( (v +)) and bispectrum ((v¢~) ) from a
single run!

Systematic approximation schewe straightforward



Approximation
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Equations to solve:

aﬂ Pﬂb(k 3 'T;") — _ﬂﬂ-ﬂ(k 3 H)Pcb(k 3 n) — ﬂbﬂ(k 3 'n)Pﬂﬂ(k ? 'T;")
+ " f d°q Naca(k, —=d, 4 — k) Buea(k, —q, q — k; 1)
‘|‘B{1cd(ka —q, q — k*.l 3"?) ﬂ}{bﬂi(kﬂ —4, 4 — k)] )

Oy Bape(k, —q, q — k; ) = —Qu4(k ,17)Ba.(k, —q, g — k; )
— Qa(—9q,7)Baac(k, —q, q — k; )
— Qea(q — k,n)Baalk, —q, q — k; 717
+2€" [Yade(k, —q, q — k) Pa(q, 1) Pec(k — q,7)
+ Yode(—Q, 4 — K, k) Pac(k — q,n)Pea(k , 1)
+ Yede(d — k, k, —q) Paa(k,77) Pop(q, m)] -

initial conditions given at » = 0, corresponding to = = z;,



Iterative solution: step 1

O(v?) : linear PT Po o e

|
I
d
Bﬂbc f<7‘h.
-7 fVe~{

Pall;(k 1) = Gac(k,1,0) gra(k , 7, 0) Pea(k ,n = 0),

BL (k, —q, q —k; 77) =
Gad(k ;1,0)gpe(—q,71,0)g.6(q — k,71,0)Bas(k, —q, q — k; 1 =10)



Iterative solution: step 2

I-loop corrections O o =

torp,, :

O() corrections

for B, :

+3

Babc /\ + cyclic permutations



Iterative solution: step n>2

h-1-loop corrections —e(Om 2 (O

for P,,, but notall!  Pa
"‘5_)'_

+ 3

O(y*™°) corrections .

fOl’ B but not a"! Banc /\ + cyclic permutations

yes no
e.g.: for n=3 /\%Z‘j /;ﬁz\




Full equation: numerical results

1.3
N-body Jeong Komatsu '06

F e ———— 1-loop PT

[ —————— Halo model Smith et al '02 )

" eeecasescacaes. Linear PT 7"
12 p= TRG Z=1 "/' /.«

r
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_ /J‘ I /__,,--
i 7
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_ '/ Y \.‘____/
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7 .\“\E---’f
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\T,//

09 I 1 1 I 1 ] I ] 1 ] 1 I 1 ] 1 1 I ]
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k (h/Mpc)
M. Pietroni 0806.0971  (JCAP)

Posde =Ptk sy

initial conditions:

Babc(k7 —q,q — k7 O) =0
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Cowmparison with other methods

Carlson, White,
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Fractional difference w.rt. high resolution N-body
below 2% in the BAQ range down to z=0!



More General Cosmologies

00
0T

ov
OT

V- [(1+6)v] =0,

FH(1+ A(Z, 7))v+ (v-V)v=—-Vo,

St An G B r o rato



More General Cosmologies

00 deviation from geodesic

E=Vamslia e R dm==n =
0T Y /le/q PM-scalar field interaction)
0
6’: salAE] +)V + (v -V)v=-Vo,

V?¢ = 4rG (1 + B(Z, 7)) pa” d




More General Cosmologies

FV - [(14+0)v deviation from geodesic
A/le/q PM-scalar field interaction)

- H 1+)v—|—(v Viv=-Vo,
V24 = 4rG (1 +) a2 §
——— deviation from Poisson

(e.g. scale-dep. growth factor)




More General Cosmologies
FV - [(14+6)v deviation from geodesic
A/le/g PM-scalar field interaction)
- H 1+)v—|—(v Viv=-Vo,
V¢ = 47 G (1 —I—) af
“——— deviation from Poisson

(e.g. scale-dep. growth factor)

