SPECOLA VATICANA

GRAV MEETING, URBINO 7-09- 2021

part tial \/ in collaboration with Matteo Galaverni and based on arXiv:2003. (M»’)’@alj,)

‘AJ e —

Phys. Rev. D 103, 024022 (2021) and some other papers to come. ..




Outline

ordan and Finstein frame. Scalar-Tensor theory with (GHY)-boundary term and Weyl (conformal) transformations from
ordan to Einstein Frame.

Hamiltonian (canonical) analysis of Brans-Dicke theory with GHY-boundary term.

Hamiltonian transformations from Jordan to the Einstein Frame. “Vexata Questio™: are these transformations canonical? “Anti-
Newtonian”transformations as Hamiltonian canonical transformations.

FLRW flat, k=0, case as finite dimensional example.

. . . 3.
Canonical analysis of BD theory in the case w = — in the Jordan Frame
3. . .
BD theory for w = —> in the Finstein Frame
. . . . 3 . .
The inequivalence between the two Dirac constraints’ algebras of BD theory for w = —, in the Jordan and Einstein frames

shows the transformations from the Jordan into the Einstein frame are not canonical.

Conclusions.



Jordan-FEinstein Frames

* Old paper: Dicke (Phys. Rev. (1962) 125, 6 2163-2167)

Suppose the proton mass is my in mass units 17,, and, in “natural
units”’, we scale the unit of measurement by a factor AL (length)-!

~ \—1 : ~ _ y—1
My = A~ "My - In the new unit the proton mass my = A My

* Confronting the measurement of the proton mass in the two mass units

(Faraoni and Nadeau 2000)
mp A 'm,  my

~

My, A" 1lm,  my



Jordan—Einstein Frames

* Since dS = AdS and ds = (g,m dxzdxj) then the covariant metric
functions scales as

Juv = )‘QQLW

* Invariance under rescaling of unit of measurement implies Weyl (conformal
invariance) of the metric tensor

* The starting frame is called “Jordan” frame and the conformal transformed
the “Einstein Frame. One observable can be computed in both frames. Its
measure, obviously different in the two frames, is related by conformal
rescahng accordmg to the observable’s dimensions. (eg mp = A~ mp ).



Jordan-FEinstein Frames

* Dimensional analysis shows the following trasformation rules between
the Jordan and Einstein frames

n=A"'m; dFf = \dr;ds = \ds;
Fi;; FY9 =\"*F";
= h; 6* =64
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Scalar-Tensor Theory

* In general, one starts from a scalar-tensor theory, with GHY-like
boundary term, in the Jordan Frame

s= [ ova (fOR- 2O 0000~ V@) +2 [ @ WVRHOK

M

* and passes to the Einstein Frame with the transformation

2

n—2

Guv = (167TGf(¢)) Juv

e therefore the action becomes

s [ aav=g (161 SR A" 0,60,6 - V(¢)) [ Wik
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Scalar-Tensor Theory

where

T 167G \2f(¢)  n—2 f2(¢) 167G f (o))

* One 1s looking for solutions of the equation of motions such that if
g S|

(Guv (), 9(T))

is solution 1n the Jordan Frame,

(G (2, 9), #(z))

1s solution in the Einstein frame



Brans-Dicke Theory

* Brans-Dicke, with GHY boundary term, 1s a particular case of Scalar
Tensor theory

S = / d*z\/—g ((/5 ‘R-— ggwaﬂcpaﬂp — U(¢)) + 2 / BzvVhoK
M oM

* We studied the 3+1 ADM (Hamiltonian) decomposition
g=—(N? - N;N")dt ® dt + N;(dz" ® dt + dt ® dz*) + h;;dz* @ dz’ |

* The ADM Lagrangian L ADM 1S

w

Lapy = Vh [Nqb (<3>R + KiK' — K2) - Na (NzhijDiqujgb —(¢— NiDiqS)z)

+ 2K(¢— N'Dig) — NU(¢) + 2h”DiNDj¢]



Brans-Dicke Theory

* We can define the canonical momenta

_ O0LaDpm _ 0Lapm ij _ OLapm
T = —~0,m = — =~ 0,77 = -
oN aN Ohi;
i

- —vh [qs(Kij —Kh) + (8- NiDmﬁ)} :

Ty = aﬁggsz/ﬁ(MJr%(é—NiDm),

And the ADM-Hamiltonian H 4 pas

Hapar = 77hij + b — Lapumr

2 ..
Hapm = \/E{N [—qb SR+ # (wijmj - %)} THh = szhij
+ %D@D% + N2D'D;¢ + NV (9)

