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¢ Introduction to our (relativistic) approach to [3-

decay (3-decay and EC are not only purely
nuclear but also atomic processes)

¢ Application of our approach to a number of [3-
decay processes of light (‘Be) and heavy (134Cs
and 135Cs) atoms in astrophysical scenarios

¢ Perspectives, future developments



B-decay: tool basket, the nucleus

« Standard Model of Particle physics: weak interaction is
mediated by the emission or absorption of very massive

bosons
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W~ boson has a mass of ~ 80

— Uncertainty principle: W~ can only live At < v h_cz
w

h_c~10_3 fm«1fm
W
(range of strong
Interaction)

— During this time it can travel at most cAt < v

Short range=Fermi contact interaction
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Maurizio’s living legacy that endures
Let’s celebrate the life and science of Prof. M. Busso!

From electronic structure to astrophysics

What | will present today is the very consequence of Maurizio’s
capability to think out-of-the box and imagine that we could
apply our own tool box to tackle modern issues in astrophysics

Maurizio clearly believes that people speaking a different
language and coming from a different background could try to
improve our knowledge of the stellar processes, in particular
to determine those nuclear and atomic inputs that affect many
aspects of the overall stellar evolution.

| can hear Maurizio saying on several occasions that in order to
understand the isotopic abundances and anomalies measured
for example in presolar grains of stellar origin we must
upgrade such nuclear inputs, which are poorly assessed



Maurizio’s living legacy that endures

Let’s celebrate the life and science of Prof. M. Busso!

So while our meeting with Maurizio here in Perugia about 10
years ago at one of these boring INFN meetings was random,
the idea with which we came out of this meeting was crystal
clear.

Maurizio encouraged and actually keeps encouraging us to
pursue this goal, because he believes that this is one route to
follow if one is to reconcile theory and observations.

I’ll be forever thankful for having introduced me to this
extremely challenging field and for sharing to date his passion
for this topic. Thank you Maurizio!



Maurizio’s living legacy that endures

Following Maurizio’s mandate we started by working on a few test
cases whose decay may affect the overall stellar evolution

In particular we work on the assessment of the efficiency of the
nuclear reaction rates of the nucleosynthesis processes that are in
place during the evolution of massive stars, such as the e-capture

of Be

Li, Be, and B are rare because they were poorly synthesized in
primordial BBN. Elements heavier than beryllium could not be
formed in the short period in which BBN occurred before being
stopped by expansion and cooling (about 20 minutes)


http://en.wikipedia.org/wiki/Beryllium

The enrichment of Li in the Universe is still unexplained

Galactic Cosmic Rays
do not produce much 7Li

A small amount of 7Li is produced in stars, but
is thought to be burned during MS as fast as
produced when convective processes can carry
it to temperatures of a few millions K, where it
undergoes p-captures.



The cosmic Li problem before BSM....

Thus, stellar burning depletes Li and its abundance is strongly
influenced by several nuclear burning mechanisms as well as by
the extension of the convective envelope.

- Production of “Li via EC (hereinafter "EC") of "Be
Be+e™ — Li+ v,
- production of "Li via antineutrino capture of ‘Be

Be+7T, — Li+e"
- production of "Be via positron capture of "Li

Ti+et — Be+7.
L production of “Be via neutrino capture of “Li

Mi+v., — Be+e™
These reactions are interesting since previous simulations,
which didn’t account for electroweak processes at 10< KgT<100
KeV, gave a too high 7Li abundance compared to observations



State-of-the-art of ’'Be beta-decay in the Sun

Theoretical predictions: about 20% of 7’Be in the center of the Sun
might have a bound electron

Despite the main decay channel 7Be in the Sun's interior is the free
EC, bound e- can significantly change the decay probability

Bachall (1962): 'Be lifetime in solar conditions for partially ionised
atoms using DH screening for the e-e interaction shorter by 10%

Shaviv et al. (2001): "Be lifetime larger by ~ 20%-30% as compared
to Bahcall due to fully ionized ’Be is in the solar plasma

Quarati et al. (2009 ): 'Be lifetime shorter by about 15%, using a
modified DH screening potential.

Out-of-the-Sun conditions

Adelberger (2011): the most recent recommendations are based on
the data extrapolation from Bahcall’s, even though this procedure
is rather insecure due to the very different ambient conditions.

The situation is therefore quite unsatisfactory with a lot of scattered
data and uncertainties affecting Li abundances in the Sun, MS, and
RGB stars, such as the T and o dependence of the half-life.



Open issues in Li depletion

Quantitative modeling is in particular hampered by a poor knowledge of
how the Be decay rate changes in the rapidly varying conditions below the

envelopes of Red Giants (T=1:80 MK, ¢ =1:5 0.0.m. lower than the Sun)
very different from those of our Sun (Tcore = 107 K and ¢~105 kg/m3)

In this conditions 7Be is totally ionized, matter is a plasma that contains
charged particles: positive ions, protons and electrons. Decay occurs by
capture of an electron moving from both bound and energy continuum (or

excited) states in the presence of the other charged particles screening its
motion (Bahcall - 1962).

The lure and the lore of correlation

The classical Debye-Huckel approximation may not actually hold out of
solar conditions (degenerate Fermi gas ??77?) and we do not know whether
this introduces small or large deviations in the capture rate



Motivation of this work: provide the missing weak-
interaction input data for Li nucleosynthesis calculations

I At ambient conditions ’"Be decays in
_> 53 days into the ground state of “Li
(3/2-) for 89.7% of cases, 10.3% it

decays into the first excited state (1/2-)

Decay may occur by capture of an orbital e- through the following process:

P+e —n-—+1,

One of the three 3-decays
mediated by the weak force.

Contrary to this simple view, there is evidence of changes in
nuclear decay rates with these parameters. Why and how?



B-decay: standard approach

A typical nuclear 3-decay process reads:
Q-value: total energy released by the reaction (m, = 9)
Q- ZmN(AX) —mN(AX’) mN(AX)Zm(AX)—Zme+ZBz'

Qp- = {[m(AX) — Z -me| — [m(AX,) —(Z+1) -me] —me} - ¢ + {Z B; — Z B;}

In the traditional theory of B-decay processes, spectra are typically
calculated as product of three factors:

¢ a phase-space factor to deal with the momentum sharing between the (3-

electron (p) and neutrino (q);
¢ a Fermi function F(Z,W) to take into account the static corrections due to

the Coulomb field of the nucleus;
¢ a shape factor C(W) to include the coupling between nuclear and lepton

dynamics.