(8ap0n + Qap(n, k)) %(77, k) = €"vape(k, —k1, —k2) 0p(n, k1) pe(n, ko)

1 ] (n = loga)
Qa — /
b ( —sQum(1+ B(n, k) 2+ % + A(n, k) )
Ex: Scalar-Tensor: A= adp/dloga B =2a” o’ =1/(2w + 3)

see Saracco, MP, Tetradis, Pettorino, Robbers 09




neutrino mass exps:

Neutrino Masses

VAT R N ESE W Ol ) S | YA solar
VAETC IR i v AV atmosferic
Wy £t 2iaC Y] >H (3 decay

mi*" < 7.5eV < MeV

all three SM neutrinos decouple when they are

2x3/4 3 |
-2 -2 Hotl

relativistie:




Neutrinos as Hot Park Matter

neutrino free-streaming erases all structures up to mass scales of order:

M
WL e L gLe L W e 2
FS m,%(eV) > M@al ( @)

large structures would form first, at odds with observations (galaxies
already at z 6, clusters only at z<1)



Neutrinos as Hot Park Matter

neutrino free-streaming erases all structures up to mass scales of order:

M
SN ER 01 kI8 RS W= OB
FS m,%(eV) > M@al ( @)

large structures would form first, at odds with observations (galaxies
already at z 6, clusters only at z<1)

neutrinos cannot be all the M. We need cold /M

. . sp 1 Q,/. - e = f, Qm
relic neutrino energy density: <, iy iz =



Massive Neutrinos and the Power Spectrum
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The linear growth factor
is scale dependent: 6,,(k < ko) ~a, Ok > kpy) ~ a' =3/
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Non-linear effects on nevtrino mass bounds

(Saito, Takada, Taruya,08)
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the nevtrino mass bound could
go downto 0.09 eV!
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Poisson equation for Cold PM + Neutrinos

Vo = 471G a* (oot p 0 =40 a’ (1 |



Poisson equation for Cold PM + Neutrinos

linear th.



P /Plin

Non-Linear effects on vmass bounds: RG vs. 1-loop approximation

Lesgourques, Matarrese, M.P, Riotto, 09

Cosmological Neutrino mass
bounds should take non-linear
effects into account!

N-Body simulations
including massive neutrinos still

in their infancy (AP/P=-9.8/-10.5 fv)
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Non-Gaussianity

O = ¢+ fnr(¢® — (¢%))

CMB bispectrum: —4< fnvr <80= (95% C.L.) KM.Smithetal. 09

Galaxy bispectrum complementary and competitive to CMP
at large scales:  provided other sources of non-linearities

under control Fry & Scherrer, ‘94
Chodorowski & Bouchet "96

Scoccimarro ‘00
Verde et al. ‘00

PM (halos) power large scales, rare objects > Afve <1

SPeCTrUM: A p(fy.)/P~2—3% onBAD scales

Dalal et al. 08,

Matarrese & Verde ‘08, Lam & Sheth 08,
Slosar et al ‘08 Mec Donald & Seljak ‘08,
Carbone et al, ‘08, Pillepich et al. 09, ...



Seeds from primordial NG

Mo 9ad(1) Goe(n) ger (1) Baey(k1, k2, kz;n = 0)

___é___ b Jae bf Ycg 9dh Tefgh(n = O)

new “vertices” in the Feynman rules



Ex: late-time bispectrum

Ia ;
: |
,ﬁd\ t //\O\ + cyclic permutations
SrrtitierT s
C/ o b = !

primordial dynawical I

Goal: probe the ‘effective vertex” Q to extract B(n = 0)
e s

c b

Need control on non-linear gravity dynamics!
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TRG Results

Bartolo, Beltran-Almeida, Matarrese, M.P, Riotto, 09124276
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(N-body from Pillepich et al. '09) (N-body from Verde et al. ’10-preliminary)

PS ratios in good agreement with 1-loop PT and
(both) N-body simulations up to k <0.2 h/Mpe

Results also for “non-local” models for NG,
difficult to simulate with NBody,



Conclusions

* Mildly non-linear scales are an unique
opportunity to look for deviations from
“vanilla® ACOM (w=-1, massive v’s,
NonGaussianity, PE-IM interactions,
exotic UM....)