1 N 2 iy d in.



Brans-Dicke Theory

* Therefore ‘H 4 pps is the sum of the Hamiltonian constraint H{ and the

momentum constraint Hz

Hapy = N’H—l-Ni'Hi

ool (o) o= 2D + D,

. . 1 1
4 %D@Dl(b +2D'D;b + oo <3 - 2w> (mh — ¢me)? + V(cb)}

* The constraint algebra 1s like Einstein’s Geometrodynamics
{Hi(z), H;(&)} = Hi(2')0;0(z, &) — Hi(2)9;'0(z,2")  {H(z), Hi(a")} = —H(a)0;d(x, ')

{H(z), H(z")} = H'(2)0:0(z, z") — H'(2")O6(x, 2")



Brans-Dicke Theory-Finstein Frame

* Implementing the Weyl (conformal) transtormation, we get the following
ADM metric g in the Einstein Frame

§=—(N? — N;NY)dt ® dt + N;(dz® ® dt + dt ® dz*) + hy;dz’ @ da’
N = (161G f($))™ N; N; = (161G f($)) " N;;
hij = (167G ()™ hi

* Now we recall that in the Brans-Dicke case flo) =¢

3
_)~ 5
= t6rc [, %V~ [4R— 28" 0,00,6 —V(9)



Brans-Dicke Theory-Finstein Frame

* Canonical momenta ( LADM is ADM-Lagrangiam demsiti in the E-F)

aﬁij 167G 167G ¢
- _ 0L apM _ \/Z(w+%) (é_Ni -gb)
P 8 8GN 2 ‘
1
= 5(@% — Th)

* The ADM Hamiltonian density Haprr in the E-F is
VEN

Hapm = 167G

2 ~9 3 2 42 ~
SR+ —(167;LG) <ﬁ'ij7~rij - 7;—h> + —(w;; 2)3i¢(9i¢ + 6:2:;?_) ;; 7?35 +V(9)

—2N'D;7l + N9ty .



Hamiltonian Analysis of BD for w # —%

in Jordan Frame

in Einstein Frame

constraints

T 0 ~0;H~0;H; ~O0;

constraints

T 0m~0;H~0;H; =0;

constraint algebra
{m,mi} = 0;{m, H} = 0;{m, Hi} = 0;{mi, H} = 0;
{mi, H;} = 0; {H(z), Hi(a")} = —H(a")j6(x, 2');
{Hi(z), H;(2)} = Hi(2")9;0(w, 2") — H,;(2)9;'6(x, 2');
{H(z), H(z")} = H'(2)0id (x, 2") — H'(2")0;0 (x, 2');

constraint algebra
{7, 7} = 0; {7, H} = 0; {7, H} = 0; {7i, H} = 0;
(i 1y} = 05 {H(@), Hilw') | = —H(2)}o(w,2");
{Hi(x), Hj (@)} = Hi(2')0;6(w, ') — Hi()0;6(x, 2');
{H(z), H(z')} = Hi(2)0:0(z, ') — H ()0l (x, 2');




Canonical Transformations

* In Hamiltonian theory, a transformation of vanables(Qz(q, p), Pi(q,p)),
from the canonical variables (¢",pi) to (Q',F;) is a.canonical
transformation if the symplectm two form w = dq’ A dp; is invariant.
That is w = dQ" A dP;in the new coordinates. This is equivalent to the
following condition on the Poisson Brackets

{Q"(4,p), Pj(¢,P)}q.p = 3
{Q(¢,), @ (¢,)}¢p = {Pi(g,P), Pj(¢,;P) }¢p = O.

e Transformations from the ]ordan to the Einstein frame are the
followings

~

(N7 Ni) hija Cb, 7-‘-77-‘-277‘-” 7T¢) (N7 NZ7 hzj’ QS, ﬁ-’ﬁ-i’ ﬁ-ij7ﬁ-¢)



Canonical Transformations

* Here, for simplicity, we repeat the transformations from the Jordan to the Einstein
Frame in Hamiltonian formalism

™

(167Go)= ;

N = N(167G¢)? ; N; = N;(167G¢) ; hi; = (167G) hy; ; 7 =

i ij
~i T D 1

(167TG¢)”7T " 167G =@y = 5(9757% — Th)

* One can check they are not Hamiltonian Canonical Transformations

~ TGN ~
N.7 — 0 d Ni, T = 167G N;

* Therefore it 1s meaningless to perform the Dirac’s constraint analysis in the Einstein
Frame, where it is easier, and presume it gives the same result in the Jordan frame.