B-decay: standard approach

A typical nuclear (3-decay process reads:

A A L
ZAN =z X1 te + e

Q-value: total energy released by the reaction (n;V = 0)
Q[g— :mN(AX) —mN(AX') mN(AX)zm(AX)—Zme—i—ZBi

Extra-nuclear factor

Qs = {[m(*X) - Z-m] — [m(*X") = (Z+1) - me] —me} - c

In the traditional theory of 3-decay processes, spectra are typically
calculated as product of three factors:

dN 5
¥ x pWq“F(Z,W)C(W)

¢ a phase-space factor to deal with the momentum sharing between the (3-
electron (p) and neutrino (q);

¢ a Fermi function F(Z,W) to take into account the static corrections due to
the Coulomb field of the nucleus;

¢ a shape factor C(W) to include the coupling between nuclear and lepton
dynamics.



B-decay: standard approach

A typical nuclear B-decay process reads:
2XN = XN +e 47
Q-value: total energy released by the reaction (m, = 0)
VA

Q,B— :mN(AX)—mN(AX/) mN(AX):m(AX)_Zme-FZBZ-
Extra-nuclear factor L

calculated as product of three factors:

AN
i oc(Z, W)C(W)

¢ a phase-space factor to deal with the momentum sharing between the 3-

electron (p) and neutrino (q);
¢ a Fermi function F(Z,W) to take into account the static corrections due to

the Coulomb field of the nucleus;
¢ a shape factor C(W) to include the coupling between nuclear and lepton

dynamics.



B-decay: standard approach

A typical nuclear 3-decay process reads:
2XN = G XN 1 +e +7
Q-value: total energy released by the reaction (m, = 0)

Qs- =mn(*X) —mny(*X')  my(*X)=m(*X) - Zm.+ ) B;
Extra-nuclear factor 2

calculated as product of three factors:

AN , B 2TV
T <IWEE(ZWICW) FEW) = o

¢ a phase-space factor to deal with the momentum sharing between the 3-

electron (p) and neutrino (q);
¢ a Fermi function F(Z,W) to take into account the static corrections due to

the Coulomb field of the nucleus;
¢ a shape factor C(W) to include the coupling between nuclear and lepton

dynamics.




B-decay: standard approach

A typical nuclear 3-decay process reads:
72XN — §+1X.;V—1 te + Ve
Q-value: total energy released by the reaction (m,, = 0)
Qs- = mn(*X) —my(*X')  my(*X)=m(*X) - Zm, +ZB

Extra-nuclear factor

Qs = {Im(*X) = Z -m.] - m(AX) = (Z+1) -m.] = m.} - &

In the traditional theory of B-decay processes, spectra are typically
calculated as product of three factors:

dN
dW

¢ a phase-space factor to deal with the momentum sharing between the [3-

electron (p) and neutrino (q);
¢ a Fermi function F(Z,W) to take into account the static corrections due to

the Coulomb field of the nucleus;
¢ a shape factor C(W) to include the coupling between nuclear and lepton

dynamics. No sign of correlation!!!

/ p2— 1)q2(L’ k)
o< pWqF(Z, W@ CW) =@l =) 'Z/\k(%—l)[ 2(L' — k) + 1]!

k=1



B-decay: standard approach

dN
dW

It works well to predict the lineshape allowed and forbidden unique
transitions, at variance, nuclear structure effects cannot be
neglected when dealing with forbidden non-unique transitions, and

there is no such a simple relation for C(W)

One can treat first forbidden non-unique transitions as allowed if

o/
26 = > > Emaw
g R’I’L’LLC

where £, .. is the maximum escaping energy of the (3-electron
and «is the fine structure constant

< pWq*F(Z, W)C(W)

Still a rigours treatment of these transitions including
electronic and nuclear DOF is missing!!!

Our approach to beta-decay aims to solve these issues



How do we actually calculate e-capture rates?

In particular we use the theory of scattering under two potentials in the
center of mass, reducing the problem to a two-body scattering:

V = screened, short-range Coulomb potential
W = weak interaction coupling the Coulomb distorted initial state and the

final decay channels
The cross section of the electron capture process can be written as:

oinp = J (gi% > <¢f_,k:|W|¢ip>+<¢;>klv|¢i’p>|25(21£6 IEi_Ef_Ck)

_ [ _d3k 2 - + \|2 2
_f (27-‘-)3 fij <¢f,k:|Tw|qbi,p>‘ 5(21;@6 IE’i_Ef_Ck) Coulomb operator does not

couple ini and fin channels
¢ip =free-plane wave

¢+ 1 = Coulomb perturbed out-state (U emitted and target in final state f)

wf_,k = Coulomb and weak perturbed out-state (U emitted and target in final
state f)

€b;fp = Coulomb perturbed in-state (Coulomb distort + outgoing spherical)

Ei, Er = internal energies of the target 'Be and of the final decay product
p = meVv and k are relative e- and neutrino momenta in the initial and final

channels
v = electron velocity in the initial channel relative to "Be.




How do we actually calculate e-capture rates?

We can define the T-matrix of the weak interaction as:

<¢Jzk‘W’¢;§p> — <¢Jzk’TW‘¢7_fp>

By multiplying the c.s. by the e- current one obtains the e-capture rate:

d3 n kz 2
Dip= zw qﬁfk\T o7 5 — +Ei— Ep—ck —C\tfzzow -(0))]

1
tral? (i, 0167 > (2m (o, 1i0) o

7'('3

2
where k = % (2p +E; — Ef) and <¢ |5, 0)is the electronic w.f. at the Be

Me

nucleus. Approxumatlons made

1. 1stBe e.s. is found at 429.4 keV=5X10° K above the ground state
2. Ty o« 6(r) = very short range contact interaction
3. Uf.; are chosen equal to those measured on the Earth, neglect

dependence on Tand p°/2m.
IMPORTANT OUTCOME!

‘Be-e- can be modelled as a two-body scattering process at a given
relative electron momentum p.
The rate is proportional to p.(0).