* Sewmi-analytic methods are needed fo go
beyond linear PT in a more fransparent,
flexible, and fast (1) way than NBody’s

* Further improvewents: bias, redshift
space, effect of velocity dispersion...



A generating functional



A generating functional

The probability of the final configuratione.(n;) , given the initial conditionea(7:) , is

Plo(ng); o(n:)] = 6 [e(nr) —@lng; o(n:)]]

e

solution of the e.o.m. with
initial condition ©(7);)



A generating functional

The probability of the final configuratione.(n;) , given the initial conditionea(7:) , is
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initial condition ©(7;)

nf
B / o B0 TV e
14



A generating functional

The probability of the final configuratione.(n;) , given the initial conditionea(7:) , is

Pliny )i o)) = 8lo(ny) = Blnss olm)l] ~ [ D' Dy eiSlex

solution of the e.o.m. with fixed extrema
initial condition ©(7;)

nf
B / o B0 TV e
14

The generating functional at fixed initial conditions is

o

1S i [
Z[J, A o(mi)] :/DSO(W)D”SODXG G xlte g dnllabutiex



We are interested in statistical correlations, not in single solutions:
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We are interested in statistical correlations, not in single solutions:;

BN s — /Dw(m)W[w(m);K’S]Z[J,A;90(777;)]

where all the initial correlations are contained in
1

In the case of Gaussian initial conditions: (K (K)) ;- = P2y, (k) = uaupP?(k)

Putting all together...

p
I —1 s
Z|J, Al = /Dgpl)xexp{/dmdng {——Xg 'Plg’ "x+ixsg 190]

2

—i/dn [y xpp — Jp — Ax]}

&

where the initial conditions are encoded in the linear power spectrum: P,i(n, '; k) = (g(n)P°(k)g" (7)),



We are interested in statistical correlations, not in single solutions:

AIEEN F sl — /Dw(m)W[w(m);K’S]Z[J,A;90(777;)]

where all the initial correlations are contained in

1
W[So(ni); K/S] — €Xp {_590&(772'3 ka)Kab(kaa kb)gpb(nﬁ kb) LEEE }

In the case of Gaussian initial conditions: (K (K)) ;- = P2y, (k) = uaupP?(k)

Putting all together..

I —1 s
Z|J, Al = /D@Dxexp{/dmdng {—§Xg Plegt "y +ixg 190]

—i/dn [y xpp — Jp — Ax]}

where the initial conditions are encoded in the linear power spectrum: P,i(n, '; k) = (g(n)P°(k)g" (7)),

Derivatives of Z w.rt. the sources J and A give all the n-point correlation
functions (power spectrum, bispectrum, ...) and the full non-linear
propagator



Park Matter Hydrodynawmics

The PM particle distribution function, f(x, p, 7), obeys the Vlasov equation:

ofrp

|
Orrran

N =am N o NS =—0

where p = amd—x and V2¢ £ § Oy H2 5
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Park Matter Hydrodynawics

The PM particle distribution function, f(x, p, 7), obeys the Vlasov equation:

o,
fl = N =am N o NS =—0
@ rpmmmmEy 1)
where p = amd—x and Vng — §QM H? S
g 2
/d3p D mrsebc = pllE ol bl
Taki ts, i.e., 3B mNAN T EETE
BIG NOMERTS L [ @ P fx.pm) = plox it

DiDj
/ d3p CLQTTZJQ f(X, P T) = p(Xa T)Uz' (Xa T)vj (Xv T) T Oij (X7 T)

and neglecting 0;; and higher moments (single stream approximation), one gefs...