Main criticism to this non-canonicity argument

* In litterature, people object N, N! are mere Lagrangian multipliers and
canonicity should be checked on the true physical degrees of freedom.

* This could be misleading. Lapse and Shifts cannot be eliminated *ad hoc”,
they are still canonical variables

* The only way we can ®safely” treat them is by making a gauge fixing (ex.
~c,;, N'=c' sothatm =~ 0 , m; = 0 becomes second class constraints).

* N, N!, m,m; are then eliminated defining Dirac’s brackets.



Canonical Transformations

* There exist Hamiltonian Canonical Transformations (Anti-Gravity transformations)
' i 2 ' ' 2 _ _ 132 | 3272,
N N, Nt s N, hy; > A2, (ntwo dim.ds? = —dt? + X2da* A > 1)

N*=N;N*, =N;;7° =m;7""'=x"

* In this case the ADM Hamiltonian H 4 pys 9[

VEN*(¢)3 [ -  (167G)? ( ﬁg) L
H — . — "R+ _ T T — —* Minkowskian
ApM (167G)2 [ h 72
(w+3) . 64(7G)3%¢% _, - U R
81: az V —2N* D, : N* a’l, . Anti-Newtonian
- ¢2 ¢ ¢ T h(w + §) "o i (¢) i ¢7T¢ M. Niedermaier 2019

* Since this theory 1s canonicaﬂﬁ equivalent to B-D, the constraint algebra of secondary first
; cal ,
class constraints (7, H.,) is like B-D’s one.



Finite Dimensional Example

* We can apply this considerations on a finite dimensional example: FLRW
case with k=0

ds®* = —N?(t) + a*(t) (dr2 + r?d* + r2sin29d<p2) :

* If we put this metric in the B-D action, we obtain the following finite
dimensional Lagrangian

_ 6ad’® 6a%a wa® o 3
° : oL _ 0L  12aa 6aa -
The canonical momenta are e AL A v O A L0
o = 8_5.:_6aa+ 2wa ¢(t)

) N(t) No(t)



Finite Dimensional Example
* The relative ADM-Hamiltonian results to be

_ Wy TaT ¢ ¢7T(2b 3
Hapm = N( T 2062w +3)  2a2(2w+3)  23(2w+3) T ° U(¢))
* Non-Canonical and Canonical Transformations
NZN(lGWGQb)% ; T = (16 gqﬁ)l ;a4 = (167‘(‘G¢)%a ; N* =N ; T =1 ca = (]_671'G¢)%a :

n SV Fa= =i Es= - (Pms— mama)
~ _ _"a — A, = = Ta = T~ = ,7T¢:— 7T¢__a7ra
o = 16nC ¢=0¢; Ty 5 (¢4 — Saa) 167G 0 2

~ TGN

N. 7} = 0

{N, 75} T6:C3 #

* The ADM-Hamiltonian in the right canonical transformatiom 1s

_ @N*¢3 (167G)3¢7, (167G)?¢*m3
<_ 2434 26 (2w + 3) +V(¢)>'



BRANS-DICKE

PARTICULAR CASE

3
W= —-
2

. 3 . : :
* The B-D action for w = — s (for consistency reasons here U(p)=ap? a is a

constant)

S(=3/2) — /d4x\/_ (¢R+

3 g
2 ¢

e [t is invariant under this conformal transformations

z_ 9

~ 2
guV:ng/ (/5:@

* The ADM Hamiltonian in this particular case 1s

oh

_ 1
- ey (o)

3N

— 2 D,¢D'¢+ N2D'D

2¢

GO, b — ¢2) +2 / BrvVhoK .
oM

D;¢ + NU(qb)} — 2NiDj7rg + NiDiqbw(ﬁ



BRANS-DICKE PARTICULAR CASI

* Clearly the Hamiltonian and momenta constraints are

s

&
|
|

N w

2
24(=3/2) _ \/ﬁ{ [ ¢ 3R+ # <7r"jmj - %)] _ %D D'+ 2D D;p + U(qb)}

3/2
HT32) = _oD.x? + Dy
* We also have a further primary constraint due to conformal invariance
C 6 = Th — ¢7T b ~

* All the constraints (shown through lengthy and technically complicated calculations) are
first class .



BRANS-DICKE PARTICULAR CASE @ = ——2

Momentum and Hamiltonian constraints have the same algebra as Einstein geometro-
dynamics.