Be e-capture

At ambient conditions "Be decays in
7 — Ll . 53 days into the ground state of 7Li
4B6 G SLZ T Ve (3/2-) for 89.7% of cases, 10.3% it
decays into the first excited state (1/2-)

The energy of the Li excited state is 477.6 keV (~6X10° K) higher than GS

Be Qo and Q1 the kinetic energies of the neutrinos escaping from 7Li in
its ground and first excited state

Qo=3861.815 keV ui—————- Q1= Qo-477.6=384.2keV

Since the kinetic energy is higher in the first case, the available phase space
will be larger. We can roughly estimate that for T = 107 K:

BR=89.7/10. 3 X (Qo+ kT)2/ (Q1 + kT)2/(Qo2/Q42) = 8. 684

The percentage variation of BR due to an increase of the temperature by five
orders of magnitude is thus only 0.3% ====Jp-Neglect e.s. decay!!!

1st Be e.s. is found at 429.08 keV=5X10° K above the ground state



Our framework

find a good theory to model for different T
and o the hot plasma composed by 'Be atoms

surrounded by N, protons (hydrogen nuclei)
and Ne electrons, as a degenerate (quantum)
Fermi gas, taking into account accurately the
electron-electron interaction!

How to calculate Pe?

models of screening, valid only for solar conditions and when
electrons are not degenerate (but in RBG they could).

Does DH approximation really stand???



Condition of the stellar material at high T
DEGENERACY CONDITIONS: CLASSICAL vs. QUANTUM

© The separation between identical particles is << App
<~ The density is >> Nqwhere Nqis the number of available
quantum states

Solar core: T=15.6 X 106 K ——P 7Be atoms are all ionized
(12000 K =1 eV)!!!

De Broglie wavelength in the core of the Sun
| << App =h/p>~h/BmkT)/? =2731x 107" m
Electronic density
pe >> nonr = (2nmkT/h?)3/? = 6.65 x 1031 m ™3
To have degeneracy 7T << h2?p?/3/(2rmk) =9.12 x 10° K

In the solar core the temperature is marginally too high for
degeneracy of electrons, but decreasing R can setitin...

T x 1/R and thus ngNR X T3/2) oc R73/2 which cannot keep the pace with
p. < R~% Cold? Fermi gas can be degenerate even at millions of K.



Which Hamiltonian? Flavours of Electronic
Correlation

\}
jield

J ©

mea

Ccu,. acy

artree-Fock ~

model

Debye-H uckel
' model




Hartree-Fock, TF, DH within BO approximation

There are 2 mechanisms to avoid each other: exchange and correlation,
both lower the total energy and dress the e--e- bare interaction.

Many-body problem is replaced by many 1-body problem in

which e- are independent and feel an average potential V., ()

Correlation keeping the electrons apart is just among unsociable
same spin electrons: Pauli exclusion principle

U(r) = Yo (ri)vp(re) — Ya(ra)(re)

Thomas and Fermi (1920s) were the first to give an approximate
expression of E as a function of the electronic density.
The kinetic, electronic exchange and correlations terms are taken

from the theory of the uniform electron gas:
E[IO] = I7r [,0] + Vhe [,01 T J[PW + B [pH_Vnn

Trr[p] = Cr / PRy Eylp] =—Cx | p*3(r)d°r
R3 R3

Electronic density is far from uniform in a plasma
DH: Fermi-Dirac statistics to Boltzmann distribution linearin T




Energy of the Isolated Beryllium Atom in Atomic Units and Spin-up Density
at the Nucleus Obtained Through the HF and CI Calculations

Some data...

Energy Pet (0)
Hartree—Fock —14.573 17.68521
Full-CI —14.660 17.68060( Degenerate
condition
P T ADebye a.U. ADe Broglie pur(0) a.u. P1r(0) pp(0) ppH(0)
(gem™?)  (10°K) (e — p)
1000. 1 0038 1.409-0.03% 71.87 = 71.97 68.99 = 69.11 42.61 + 42.74 47.46 < 41.55
100. 0.119 33.52 = 33.53 29.53 = 29.55 4.027 = 4.031 19.13 = 19.14
10. 0.377 17.37 = 17.37 13.83 = 13.83 0.945 = 0.945 13.33 = 13.33
Solar 1.193 7.839 = 7.837 5.708 = 5.707 0.184 = 0.184 8.151 = 8.149
condition 3.771 1.940 = 1.940 1.415 = 1.415 0.044 = 0.044 2.059 = 2.058
11.93 0.278 = 0.278 0.220 = 0.220 0.0075 = 0.0075 0.279 = 0.279
37.71 0.0308 = 0.0308 0.0264 = 0.0264 0.0012 = 0.0012 0.0303 = 0.0303
0.119 0.445-0.0103 122.43 =+ 122.89 116.21 = 116.68 51.77 = 52.05 108.56 = 109.01
0.377 20.23 = 20.27 19.53 = 19.57 10.36 = 10.39 19.54 = 19.58
1.193 2.578 ~ 2.581 2.554 = 2.558 2.515 2519 2.570 =2.573
1. 3.771 0.274 = 0.275 0.274 = 0.275 0.274 = 0.274 0.274 = 0.275
0.1 11.93 0.0281 = 0.0282 0.0281 = 0.0282 0.0281 = 0.0282 0.0281 = 0.0281
0.01 37.71 (2.84 =2.84) x 1072 (2.84-2.84)x 1073 (2.84=284)x 1073  (2.83 =2.83) x 1073
0.001 119.3 (2.84 =2.84)x 107*  (2.84=284)x107* (2.84=-284)x107*  (2.84-2.84)x 10~*
1000. 100. 0.377 0.141-0.0033 78.31 = 80.39 78.24 = 80.32 76.57 — 78.64 78.22 = 80.30
100. 1.193 9.051 = 9.289 9.051 = 9.288 9.031 = 9.268 9.051 = 9.288
10. 3.771 0.773 = 0.787 0.773 = 0.787 0.773 = 0.787 0.773 = 0.787
1. 11.93 0.0775 = 0.0789 0.0775 = 0.0789 0.0775 = 0.0789 0.0775 = 0.0789
0.1 37.71 (775 =7.90) x 102 (7.75=7.90) x 1073 (7.75+=7.90) x 103  (7.75 =7.90) x 1073
0.01 119.3 (775 =7.90) x 107*  (7.75=7.90) x 10~*  (7.75+=7.90) x 10~*  (7.75+=17.90) x 10~*
0.001 377.1 (7.75 =7.90) x 107> (7.75+7.90) x 10> (7.75+=7.90) x 10> (7.75+=7.90) x 107>




Be half-life

half-life (days)=941.86881/9(0)
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S Simonucci, S Taioli, et al., The Astrophysical Journal 764 (2), 118

7Be and 8B neutrinos are produced in a hotter and
narrower zone, ranging from the solar centre to about
0.15-0.2 RO

RSTPB1 3

8
n\,( B)STPB1 3

Product

A longer lifetime of ec ’Be: more destruction via the "Be(p, y)éB
changing the yield of the solar neutrino flux.

D Vescovi, et al., Astron. & Astroph. 623 (A126), 7 (2019)
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The new yield leads to a maximum difference in the efficiency of the 7Be channel of about -4 % with
respect to what is obtained with the previously adopted rate. This fact affects the production of
neutrinos from 8B, increasing the relative flux up to a maximum of 2.7%



Almost all OK for light nuclei!

However in AGB stars > Mo the s-process represents

the mechanism by which heavy nuclei from Sr to Bi
are produced, and the nucleosynthesis path wanders
along the valley of 3-stability.

Still important issues are to be solved to reach a
whole comprehension of s-process: several
branching points along the s-process path require
revisions of rates of both B-decays and n-capture
reactions

The region with A>140 has not been investigated yet,
even if reproducing the solar distribution of the most
heavy isotopes is still an issue for the galactic chemical
evolution. Important pairs of cosmo-chronometers,
such as Os-Re and Hf-Lu, belong to this region



The comparison between observations and theoretical
yields computed using the most recent nuclear data in
literature is poor: this can be due to inaccurate nuclear
input data

Our analysis focused on the branching points close
to 133Cs, discussing cross sections and beta decays,
e.d. giving a new preliminary estimate of the 134Cs
and 135Cs half-lives.

S Taioli, et al., The Astrophysical Journal, accepted and in press (2022)



The half-life for the radioactive 134Cs and 13°Cs
in astrophysical scenarios

138g 4

134Ba _’ 13SBa 13GBa 137Ba

NN N NN

m _> 137cs _> 138CS

—

* The abundance of Ba in AGB stars depends solely on slow (s) n-captures

* The s-process contribution to the element Ba starts from neutron captures
on the stable isotope 133Cs

* The flux proceeds through a branching point at the radioactive 134Cs, where
n-captures compete mainly with 3—decay (laboratory half-life = 2 yr) to
excited states of 134Ba and, much less effectively, with electron captures to
134Xe (half-life = 6.8-105 yr)

* From 134Cs, n-captures feed the longer-lived 135Cs (half-life = 2.3E+6 y), and
then 136Cs (half-life = 13.16 d) and 137Cs (half-life = 30.07 y), which are sites of
branching points for the s-process path, but whose decay rates remain
essentially unchanged for varying temperatures




£4CS —>134 Ba+e +vU

4+ 0.0 2.0652Y 4

134
55C579 \
Qlgs)=2058.7 keV 4

B-:99.99970 % 10

134Cs short-lived nuclear excited states

11 V above the GS

60 ke above the GS, unsafe attribution
1 keV=11.6 MK
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How rates are typically assessed

Start from the allowed d)\% 9 |M,L-Of‘2 5 9
beta transition Fermi — g 327
Formula dp 2m°h'c
L 2 max
Ao = g2 Migl” [” dp ST FE(Z' pp2a? Include shape factor
o= I ompic P )F (7, )P (accounting of
mBct| ME|? 1 Pmax “forbiddeness”)
= ¢° | "fl / dpSL(p, q)Fi(Z’,p)qu2 and Fermi function
2m3R7 (mec)® .
0 (accounting of
o mict ML , Coulomb distortion
= 9 T o 37 fi(Z',Q) of the e wf)
Ly = log(2)//1ﬂ Estimated by analogy

to laboratory decays
of nearby nuclei
with similar transitions

, B log,(2)2m3 k' I
fL(Z 7Q)t1/2 — ftl/z — gzmgc‘llMZIJ’le ' * |sz‘

The ft’s can be quite large, and sometimes the “log ft” value is
quoted. log(ft) can be measured, this is called systematics

Invert the eq.




Standard Model 3-decay theory

B-decay rate is calculated by using Fermi’s Golden Rule:
Py = QW/ ((fIHgli) > p(Wp)6(Wy — Wi)dW

Probability P per unit time that a system undergoes a transition
from an initial state, i, to a number of final states, f, under the
influence of a perturbation described by the Hamiltonian Hp

Weak Interaction Hamiltonian

Hp = G—g(w,p(r)v“(l — 27 )i (1)) - (Yf,e(T)7u(1 — 7°)2i 0 (1)) + hec.

O

Creates a proton

/ Creates an electron

SN

Destroys a neutron

Destroys a neutrino
(creates an antineutrino)

y# — Dirac gamma matrices

Gg =G cy~1.13-1075GeV ™% ;x = 2~1.27 ;

Cy

==) All the wavefunctions will be written as Dirac spinors




B-decay theory

s i) 4 = azzlou]

]p,n,e nuclear spin

‘gpa jpa /*‘p)A = &I)lo)A

(B, 55, wp + W kL, 1E)sWo, k0, ) = (@, + ad )b} |0; 0>L]

initial state: 7Y = |&ny Ty i) a ©]0; 0)f
:up,n,e projection along the quantization axis

. _ - f.fr r.
p,m,e quantum number characterizing the nuclear state 112l St@te:  |f) =&, jp, f1p) 4 @ Wi, KT, pics Wa, K ) 1

Field operators entering the Weak Interaction Hamiltonian

4 ™
) = Y (peripnpl) ah o+ [ AW ST (W ke ol) a,
AT Kl
+  positron destruction term y
- g - _——
Y, (r) = Z (&p> Jps plT) Gy +
EpsJprMp
9 ; _ antiproton destruction term )




B-decay theory

s i) 4 = azzlou]

‘gpa jpa /*‘p)A = &I)lo)A

A\‘;“r;‘: B T Wéa K,é, Né)? W, ky, ,UV>L = (d_'_B , T &—Cl_',e)buo; 0>I]

]pa’n,e nuclear spin ot ot )= |6 o) ® 0: 0)
:up,n,e projection along the quantization axis

. _ - f.fr r.
p,m,e quantum number characterizing the nuclear state 112l St@te:  |f) =&, jp, f1p) 4 @ Wi, KT, pics Wa, K ) 1

Field operators entering the Weak Interaction Hamiltonian

PElr) o+ [ aWE ST (Wokio, ) af,
Kb
+  positron destruction term y
- g - _——
D (I‘) — Z <€p,]p,,up|1‘> ap +
EpsJpsip
. : _ antiproton destruction term )