The constraint algebra of the primary constraint g the momentum and Hamiltonian
constraint 1s

{Co(@), HTP (@)} = —0i6(2,2')Co ()

The Poisson Bracket of the Hamiltonian-Hamiltonian constraint results to be
1
—3/2 / _ —3/2 /
{Co(@), HD (@)} = SHED (@)3(x, 2')
Notice the extra term is generated by the diffeomorphisms for conformal invariance

{H3D (), H 3D (2")} = 1P (2)086(x,2') — HY ¥ ()06 (2, 2)
+ ((D*log $)Cyp) (%)0i6(z, ') — ((D*log ¢)Cy) (z)0:6(z, ')



BD PARTICULAR CASE

EINST]

CIN FRAM]

(L]

* The B-D action for w = —2 in the Einstein Frame is nothing else but (the potential is now ‘7(¢)

a constant function)

167G

* The relative ADM Hamiltonian

77(=3/2)  _ \/ZN
ADM 167G

~ (1 2/ ..
—3R—|—@ (%U%.

87TG OM

+ Notice that the theory is just Einstein GR and is not (Weyl)-Conformal invariant

1]

h

—  NH(3/2 +Niﬁ§_3/2),

1 d>x \/ZIN(

sm = L ot/ (R V) +

(1)

* The Dirac primary constraint Cg = 0 becomes T ¢ =0. The other Dirac’s constraints ate

the same as Einstein’s GR.



IN EINSTEIN FRAME

(L]

BD PARTICULAR CAS]

* The constraint algebra among momentum and Hamiltonian constraints are like
Einstein geometro-dynamics

* The remaining constraint algebra is
{Col@), HT¥D (@)} = {Co(a) H*D (@) } =0

{H3/D (), H 3D (1)} = H3/D(2)8,6(z, ') — H 3D (2")Dl6(z, =)

* Very clearly the algebra of the Dirac’s constraints of the BD theory in the
Einstein Frame 1s completely different respect to the Jordan frame. Therefore,
we continue to remark, the transformation between the two frames results not to

be canonical.



Hamiltonian Analysis of BD for w = —%

in Jordan Frame in Einstein Frame

constraints constraints

7= 0yt & 0;Cp = 0; H32) O;HE_?’/Z) ~0; (Tr0;7i~0;Cy=7g~0;H 32 x O;ﬁ§_3/2) ~ 0;

constraint algebra constraint algebra
{m,m;} = {m, H(=3/2} = {W,H§_3/2)} — 0; (7.7} = {%7}7(_3/2)} —0: {%’ﬁ§—3/2)} —0:
{mi, DY = {m, 1Y = 0 7, H32) = (7, ﬁ(—3/2)} _o.
{C¢($)a7'l§‘3/2)(x’)} = —9i0(z, ') Cy(2'); {@)(x) 3/2)( )}
{Cy(2), H 3D (2"} = LH (3D (2)6(x, 2'); {5¢( ), 732 (g )}

{HE3D (@), 1D (2)} = —HCID ()08, 2');| {HED (@), ATV (2!) | = —H<-3/2><x'>6;6<x,a:'>;
{H7P @), 12 @) | = 1 @0i0(,0) | {HTD (@), 1D @)y = HEYD (0)058(w, )

(=3/2) () ./ . 7312 (115, .
—H; 7 (2)9;'0(x, )5 —H T (2)05 (2, )
{HED(@), HD ()} = {HE3D(@), HE3D (')} =

12 (@)d6(z, 2') — 1D (@) s (x, 2!)+ HD (2)06 (2, 2') — HT? (2016 (x, ')

((D'log ¢)Cy) (2)0;6(z,2)
- ((DZ log ¢)C¢) (2")0L(z, x);

R . - - - - - - - 9




Conclusions

* We have analyzed the Hamiltonian formalism of Brans-Dicke theory in the Jordan Frame

3

with GHY boundary term both in the general case w # ——z ,and w = -

* We have shown the Weyl (conformal) transformations, in the Hamiltonian formalism, from
. . . . 3 .
Jordan to Einstein frame are not canonical transformations. For w # —, 4 set of true canonical
transformations have been found (Anti-Gravity or Anti-Newtonian transformations). In the case

w = — 7, the inequivalence is straightforward by confronting and contrasting the Dirac’s
constraint algebra in the two frames

* Some studies have already singled out the inequivalence between Jordan and Einstein Frames at
Quantum Level (Benedetti & Gualtieri (2014), Falls and Herrero Valea(2019))