B-decay theory

To find the eigensolutions of the SM Hamiltonian for the 3-
decay we make a first “approximation”: we assume that
one can factorize this operator as the tensorial product of
two non-interacting currents:

+ hadronic (nuclear);
* |leptonic (electron + neutrino)

Explicitly:

(FHai) = Cj?JHf( 0L, (1)

where: e- and v can be considered uncoupled

Jz—>fu( ):w}:e( )WOVM( )% 1/( )

n and p w.f. can be factorized provided that the nucleus is “hydrogenic”, that is
composed by a closed shell with only one single nucleon in one open shell embedded
in the mean field generated by the closed shell

Jz’lip} (r) = w}_,p(r)/YO”YM (1 — x/VS) i (r) "



(¥1]01) (V1 ]92) T (W1]oN) QL’,q,l;u(Th)
<¢§|¢1> <¢é‘€b2> T <¢é|¢N> QL’,q,2;u(Th)
Ji’ (rp) = -
(Wn|o1)  (Unld2) T (W lon) QL’,q,N;u(rh)
(Weler)  (Weld2) - (Welon)  Qrrgcouu(ra)

by combining the

and them

JH’M(Th) — /thYL’,q(Hha ¢h)<§p7jpaﬂp|rh> /yOfylu(l o x75)<rh|€n7]‘n7ﬂn> . T%L

o ¥ o
Jifferential decay rate (electron energy spectru

Adv. Theo

=)

It oives the number of electrons per unit energy and per unit time



Adv. Theory

The final orbital ¥; depend on 7' that identifies the
possible final (shake-up, shake-off, excited) states

My o 5 — / / A0 Y1 o (O 1) Eps Tos 1inlEn) POV (L — 27°) (1| s i) - 72

/drl/dQlYL’,—q(elv¢l)<nlBallenu/B|rl>fyO’V,u(1 _75)<rl|WV7K31/7,ul/>5<rh — Tl)] drh;

ML’,q,C :/

/d?“l /dQlYL’,—q(ela 0)(We, ke, pelt)y v, (1 = ) @WKy, )6 (1, — Tz)] drp;

Using L’ =0, (¢;|¢;) = d;; ,e- wfs at nuclear radius, and"o
one recovers standard beta-decay

/thYL’,q(gha &n) (Eps Jp» bplrn) VOV (1 — 23 (x|, dins pin) - 75,




Calculation of the leptonic wfs

Dirac equation in a spherical potential
Hiy(r) = (ca - p + Bmc? + V(r))w(r) = Wi(r) DHF
N o model
fr(r) \ﬁ,ﬂ(Q) )

solutions are of the form: )(r) =4, ,(r)= [ ."" -
. /(r) = Yulr) (lgh-(r) X —r,u(§2)
> L |
where \hu(Q) — Z (lﬂ — Mg, §7ns|] ,U-> Lp—ms (Q)@ms are the spherical harmonics tensor

ajlcnd clzi\]l{ling " C)C;LH — _E.u_h_ 1 l(u —V(r)+m o2 Ju.(r) =0
K — .0 9«= or r C
Uy angvK are y . Uk L H'.' ]' *[1* " g AY N O
solutions of 5 = ;l,,{ — :( V —Vi(r)—mc)ug(r) =

Z p(r'

where V(r) = /. / ( )d3 " — Vea(7)
T T~
3 3 /3
and we assume V. = 50X [—p(r)} which is local (TF or LDA)
T

To numerically solve the DHF equations we use the collocation
methods, which is a Runge-Kutta type integration method



THE NUCLEAR MANY-BODY PROBLEM

In the low-energy regime, quark and gluons are confined within hadrons and the relevant degrees
of freedoms are protons, neutrons, and pions

Effective field theories are the link between QCD and nuclear observables.

XA
Al -

H = ;)TZTL+ZUZ] Z Vijk + ..

1 1< 1<g<k

¢ By far too computational expensive and far beyond our
(current) capability

¢ The nucleon-nucleon interaction is modelled by a
relativistic one-body Wood-Saxon potential

¢ Nuclear dynamic correlation is neglected



Calculation of the hadronic wfs: DHF

By changing the interaction potential, the calculation of
the hadronic wavefunctions within the nuclear matrix
elements can be performed

Nuclear wfs simulations out of scope (WS model potential)

] P\ Protons
T — N —Z
Vo(r) = -V _1 + exp ( - )_ Vo = Vg (18)( y )
] - Neutrons
~ ~ T — RSO - ~
Vso(r) = Vso |1+ exp ( - ) Vso = AVe
i SO

R = R0A1/3 and Rgp = RO,SOAl/3 = nuclear radius

a and aso =diffuseness
are parameters to be optimised

Vo, X, Asa = aso, Ro, o, so according to experiments or ab-initio
nuclear structure simulations
Vo = 52.06 MeV,x = 0.639, Ry = 1.260 fm, Ry.so = 1.160 fm, A\ =24.1,a = aso = 0.662 fm



Which Hamiltonian? Flavours of Electronic
Correlation

\}
jield

J ©

mea

Ccu,. acy

artree-Fock ~

model

Debye-H uckel
' model




Climbing the correlation ladder

Ccu,. acy

\

Dirac-Hartree-Fock
model

Debye-H uckel
' model




The beta-decay spectrum of 121

1297 _, 17374.6321 > 5486.6741
24 Py — 30566.4823 >> 763.6509
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d\ / dW, [arb. units]

Mean-field DHF +
screening + exchange

theory - this work
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Kinetic enerqgy [keV]
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works just better than
other approaches!!!!



Assumptions in the nuclear simulations

*The decaying neutron in the Cs nucleus is found in the 2ds;2 shell
and weak decays into a proton in the 1g72 shell of Ba. These states
are geometrically coupled to the “core” of the other nucleons to
recover the total J.

¢ In a true many-body approach, such as Cl, the decaying neutron
wave function is a superposition of several configuration of nearby
energy.

® The population of nuclear states has been assumed to follow a
Boltzmann probability distribution taking into account level
degeneration [9(4%), 11(5*%), and 7(3*)]

® We renormalize the rate at all temperatures by a constant factor so
as to recover the room temperature experimental log(ft) (mainly
due to the accuracy of nuclear wavefunction calculations)



The nuclear shell model: practical view

134Cs is an odd-odd nucleus:

9n
55 p

Protons

—=—A W2 (12)
11—
_-p1/2(2) [126]
p_é:a 13/2(14)
o f 5/2 (6)
_f 7/2(8)
~h 9/2{(10)

pp _-s 1/2 (2) [82]
———d 3/2 (4)
C— —h 2 (12)
wor d 5/2 1 6)
g 72 (8)

1
sn - 9%2 (10) [50]

p1/2 ;2))
£5/2 (6
1 f . \p3/2 (4)
N o_r72 (8) [26]
O _43/2 (&) [20]
5 —s1/2 (2)
~d52 (6)
O __p1/2 (2) [8]
1 p— i

1s s V2 (2) [2]

—d 3/2

—q 72
—~da5/72

— i /2
— 9. 9/2

p 1/2
_(_éf—i 13/2
—p 2

f 5/2

—h 9/2
';'\f 77

L

-Neutrons



Assumptions in the electronic structure calculations

¢ Chemical potential of e- and e+ as for an ideal Fermi gas using a

relativistic energy-momentum dispersion E* = 02p2 + mec4. A

Fermi gas in thermal equilibrium is identified by temperature and
chemical potential. Mean-field approximation for e- and e+.

¢ Energy can be high enough to form e*-e- couples:

N, = Np- — Nys

® The electronic levels of Cs (not re-optimized at each temperature)
are populated according the Fermi-Dirac distribution

i _ : .
n, = o oKD F(T, n), where the energies ¢; of the i-th

level is obtained via the self-consistent solution of the DHF
equation and the chemical potential from the implicit relation valid
for a Foeormi gas:

n, = J dp p*/m* X (F((c X\/(p* + ¢®) = pu)IKT) — F((c X /(p* + ¢*) + u,)/kT))
0
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Take-home messages from rate calculations

The [ decay rate of Cs is affected concurrently by two major factors:

-t

. the presence of 3 nuclear excited states of Cs;
. the electronic excitation, also up to a complete ionization

. The nuclear excited state dynamics is the most relevant of the

two, as it can increase the rate by a factor of 15 at 100 KeV (1
GK) to 23 at 1000 KeV with reference to room temperature
conditions and by a factor of 3 at T>1038K for 134Cs as
compared to previous works based on systematics (basically
due to populating the 60 keV fast-decaying ES).

. The e- temperature has the most pronounced impact on the

rate in the range [0:15] keV (20% at 10 keV). Rate increases as
electrons can be accommodated in empty bound orbitals.
Despite being a quark-level process, the contribution of the
electronic DOF to the rate is thus crucial.

. Our half-life are consistently higher than TY and the rate

increases ~ 3 times at 20 KeV (~ 230 MK), 6 times at 30 keV, 8
times at 40 keV (~ 464 MK) with respect to the GS decay only.



Major differences with state-of-the art methods

®We do not use semi-empirical approaches based on log(ft)

®We do not calculate log(ft) by e.g. using the nuclear shell model to obtain
the stellar rate of 134Cs within the standard approach to 3-decay spectra.

®At variance, in our work we extend the theory and the computational
methods by using a fully relativistic approach.

®We calculate directly the nuclear matrix elements that enter the hadronic
current from first-principles. To do so, we adopt a mean-field approach,
which can of course be systematically improved by using more correlated
many-body techniques without modifying the backbone of our method.

® A second substantial difference relies on the treatment of the leptonic current,
which is typically neglected or added via a semi-empirical Fermi function. We
demonstrate that it may halve the half-life of 134Cs around 10 keV. We include
iInclude both bound and continuum channels, the exchange interaction, the
non-orthogonality between the parent and daughter electronic orbitals, as a
function of plasma density, temperature and charge state distributions,
reaching an unprecedented level of accuracy.



Left panel: isotopic ratios of 134Ba and 135Ba with respect to 136Ba, displayed as part-per-mil
deviations (indicated by the symbol d), with decay rates from TY.
Right panel: the results of the same models, where only the decay rates for 134Cs and 135Cs

are changed, using those of the present work. Computations are for 2 My stars, where
magneto-hydrodynamic processes induce the penetration of protons into He-rich layers,
producing 13C then releasing neutrons through 13C(a,n)180. Abundances are computed in

stellar winds, where magnetic blobs further add 5% of C-rich material in flare-like
episodes.The symbol [Fe/H] indicates Log(Xre/XH)star - LOg( 13C)sun
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Percentage of s-process contributions (blue dots) as computed by
M. Busso et al. ApJ 908, 55 (2021) for s-only nuclei near the magic
neutron number N= 82.
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Conclusions

A new method for calculating - and e-capture """'""”'““'””““"”14DVAN.C‘ED
©  THEORY AND
decay spectra in both light to heavy nuclei, which §% ;s*IMJLAT_IONs:.

extends the standard approach in several ways

It works also in astrophysical environment by
including temperature, density and charge state
distribution

This method can be applied to any nuclear beta
decay and include relativistic, many-body screening
and post-collisional effects

Our approach is more accurate than state-of-the-art

methods
Outlook

* Inclusion of nuclear dynamic correlation beyond mean-field
approximation;

+ Estimate of beta-decay rates of different elements (176Lu, °4Nb,
any other suggestion from the Pandora collaboration AND you!)



Climbing the correlation ladder

Ccu,. acy

\

Dirac-Hartree-Fock
model

Debye-H uckel
' model







EC on 'Be

Thermal energy ( keV)

Lior (T) (s71)

H (d

10
20
30
40
o0
60
70
80
90
100

1.3614025775102977x 1
1.6720382911858691 x 1
9.9038428976236050x 1
1.1169273539274157 % 1
2.1074436247736584 x 1
1.6070697758042870x 1
7.2522208126953119x 1
2.3470418022358194 x 1
6.0651291450300213x 1
1.3351520801671850x 1

589284680858.50464
47980580805.904541
8100428.2044962524
71826.845370664669
3806.7622496628555
499.20276984028214
110.62179491332135
34.181482521694548
13.227314113591401
6.008706388 7706700




anti-neutrino capture on 'Be

Thermal energy ( keV) vo(T) s th (d)
2

10 0 Infinity

20 0 Infinity

30 0 Infinity

40 0 Infinity

50 3.9040453417956585x 10~ | 2054929216163012.8
60 1.8377507609786359x 1071 | 4365410699005.1616
70 1.4180159152589973x 1010 | 56575788379.749725
80 3.9107565629723603x10~1° | 2051402766.9325206
90 5.4195680109609188 x 10~ 1* | 148029083.09030658
100 4.6240801087794679x 10~ | 17349476.318217535




p-capture on ‘Be

7Be—|—p—>8B*—>8Be—|—7—|-e++1/
*Be — 2 *He

Thermal energy ( keV) t 1 (s)
10 32074969039.417900
20 82519548.044600070
30 3866718.0085887648
40 519185.64739598491
o0 119013.06295443069
60 37575.240054577698
70 14657.949390048834
80 6639.2646265137328
90 3359.1986918298267
100 1850.4832691326778




Calculation of the leptonic and hadronic wfs: DHF

(m02+Wv+WS+AP-a‘—E —co -1V —o - A+ Wpg )(wL):O
—co -1V —o - A+ Wpg —mc?+Wy +Ap-c—Weg—F Vs
where

Ws¢ — scalar potential
Wy — wvectorial potential
Wps — pseudoscalar potential
Ap — pseudo-vectorial potential
For leptons:
Ws =0
Wy = Coulomb interaction
Ap=90 For hadrons:
Wy +Ws — Wood-Saxon potential
Wy — Wg — spin-orbit  potential
Ap — magnetic field =0
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The beta-decay spectrum of *Ni,'* 1,*! Pu

0aNiss — 5aCuss + €~ + T |
— J =3/2" |

b T =1/2"
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Experimental = =
theory - Mougeot ==

theory - this work

[100% via 3~ half-life =101.2y |

Q-value = 66.945 keV |
{ (ground state to ground state) |

Mean-field DHF +
screening + exchange , . . . .
works just fine as other 0 10 20 30 40 50 60 66
approaches!!!!
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The beta-decay spectrum of *Ni,'* 1% pu

[ 1297 . 17374.6321 > 5486.6741

M Py — 30566.4823 >> 763.6509

First forbidden
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241 Pu147 = even-odd

241
AIn146 = odd-even

units]
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| Q-value = 20.78 keV _:'
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| 7Y =39.578 keV ;
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screening + exchange

dh. / dW_, [arDb.

Experimental ===~
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The beta-decay spectrum of B

T T T
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+ exchange does not work fine

Kinetic enerqgy [keV]
as standard approaches !!!!

Shake-up and shake-off modifies
the decay by only 5%



The beta-decay spectrum of 2Cl;,

gAI‘18 +e 1, 5'
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"' Second forbidden non-
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+ exchange (discrete-

continuum interaction) does Kinetic energy [keV]
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Final-state nuclear many-body affects on beta-decay
spectra of odd-odd nuclei?
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The experimentaléy determined
final state of the:fSArlgdaughter
nucleus is 0+. Within the nuclear
shell model two protons and two
neutrons all occupy the 1ds2
single-particle state. By coupling
the 1ds;2n to p and to a 1ds2
“core” to construct a 0+ final
symmetry state, and by
calculating the hadronic matrix
element for this transition only,
we obtain the lineshape reported
as a blue curve in the previous
figure. We could not yet find a
good agreement between
simulations and experimental

data.

Adding “nuclear many-body
effects” by mixing transitions to
the 1ds2 orbital with the 2s1,2
level, which is energetically close,
we find good agreement with
experiments



Assumptions in the nuclear simulations

*The decaying neutron in the Cs nucleus is found in the 2d3s/2 shell
and weak decays into a proton in the 1g7.2 shell of Ba. This was
deduced according to the nuclear shell model and can be a crude
approximation particularly for the excited decays, where several
states may participate in the decay. This state is geometrically
coupled to the “core” of the other nucleons to recover the total J.

¢ In a many-body approach, such as Cl, the decaying neutron wave
function is a superposition of several configuration of nearby
energy. In 134Cs those are the 1h41,2and 3s4/2 single-particle
orbitals, respectively. However, this level of forbiddance is higher

than the d to f owing to a bigger jump in AJ.

® The population of nuclear states has been assumed to follow a

Boltzmann probability distribution, i.e. exp(—E/KzT'), where E is

the energy of the nuclear level, T the temperature, and Kg the
Boltzmann constant. We also took into account the degeneration of
the three nuclear levels, which is 9(4*), 11(5%), and 7(3%).



Final-state nuclear many-body affects on
beta-decay spectra of odd-odd nuclei?
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B-decay theory: total decay rate

with electron energy WCf = Jp2c2 +ct=c?+ ch and antineutrino energy W, = c-p,

[ and ”y/ runs over magnetic and principal quantum number and where

://@p,jp,upl Y (e (1 = 29°) P (vn) [€ns s pin)

(/\B o B K s Was Ko, e W, Ko, | D (£)Y 7 (1 = )iy (ry) |/\B ng, ks, uB;0) d(ry — ry)drydr

S(en—x) = 0(rn—r0) 17 2 Qo q(On, o )Wir—q(01, d1) - (—)°
L’,q Spherical armonics

This notation is useful because it allows to split the
matrix element into nuclear and lepton parts




B-decay theory: total decay rate

with electron energy WCf = Jp2c2 +ct=c?+ ch and antineutrino energy W, = c-p,

[ and ”y/ runs over magnetic and principal quantum number and where

// €p,3p,up| D (eR) Y0y (1 = 27°)Pn (Th) [€ns finy fin)-

\v> 4 nBaKB»MBaWCa’fcMcaWw/ﬂmﬂA O ()7 (1= 7") e (r) | ;B,FLB,/LB;0> o(rp — ry)drpdr

S(en—x) = 0(rn—r0) 17 2 Qo q(On, o )Wir—q(01, d1) - (—)°
L’,q Spherical armonics

This notation is useful because it allows to split the
matrix element into nuclear and lepton parts




B-decay theory: total decay rate

with electron energy ch = Jp2c2 +ct=c?+ ch and antineutrino energy W, = c-p,

[ and ”y/ runs over magnetic and principal quantum number and where

://<€p,jp,up| O (o) 7 (1= 29 () [€ns Gins im)-

W ke e Wy Ky, | @:(Tl)WO%(l — %), (17) 10;0) 6(rp, — ;) dry, dr; =

= [T ) A R B ERERA OT REaE)

5 I‘h — I'l 25 'n — 7“l - YL’,C](Hhv ¢h)YL’,—q(9lv ¢l) ' (_)q

Spherical armonics

This notation is useful because it allows to split the
matrix element into nuclear and lepton parts




B-decay theory in central symmetry

Nuclear matrix element on a real space grid
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B-decay theory: total decay rate

Lepton matrix element on a real space grid
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B-decay theory: total decay rate

Lepton matrix element on a real space grid

and applying anti-commutation rules for creation/destruction Fock-space operators
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B-decay theory: total decay rate

Lepton matrix element on a real space grid

and applying anti-commutation rules for creation/destruction Fock-space operators
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B-decay theory: total decay rate

Lepton matrix element on a real space grid

and applying anti-commutation rules for creation/destruction Fock-space operators
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B-decay theory: total decay rate

Lepton matrix element on a real space grid

and applying anti-commutation rules for creation/destruction Fock-space operators
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How do we actually calculate e-capture rates?

The e-capture rate for 'Be is proportional to the electronic
density at the nucleus!!!

Factors affecting this density, such as T (charge state distribution), ¢, the

level of ionization and the presence of other charged particles, screening
the interaction, can appreciably modify the decay rate

Our model system of stellar plasma is a Fermi gas in the presence of
neutralising particles, such as proton, helium, etc...



Calculation of the leptonic and hadronic wfs: DHF

The time independent Dirac Hamiltonian of a many particles system
In the case of two different types of interactions, e.g. represented by
scalar (gs) and vector (gv) potentials, the Dirac equation reads

( )

Z (Caz' - pi + Bimc® + Vi) =+ Z BiBigs,i; + (1 — oy - o) gvij| p ¥ (r1,---rn) = EY (r1,---TN)

1 1<J

'\

\ /

which in second quantization can be written as follows:

where s1, S2, s1’,s2’ index the bispinor two-components

To compute the electronic and hadronic current we use the HF
approximation

(0, ()03, (8 by (8 by () ) = (05 (00 (1)) (B () () ) = (03, (1) g (1) ) (3 (¥ )ebos () )



Assumptions in the rate calculations

¢ In the neutral atom, while for the completely ionized atom (bare
nucleus) the orbitals are optimized by considering only a bare
Coulomb potential (Cs1s BE = 36.12 keV and 41 keV for neutral and

completely ionized atom, respectively).



Table I. Comparison between '**Cs rates obtained using our
model and by TY [2] (units in s7' x 107%).

Ts? TYP This work”
0.5 (4.31) 1.02 1.02
1 (8.62) 3.28 1.01
2 (17.23) 63.1 2.28
3 (25.85) 211.0 4.73
4 (34.47) 481.0 7.22
5 (43.09) 889.0 9.36

2Ty =10% K (corresponding values in keV in parentheses).
b n, =102 cm—3

Table II. Comparison between '*°Cs rates obtained using our model and by TY [2] (units in 5™ ).

Ts? TYP This work” TY® This work® TYH This work® TY® This work®
0.5 (4.31) 8.12e-15 1.05e-14 7.90e-15 1.02e-14 7.92e-15 9.70e-15 7.39¢e-15 9.11e-15
1 (8.62) 1.04e-14 1.44e-14 8.78¢-15 1.22¢-14 8.04e-15 1.08e-14 7.81e-15 9.79e-15
2 (17.23) 6.91e-13 3.39¢-13 6.65e-13 3.27e-13 6.09¢e-13 3.01e-13 5.52e-13 2.66e-13
3 (25.85) 8.64e-11 4.08¢-11 8.55e-11 4.04e-11 8.24e-11 3.91e-11 7.74e-11 3.64e-11
4 (34.47) 9.77e-10 4.66e-10 9.65e-10 4.64e-10 9.52¢-10 4.57e-10 9.17e-10 4.38¢-10
5 (43.09) 4.18¢-09 2.05e-09 4.15e-09 2.05e-09 4.08e-09 2.03e-09 3.96e-09 1.97e-09

2 Ty = 10® K (corresponding values in keV in parentheses).

o & o T

np = 10%% cm =3
np =3 x 1026 cm ™3
np = 1027 cm =3
np = 3 x 102" cm—3



Assumptions in the electronic structure calculations

® The chemical potential of electrons and positrons is calculated

under the assumption to deal with an ideal Fermi gas in a box using

a relativistic energy-momentum dispersion E? = (:2p2 + mec4.

Protons are non-relativistic particles.

“The density of protons n, (protons/cms3) and is equal to the

density of electrons minus the density of positrons at that given

temperature (energy can be high enough to form e*-e- couples):
n,=mn, —n,;
D e e
® The electronic levels of the Cs atom have not been re-optimized at
each temperature. It is assumed that they are the same at any

temperature, and we populate them according the Fermi-Dirac (FD)

distribution n'_ = = F'(T, 1), where the energies ¢;

1 + e (€—pe—)/(KT)
of the i-th level is obtained via the self-consistent solution of the
DHF equation and the chemical potential from the implicit relation
valid for a Fermi gas:

n, = J dp p*/m* X (F((c X\/(p* + ¢®) = pu)IkT) — F((c X A/(p* + ¢*) + u,)/kT))
0



Important messages from rate calculations

The [ decay rate of Cs is affected concurrently by two major factors:

1. the presence of 3 nuclear excited states of Cs;
2. the electronic excitation, also up to a complete ionization
3. Our half-life are consistently higher than TY

Nuclear DOF

The nuclear excited state dynamics is the most relevant of the two, as it
can increase the rate by a factor of 15 at 100 KeV (1 GK) to 23 at 1000
KeV with reference to room temperature conditions and by a factor of 3
at T>108 K for 134Cs as compared to previous works based on
systematics.

This is basically due to populating fast-decaying nuclear excited states,
in particular the 60 keV excited state of 134Cs which delivers a rate

~ 80 times higher than the 4+ GS decay. This number is obtained by
comparing the decay rates from 4+ and 3+, as if they were the only
occupied nuclear states from which the decay occurs.



Electronic DOF

At variance, in the range [0:15] keV the temperature of electrons has
the most pronounced impact on the rate. Rate increases as electron
can be accommodated also in empty bound orbitals. Despite being a

qguark-level process, the contribution of the electronic degrees of
freedom to the rate is crucial.

Increasing temperature means both populating electronic excited

states and changing the charge state. This may decrease the half-life
even by 20% at 10 keV

To summarize some data: owing to the temperature acting on
both nuclei and electrons we find an increase of the rate of about
3 times at 20 KeV (~ 230 MK), of 6 times at 30 keV, of 8 times at 40
keV (~ 464 MK) with respect to the GS decay only.



